INSTRUCTOR’S 
SOLUTIONS 
MANUAL 


INTRODUCTION to 
ELECTRODYNAMICS 


Third Edition 


David J. Griffiths 


TABLE OF CONTENTS 


Chapter1 Vector Analysis if 
Chapter 2  Electrostatics 22 
Chapter 3 Special Techniques 42 
Chapter 4 Electrostatic Fields in Matter 73 
Chapter5 Magnetostatics 89 
Chapter6 Magnetostatic Fields in Matter 113 
Chapter 7 Electrodynamics 125 
‘ae Chapter 8 Conservation Laws 146 
Chapter9 Electromagnetic Waves 157 
Chapter 10 Potentials and Fields 179 
Chapter 11 Radiation 195 
Chapter 12 Electrodynamics and Relativity 219 


Chapter 1 


Vector Analysis 


Problem 1.1 


(a) From the diagram, |B + C|cos63 = |B| cos 6, + |C}cos@2. Multiply by | Al. 
|A||B + C] cos 63 = |A]|B] cos 4, + |A||C] cos 42. 
So: A-(B+C)=A-B+A-C. (Dot product is distributive.) 


Similarly: |B + C|sin 63 = [B|sin 6, + |C|sin 4. Mulitply by |A] a. 
|A{|B + C] sin 63 i = |A||B] sin 6, H + [A||C| sin 0) fi. 

If fi is the unit vector pointing out of the page, it follows that ‘ ‘ : 
Ax(B+C) = (AxB) +(AxC). (Cross product is distributive.) [Blcos@;  |C/cos 62 


Sic} sin 62 


:} |B sin Oy 


(b) For the general case, see G. E. Hay’s Vector and Tensor Analysis, Chapter 1, Section 7 (dot product) and 
Section 8 (cross product). 


Problem 1.2 


The triple cross-product is not in general associative. For example, 
suppose A = B and C is perpendicular to A, as in the diagram. 
Then (BxC) points out-of-the-page, and AxX(BxC) points down, 
and has magnitude ABC. But (AxB) = 0, so (AxB)xC =04 i 

Ax(BxC). . BxC +Ax(BxC) 


A=B 


Problem 1.3 


A=41%4+19-12; A= V3; B=1%419412; B= V3. 
A-B = +1+1-1=1= ABcos0 = V3V30c0s0 = cos = }. 


Problem 1.4 


The cross-product of any two vectors in the plane will give a vector perpendicular to the plane. For example, 
we might pick the base (A) and the left side (B): 


A=~-1%4+27+02; B=-1%+09+4 32. 
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a 
i —-1 2 01}=6K+394 22. 


| 
ra 
io) 
ao 


This has the right direction, but the wrong magnitude. To make a unit vector out of it, simply divide by its 
length: 


|AxB| = /364+94+4=7. A= ee = Se4 
Problem 1.5 


Z|. 


“eo 


y+ 


be tied 


x. y Zz 
A; Ay A, 
(ByC,-—B.Cy) (B:C,-B,C.) (B,C, — ByCz) 
= &[A,(B,C,y - ByC,) - A.(B.Cz — BzCz)] + ¥() +20) 
(I'll just check the x-component; the others go the same way.) 
= &(A,yB,C, — Ay B,C, — A,B,C, + A,BzCz) + ¥() + 2). 
B(A-C) — C(A-B) = [Bz (AzCz + AyCy + AzCz) — Cr(Ar Be + AyBy + Az BJF + 0F4+ (2 
= X(A,B,C, + A,B,C, — AyByCz — AzBzCz) +¥() + 2(). They agree. 


Ax(BxC) = 


Problem 1.6 
Ax(BxC)+Bx(CxA)+Cx(AXB) = B(A-C)—C(A-B)+C(A-B) —A(C-B)+A(B-C)—B(C-A) = 0. 


So: Ax (BxC) — (AxB)xC = ~Bx(CxA) = A(B-C) — C(A-B). 


If this is zero, then either A is parallel to C (including the case in which they point in opposite directions, or 
one is zero), or else B-C = B-A = 0, in which case B is perpendicular to A and C (including the case B = 0). 


Conclusion: | AX(BXC) = (AXB)xC <> either A is parallel to C, or B is perpendicular to A and C. 


Problem 1.7 


Problem 1.8 


(a) A,B, + A,B, = (cosdAy +$in ¢A,)(cos dB, + sin ¢B,) + (— sin dAy + cos $A,)(— sin PBy + cos dB) 

= cos’ PAyBy + sin¢cos ¢(A,B, + Az By) + sin? ¢A,Bz + sin? A,B, — sindcos ¢(AyBz + A, By) + 
cos? fA, B, 

= (cos? ¢ + sin? $) A,B, + (sin? ¢ + cos” $)A,Bz = AyBy + AzBz. V 


(b) (Az)? + (Ay)? + (Az)? = DR. AA; = Dy (UF Ray Ay) (DR Rie An) = Dye (Di Rig Riz) Aj As. 


: ; 1 if j=k 
2 2 2 3 pp. — 

This equals AZ + A, + Az provided | U3, Rij Rix = { Oi Ge peek } 
Moreover, if R is to preserve lengths for all vectors A, then this condition is not only sufficient but also 
necessary. For suppose A = (1,0,0). Then 03,4 (Xi Rij Rix) Aj Ae = Di Ra Ra, and this must equal 1 (since we 
want A, +A, +A, = 1). Likewise, D3_, RigRi2 = D3, Rig Rig = 1. To check the case j # k, choose A = (1,1,0). 
Then we want 2 = Uyk (Xi Ri; Rix) Aj Ag = 0, RaRy + U; ReRi2 + 4; Ry Rig + Li RigRi. But we already 
know that the first two sums are both 1; the third and fourth are equal, so 4; Ri Rig = L; RigRi = 0, and so 
on for other unequal combinations of j, k. Vv In matrix notation: RR = 1, where R is the transpose of R. 


Problem 1.9 
JE Looking down the axis: A, 


A 120° rotation carries the z axis into the y (= Z) axis, yi into zx ( ay and : z into z (= Z). So A, = A,;, 
Ay = A;; Ay = Ay: 


Problem 1.10 


@ ee ee 
(b) in the sense (A, = —A,, A, = —Ay, A, = —Az)- 


(c) (AxB) —+ (~A)x(—B) = (AxB). That is, if C = AxB, [C —> C]. No-minus sign, in contrast to 
behavior of an “ordinary” vector, as given by (b). If A and B are pseudovectors, then (A XB) —> (A)x(B) = 
(AxXB). So the cross-product of two pseudovectors is again a pseudovector. In the cross-product of a vector 
and a pseudovector, one changes sign, the other doesn’t, and therefore the cross-product is itself a vector. 
Angular momentum (L =r xp) and torque (N = rXF) are pseudovectors. 


(d) A-(BxC) —> (—A)-((-B)x (—C)) = —A-(BxC). So, ifa = A-(BxC), then a pseudoscalar 
changes sign under inversion of coordinates. , 
Problem 1.11 


(a) Vf = 2xK+ 3y? +4232 


(b)Vf = 2ay3z4 K + 3n2y224 ¥ + 4a2y3z3e 


(c) Vf =e7sinylnzX +e*cosyinzy + e*siny(1/z)z 


Problem 1.12 
(a) Vh = 10[(2y — 62 — 18) & + (22 — 8y + 28) 9]. Vh = 0 at summit, so 


2y —6z-—-18=0 
2x ~ 8y + 28 = cde iphenee 18 — 24y + 84 = 0. 


22y = 66 => y = 3 => 22 — 244 28=0=5 c= -2. 


Top is | 3 miles north, 2 miles west, of South Hadley. 
(b) Putting in zc = —2, y = 3: 
h = 10(—12 — 12 — 36 + 36 + 84 + 12) =| 720 ft. 
(c) Putting ing =1, y=1: VA = 10[(2 —6 — 18) + (2 — 8 + 28) §] = 10(—22% + 22F) = 220(-X + J). 


|Vh|-= 220/2 = | 311 ft/mile |; direction: 
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Problem 1.13 
aa (e-a2)et yy Ft (2-274; a= VJf(2—2')? + (y—y')? + (2 - 2/)?. 
(a) VQ?) = Z[(e-2')? + (y- y P+ (2-2 VP ]R4+ F(I+ ZB = Ae—v') K+ Ay—y') H+ 2(z—2')% = 22. 
©) VG) = Gle- 2 + @- y+ (2-2'P bat FO FF+ HO FS 
~4()~32(@ — 2’) — $078 2y — y') F — 507 Fz — 2')8 
= = Me —@)R+(y—y')¥ + (2- 2/) 4] = -(1/?)a = (1/2? a. 


(c) Se") = nat Bh = nar N(h be) = m2" Mie, 80 


Problem 1.14 


i 


uw 


y= +y cos¢+z sing; multiply by sing: sind = +y sin¢@cos¢ + z sin’ ¢. 
Z=~—y sing +z cos¢; multiply by cos ¢: Zcos$ = —y sin¢cos ¢ + z cos? ¢. 
Add: ysing + Zcos ¢ = a o + cos” os = z. Likewise, ycos¢ — Zsing = y. 
So ou = cos ¢; oy = —sin¢; 2 BE = sin $; § a = cos¢. Therefore 


(V Ay = 3 = By yt Be oy = + cOSO(VS)y + sin O(V)- 


. So Vf transforms as a vector. ed 
(Vi), = 3 af + $£& = —sing(Vf)y + cosd(V Sf). ! : . 


(2?) + Z(8e2?) + F(-22z) = 22 +. 0-22 =0. 


£ (zy) + By (292) + 2 (322) =y+2r+ 3. 


Z(y’) + & (2ry +27) 4+ £(2yz) = 0+ (22) + (2y) = 2(r@+y). 
Problem 1.16 
Viv = RB) RAMEE) = & [2 0? 28 +g [ve to BR [ee te ty 4 
= ()7F + 2(-3/2)()7 Fan + (78 + 9(-3/2)()- bay + OF + (-3/2)() 822 
= 3r~3 — 3r-5 (2? + y? + 2?) = Br? — 3r-3 = 0. 
This conclusion is surprising, because, from the diagram, this vector field is obviously diverging away from the 
origin. How, then, can V-v = 0? The answer is that V-v = 0 everywhere except at the origin, but at the 


origin our calculation is no good, since r = 0, and the expression for v blows up. In fact, V-v is infinite at 
that one point, and zero elsewhere, as we shall see in Sect. 1.5. 


Problem 1.17 


ona URNS THAD SANTA STORIE RRNA aE ORE ER 


g 
& 
& 


Dy = cosdu, +singdv,; 0, = —sindry + cosPr,. 
Ov, _ Avy Buz — { Ovy Oy 1, Sry dz du, By , Sv 
ae =a cond + Sp sind = (53 By + Bz oF cos @ + ee + ee sin g. Use result in Prob. 1.14: 


= (Se cos g + Se 2 sing) cos ¢ + (3 cosh + 3 sin @) sin ¢. 


av, Oey ou = dvy 8 Ovy Oz 8 Ov, Oz 
= Be ind Be cod =~ (Be BB) sing + (3% Bu + Sue 8) cos@ . 


are & sing + Fe cos) sing + (-S sin ¢ + 2 cos :4) cos ¢. So 


a8. vw, _ @ p) 2 Ovy 32 Ovy o 
My 4 Os Oe cos p+ Be sin dcosg + Ss sindcosg + Ss sin $+ Ze sin ¢— = singcos¢ 


ai — sin pcos ¢ + 9% cos? & 
= oe (cos? $ + sin? ¢) + 22% (sin? ¢ + cos* ¢) = oe +S. 
Problem 1.18 © 
z ¥F oa 
(a2) Vxva=| 2 & & | =R(O-6xz) + H(0+2z) +432? - 0) =|—6rzK + 2H + 3274. 
gz? 3227 —2Q2z 
zk y @ . 
(b() Vxv=| 8 £ KF |=%O-2y)+HO-3z)+2(0-2) =|-2yk- 329-23. 
- | wy 2yz 32z 
. % yg 2 
()Vxve=|2 & & | =K(2z - 22) + H(0- 0) + H(2y — 2y) = [0.] 
y? (Qcyt+27) yz 
- Problem 1.19 
V=yR4 29; or v= yzR+azF + cyd; or v = (8a7z — z3)K +39 + (x? — 3az7) 2; 
or v = (sin z)(cosh y) X — (cos z)(sinh y) J; etc. 
Problem 1.20 
: Af9) s , Of9) ¢ , Af9) 5 « 4 i 5 
(i) V(fg) = “We x + Aled 9 + Moda = (782 + 98k) 2+ (£92 + 99L) 7 + (F398 +98f) 2 
=f (x4 G+ Me) +9(Hx+ 54+ Le) = H(Vo)+0(VF). aed 
(iv) V-(AXB) = ¢ (A,B. — A,By) + & (Az Bs — AzBz) + & (Az By — AyBz) 
= 4. 9B dA 8B OA, , 4 OBL dA, _ 4 OB, _ 
_— = AyOe t+ Bagg — Aste — By oz + As oy + Bz Oy As oy B93 
+A, Gt + By Ge — Ay Fe — Beat 
S 0A, _ OA dA, _ OA dAy _ 9A 8B, _. 9B 
= Bz (fs ~ Sr) + B, (Sx - Ss) + B, (Ge - Be) — A, (SB ~ Br) 
B 
—Ay (82+ - 98+) — A, (93 - 28s) = B.(VxA)—A-(VXB). ged 


OFA; OfA s O(fAz O(fA, ~ OfA O(fAa a 
(v) Vx (fA) = (fae) — 204d) = 4 (ose) — OUlAs)) 9 4 (2fAa) _ 21642) ) 5 
= (Fp + Ach ~ SSE ~ AvSh) R+ (FYE + Ae Be — FALSE) 9 
+ (f5fr + A, 3l - f2fx - A,8L) a 
= 5 | (Sp — 2) + (He — 2h) 9+ (Fe a) 
{e) a = 8 Of \-s 
—[(4, $f - 4.8L) + (A, - ArSL) 9 + (An BE - 4, 82) a] 
= f(VxA)—Ax (Vf). qed 
Problem 1.21 
(a) (A-V)B = (4098s + 4,28 + A,2Be\ 4 (As Ge + Ay Ge +A, Bx) ¥ 
+ (As 2Bs + A, 2Bs + As 2s) 8. 
(b)#=E = errr Let’s just do the z component. 
* a) _ 1 a 8 fs) z 
eves (2% +0 +28) oorbers 
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1 

2 
2 ~ we (2? +2y? +22”)} = i ae 
Same goes for the other components. Hence: [(#-V) # = 0} 


(c) (Va:V) vp = (22 Be + 3x2? Z ~ 2 ~ 2228) (cy & + 2yzy + 3222) 


wee taht +40] +f 
{ 
t 


= 2? (yk Loge + 32z? (c&+ 2zyH +0%) — 2ez (OX 4+ 2H + 322%) 
= (x?y + 3072?) & + (6x29 — 4ayz) ¥ + (3222 — 6272) % 
= |x? (y + 32?) & + 2xz (32? — 2y) F — 327z2% 
Problem 1.22 
(ii) [V(A-B)], = 2 (Ac Be + AyBy + A.B.) = 2B, + A, 2B + AB, + Aye 4 9 BL 4 A, OB 


© On ¥Y Ox 
[Ax(V xB)], = Ay(V XB), — Az(V XB), = Ay (Gu - Be) - A; (282 — 9Bs) 
OA 
[Bx(VxA)], = B, Cost ~ “Gy ~ Bs (24a — 84s) 
[(A-V)B], = (Ac& + Aye + Ack) Be = Ar Be + Ay Be + A, Be 
[(B-V)A], = Br fs + By Be + BS 


@ Oa 2 Oz 


So [AX(VXB) + Bx(V XA) + (A-V)B + (B-V)A], 
A, By — Ay oBa — A, 2B 4 4, 9B: 4 B O4y _ B Ode _ B OAr 4 B DAL 


Y Oa oy 2 Oz * Oe ¥ Oz y By z Oz 2 Oa 
Alle ANB + Ae or + Be ofa + By ena 
a (22 
= B, ods + A, Be + Maree ~ Off. +29) 
+B, (—%s Lap ga age sage aE 
= [V(A-B)], (same for y and — 
(vi) [Vx(AxB)], = $(AxB). — #(AXB)y = B(Az By - AyBz)- % = (A,B, — AzB;) 
= AaB, + A oBy — “vB, Ay 2Bs — As B, A, bie 4 2s B, + Az Be 


x By 
[(B-V)A — (A-V)B + A(V-B) ~ B(V-A)Je 


A A dA aB, OB oB OB, , By , 8B 
= Bs'oat + Buoy + Begs ~ Aeon Aya As ge + Aaa 


= By fe + Az fe GE +5 + 2B:) + B,( (2m — 9 ~ Fu — 98s) 
+ Ay (—2) + A,(-F 8Be) 4. B, (As ) 
= [Vx (AxB)], (same for. y and z) 
Problem 1.23 
V(f/9) = Bx (f/9)&+ gy(f/9) 9 + Be (fF /9) % 
7 ebay «TEI y , ot 


z 
= fo (G+ Bi Hs) ~ (es By +f) = Go 


@ 


bez) 
By 
ed 


8A 
— B, (Sf + Sa + She) 


V(A/g) = g5(Ae/g) + By(A v/9) + $2(Az/9) 
= Santa 2Be 4 Soy Av ay 9 Ay Ay yy one oA 232 


- 4 fe (fe 4 ve 9p) (408 + AySt +A, 32)] = SAGATe, ged 


i 
dies ganic inti aN ERIN A 


' 


[Vx(A/9)], = By (Az 9) ~ §(Ay/9) 
a 9a ~Ar ge oe —Ay§ 


Eee: | BA, _ oAy\" A, 22 — A, 28 
= 7 g Oy.) Oe = 2 By ¥ Oz 
= UTA) AX Vos (same for y and z). qed 


Problem 1.24 


x y % 
(a) AXB=] x 22y 32 | = X(6rz) + $(9zy) + (—22? — By”) 
sy —22 0 


V-(AxB) = 2£(62z)+ ¢ & (9zy) +2 £(-22? — 6y?) = 62 + 9z+0= 15z 
3 £(32) - 2.00) +9 (z (2) - £(82)) +2(Z (2) - Z@)) =0; BWA) =0 
£(0) - 2(-20) +¥(£(3y) - £(0) +4 (£22) - £(3y)) =-5% A(V xB) = —152 


V-(AXB) = B-(VxA) — A-(V xB) = 0 - (152) = 152. ¥ 
(b) A-B = 8cy — day = —2y ; V(A-B) = V(-2y) =%2(-ay) + 92 (—cy) = -yk—2y 


a a 


x z 
az 2y 32 
0 0 -5 


Ax(VxXB) = = X(-10y) + ¥(5z); Bx(V XA) = 


(A-V)B = (2£ + 28 + sf) (3yX — 22 ¥) = &(6y) + $(-22) 
(B-V)A = (3yZ - 228) (wR + 2yH +328) = R(By) + ¥(—42) 


x(VXB)+Bx(VxA)+(A:V)B+(B-V)A 
= -l0yk + 5279 + GyX — Qch + ByK-—4e Fh = -yR—-—cF¥ = V-(A‘B). Vv 


(c) Mca bene ta (—22? ~ 6y) — Z(9zy)) +9 (Ezz) ~ f £(-22? — 6y)) +2 (£(Gzy) - £ (zz) 
R(-12y — oy) +9 (6x + 4x) + #(0) = —2lyX4+ 10ry¥ 
V-A= £(2) + Ey) + £(32) =14+24+3=6; V-B= 2(3y) + Z(-22) =0 


. (B-V)A — (A: V)B + A(V-B) — B(V-A) = 3y% — 4n § — Gy X + Ay — 18yK+ 12crF = —QyK+ 10z¥ 
= Vx(AxB). Vv. 
Problem 1.25 


v 2 
(a) SH = 2; 5% = Sh =0 [VT = 2. 
(b) FD = oh = cats =-T, >|V?T, = —37; = —3sinzsinysin z. 
(c) $e = 257. | Fe = -167. | SH = oF, = (VT. = 0]. 


(d) et = 25 Se = Sot = 0 +> V¥9,=2 


at = Gt = 0; gt = Or > Viv, = 6x V?v = 2% + 6ry¥. 
Zy : 


2 
oy = Fy = 5% =0 = Vv, =0 
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Problem 1.26 


v-(vxv) = 2 (34 - St) +H (Ge - Se) +B (- ) 
= (Z ~ eu.) + foe - ee) oy - stk) = 0, by equality of cross-derivatives. 
From Prob. 1.18: VXvp = —2y% - 327 -—2% > V-(VxXvp) = Ba(- 2y)+ ee = (- 32) + £(-2) = 0. V 
Problem 1.27 
z > & 
a 282 28 3/82 2 n/ 62 2 re 2 
x(t) =| Be By be | = 8(ay8z — doy) +9 (aeee ~ Beez) +2 se0q — Byes) 
= 0, by equality of cross-derivatives. 
In Prob. 1.11(b), Vf = 2zy3z* & + 3x*y?z4 ¥ + 427yz? Z, so 
x 9 é 
a 8 
Vx(Vf) = 5 By Bz 
Qry>z* 3x%y?z4 477 y3 
= X(3 + 4r2y223 — 4. 3a2y2z9) + $(4- QayF 23 — 2 - dry? z9) + 2(2- 3ay?z4 — 3- Qzy?z4) = 0. V 
Problem 1.28 
(a) (0,0,0) — (1,0,0).c:0 3 1y=z=0,dl=drk;v-dl=2'dz;fv-d= As x? de = (x* /3)|§ = 1/3. 
(1,0,0) — (1,1,0). 2 =1,y:031,z =0;dl = dyf;v- dl = 2yzdy =0;fv-dl=0. 
(1,1,0) > (1,1,1). 2 =y=1,2:07 1, dl = dzt;v-dl =y?dz =dz;fv-dl= {} dz= Ae 
Total: Sv-di=(1/3)+0+1=(4/3.| 
(b) (0,0,0) —+ (0,0,1). c=y=0,2:0 9 Ldl=dzz;v-dl=y?dz=0;fv-dl=0. 
(0,0, 1) —+ (0,1,1). 2 =0,y:0 9 1,z=1,dl=dyJ;v-dl = 2yzdy = 2y dy; fv-dl a je 2y dy = y*{4 = 1. 
we (0,1,1) — (1,1,1). 2:09 1ly=z=ldl=dek;v-d=2? dz; fv-dl= f, 2? dx = (x?/3)\§ = 1/3. 
Total: f v- dl =0+1+ (1/3) =(4/3.] 
(c) s=y=2:07 1jdz =dy =dz;v-dl = 2? dx + 2yzdy+y? dz = 2? de + 2a" dx + a? dx = 42° de; 
fv-d= i 4x? dx = (427 /3)|§ =| 4/3. 
(a) § v-dl = (4/3) - (4/3) = 
Problem 1.29 | 
:0 + 1,2 = O;da = drdy#;v-da = y(z? — 3)drdy = —3ydrdy;fv-da = ~3 fo dx f° ydy = 
a (413) = ~—3(2)(2) = [12.] |12.] In Ex. 1.7 we got 20, for the same boundary line (the square in the «y- 
plane), so the answer is rol [no: | the surface mnteara does not depend only on the boundary line. The total flux 
for the cube is 20 + 12 = 
Problem 1.30 
fT dr = f z? dx dy dz. You can do the integrals in any order—here it is simplest to save z for last: 
falf (fe) ae 
The sloping surface is z+y+z = 1, so the z integral is ta a dz = 1—y—z. For a given z, y ranges from 0 to 
1—2z,so the y integral is od —y-2z)dy= [1 —z)y—(y2/2)|9-? = (1-2)? -[(1—z)?/2] = (1-2)?/2= 
so 


c=) 


ees -L Finally; seis titegral de fo 2 ($-—z+4 =)dz= fo ( x. 28 +4 -)dz =(-#48)) = 


Problem 1.31 

T(b) =1+4+2=7; Ta) =0. +[T(b) —T(a) =7,| 

VT = (2x + 4y)& + (4a + 22*)¥ + (6yz?)Z; VT-dl = (2x + 4y)da + (4x + 22°)dy + (6yz7)dz 
6 ‘Segment 1: 2:031, y=z=dy=dz=0.fVT-dl= fo (22) de = 2?|) =1. 


Segment 2: y:0-+1, 2=1, 2=0, dr=dz=0.fVT-dl=f{> (4) dy = yl = 4. Je VI-dl = 7. ¥ 
Segment 3: 2:01, r=y=1, dr =dy=0.fVT-dl= Jo (6z?) dz = 225|, =2. 

(b) Segment 1: 2:01, r=y=dz =dy=0.fVT-di= fo (0) dz = 0. 
Segment 2; y:0+41, c=0, z=1, dr=dz=0.fVT-dl= i (2) dy = 2y|} =2. pvrd=7 / 
Segment 3: 2:0-1, y=e=l, dy = dz=0.fVT-dl= fo (20 + 4) de * , 


(2? +4z)|, = =1+4=5. 
(c)z:041, y=a2, z=27, dy = dedz = 2zdz. 

VT-dl = (22 + 4x)dz + (4a + 22%) dx + (622*)22 dx = (102 + 142°)de. 

JP VT-dl = fo (102 + 142°)de = (52? + 227)|) =54+2=7.V 
Problem 1.32 

Vev=y+2z24+ 32 

S(Vev)dr = fly+2z4+ 32) drdydz= Sew + 2z + 3z) dz} dy dz 

—> [(y + 2z)2 + 322]° = 2(y + 2z)+6 


SLB 2y + 42+ 6)dy} de 
> [y? + (42 + 6)y]) = 4 + 2(42 + 6) = 82 +16 


Jo (82 +. 16)dz = (42? + 16z)|) = 16 + 32 =[48.] 
Numbering the surfaces as in Fig. 1.29: 


. (i) da = dy dzk,z = 2. v-da = 2y dy dz. fv-da = ff2ydy dz = 2y?|5 = 8. 
(ii) da = —dy dz, = 0. v-da=0. fv-da = 0. 
(iii) da = drdzy¥,y = 2. v-da = 4zdzdz. fv-da= ff4zdrdz = 16. 
(iv) da = —drdzy,y =0. v-da = 0. fv-da = 0. 
(v) da = dz dy2,z = 2. v-da = 62.dz dy. [v-da = 24. 
(vi) da = —drdyZ,z = 0. v-da=0. fv-da =0. 
=> fv-da=8+16+24=48V 
‘Problem 1.33 
Vxv = X(0 — 2y) + (0 — 32) + 2(0 — 2) = —2y% — 329 — 22. 


da = dy dz X, if we agree that the path integral shall un counterclockwise. So 
(V Xv)-da = —2y dy dz. 
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{(Vxv)-da = ff 2-*(—2y)dy} - 
=F vl = —(2~z)? 
2 
- — fo (4-42 +27)dz oo (42-227 + 2) 
- -6-04b = 
Meanwhile, v-dl = (ry)dz +.(2yz)dy + (3zx)dz. There are three segments. y 
z 
SS 
) 
ar * 


(1) c=z=0; dr=dz=0.¥:0-2. fv-dl=0. 
(2)2=0; z=2-y; dx =0, dz = —dy, y: 25 0. v-dl = 2yz dy. 
2 
Svedl = fy 2y(2~ y)dy = — fF (4y — 2y”)dy = — (2y? — 3y3)|) 
(3) z=y=0; dr =dy=0; 2:20. v-dl=0. fv-dl=0. So ¢v- 
Problem 1.34 
By Corollary 1, {(V xv)-da should equal §. V xv = (42? — 2z)& + 224. 
(i) da = dydz&, x =1; y,z:0-4 1. (Vxv)-da = (42? — 2)dydz; [(Vxv)-da= fo 42 — 2)dz 
= (fz* ~ 22)|) = § —2= | 
(ii) da = —drdyz, z=0; 2,y:07 1. (Vxv)-da=0; f(V xv)-da=0. 
(iii) da = drdzy, y= 1; z,z:0-1. (Vxv)-da=0; f(V xv)-da = 0. 
(iv) da = —-drdzy, y= 0; 2,2:041.(Vxv)-da=0; f(Vxv)-da=0. 
(v) da = dedy#, z=1; 2,y:031. (VxXv)-da = 2drdy; {[(V xv)-da = 2. 
=> f(Vxv)-da=-2+2=4.V 
Problem 1.35 


(a) Use the product rule Vx(fA) = f(VxA)—Ax (Vf): 


[tevxa)-da= [vx(fa)-da+ [ia <(VA)}-da= gp fa-dl+ [tA x (Wf)|-da qed. 


(I used Stokes’ theorem in the last step.) 


(Sis 


=~ (8-4-8) =-$ 
di=~—8.V 


. (b) Use the product rule V-(A x B) = B-(VxA)-—A-(VxB): 
[Bcoxayar= [vax B)dr+ f a-(vxB)dr= f (AxB)-dat [A+ (VxB) dr qed. 
v v v Ss v 


. (IL used the divergence theorem in the last step.) 
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Problem 1.37 


There are many ways to do this one~probably the most illuminating way is to work it out by trigonometry 
from Fig. 1.36. The most systematic approach is to study the expression: 


r=ex+yy+zZ=rsindcos@x+rsinOsindy +rcosz. 


If I only vary r slightly, then dr = £(x)dr is a short vector pointing in the direction of increase in r. To make 
it a unit vector, I must divide by its length. Thus: 


= IBT 


sin 6 cos $X + sinO sin ¢ ¥ + cos6 2; gr)? = sin? 9 cos? ¢ + sin? 6 sin? ¢ + cos? 6 = 1. 


~ 2 ss : ‘ 
ae ageweedacabaray canes |" = r? cos 6 cos? ¢ + r? cos? @sin? ¢ + r? sin? @ = r?. 
Ais Ged ; P 2 ; : ; ' 
= - —rsindsind& +rsin@ cos oy; [3 = r* sin? @sin? ¢ +r? sin? 9 cos? @ = r? sin? 6. 


ele = Hy 


f = sind cos¢X + sind sin P¥ + cos Gz. 

=> |9 =cos@cos¢k+cos@sin gy —sin Gz. 

@ =—singdx+cosdy. 

Check: #-£ = sin” 0(cos” ¢ + sin” ¢) + cos? @ = sin”? 6 + cos?@ = 1, ¥ 
6-@ = —cos@singcos¢ + cosP@singcos¢ =0, V_ etc. 

sind f = sin? 6 cos X-+ sin? sin dF + sin @ cos z. 

cos @ @ = cos” cos dX + cos? Osin@¥ — sin cos 6 z. 


Add these: 
(1) sin 6f + cosd6 = +cosdX+singdy; 
(2) g@ =-—sindx+cosdy. 


Multiply (1) by cos ¢, (2) by sing, and subtract: 


x= sin 9 cos @f + cos@ cos oO — sing ¢. 


Multiply (1) by sin ¢, (2) by cos ¢, and add: 


y = sinOsin df + cosOsin d6 + cos¢@. 


. cos@F = sin 6 cos@ cos PX + sin cos@sin dy + cos” 62. 
sin 6 6 = sin@ cos@ cos¢X + sin cosO sin¢y — sin” 6. 
Subtract these: 


z= cosdf — sind @. 
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Problem 1.38 

(a) Viv = aire?) = der? = ar 
f(V-vi)dr = f(4r)(r? sin 6 dr d0 dd) = (4) f-" dr fo sin 9 dB [2 dp = (4) (#) (2)(2n) [ane | 
fvi-da = f(r?#)-(r? sin @ dO dgé) = r‘ fy sin 6 dé i dps apRAG- (Notes ak suctice of Sheree = RY 


(b) V-v2 = 4X (r? 4) =0 =| f[(V-v2)dr = 0 
[vada = | (jst) (r? sin6 d0 dg#) = fsin@ dd dé = [4n.| 
They don’t agree! The point is that this divergence is zero except at the origin, where it blows up, so our . 
calculation of {(W-v2) is incorrect. The right answer is 47. 
Problem 1.39 


Vv = 2d(r? rcosd) + rain 59 Sin Or sin®) + Fang ag ("sind cos $) 
3; 3r? cos6 + =z r 2sinOcos@ + -1-5r sin O(— sin ¢) 


3.cos + 2cos6 — sing = = 5cos@ — sing 


bs | 


f(V-v)dr = f(5 cos6 — sin ¢) r? sin 9 dr dO dé = its r? dr {2 idee (5cos@ — sing) dg| d6 sin 8 
—}27(5 cos 9) 
= (=) (107) {2 sin 9 cos 6 , a6 


mc ee 

Boyt 
— | 5a p3 
-- 


Two surfaces—one the hemisphere: da = R? sin@ d6d¢?; r= R; 6:04 27, 0:0 = 
Jv-da = f(r cos6)R? sin 6 d0 dp = R8 f,? sin @.cos 648 {5" dg = RS (2) (2m) = wR 
other the flat bottom: da = (dr)(r sin d¢)(+0) =r dr d¢@ (here 6= $). r:0 4 R, 6:0 2n. 
: R 2 3 
{veda = f(rsin6)(r dr dd) = for? dr fo" db = 2 E. 
Total: fv-da = 1R? + 2nR? = nk. V 


Problem 1.40 | Vt = (cos@ + sin 9 cos $)# + (~sin6 + cos 6 cos $)6 + igo (- sid Osin $) 


V2t = V-(Vt) 
= 4,2 (r?(cosé + sin8 cos ¢)) + =a & (sin9(-sin@ + cosO cos ¢)) + rind ba (— sin ¢) 
=  y 2r(cos6 + sin 8 cos ¢) + =-g(—2sin 8 cos 4 + cos” @ cos ¢ — sin? 6 cos $) — =-g cos ¢ 
= =drglasin 6 fos 6 + 2sin? A cos @ — 2sin@ fos 8 + cos? 6 cos $ — sin? 8 cos $ — cos g} 
=azz [(sin? 9 + cos? 6) cos ¢ — cos 4] = 0. 
=>(V7t=0 


Check: rcos@ = z, rsindcos@ =z = in Cartesian coordinates t = r + z. Obviously, Laplacian is zero. 
Gradient Theorem: fP Vi-dl = t(b) — t(a) 
Segment 1:0=%, @=0, r:0-42. dl=dri; Vt-dl = (cos@ + sin@cos¢)dr = (0+ 1)dr = dr. 
[Vtdl = f° dr =2. 
Segment 2:0=%, r=2,¢:03 4. d= rsin@ db d@ = 2db¢. 
Vi-dl = (—sin $)(2d¢) =—2singdg. [Vt-dl = — [2 2sinddd = 2cosg|é = —2. 
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Segment 3: r = 2, o=4 gi 0:5 z+ 0, 
dl =r d96 = a Vi-dl = (- sind + c0s8 cos 4)(2d8) = —2sin 8 db. 
[Vid = fy 2sin@ dd = 2cos 6/5 = 2. 


Total: [° Vt-dl = 2-2+2= [2] Meanwhile, t(b) ~ t(a) = [2(1 + 0)] - {0()] =2. v 
Problem 1.41 From Fig. 1.42, 


Multiply first by cos ¢, scrond by sin ¢, and subtract: 
tal eanes cos? 6X + cosdsin dF + sin? dX — sindcos Py = (sin? d + cos? d) = &. 
s 
Multiply first by sing, second by cos $y, and add: 
oan’ + pond = = sinpens es + sin? @¥ — sin dcos p& + cos?. dF = F(sin? ¢ + cos? d) = 
: 
Problem 1.42 
(a) V-v ig (s s(2 - sin? ?)) * 738 3 (8 sing cos o)+5 £(3z) 
1 25(2 + sin” ¢) + 1 s(cos? ¢ — sin? ¢) + 3 
4+ 2sin? ¢ + cos” @ — sin? o+3 
| 4+sin? ¢+cos*¢+3=([8.] 
(b) f(V-v)dr = f(8)sdsdpdz = 8 f° sds f.2 do JS dz = 8(2) (2) (5) = 
Meanwhile, the surface integral has five parts: 
top: z= 5, da= sdsdp%; v-da = 3zsdsdd = 15sdsd¢. fv-da= 15. sds f? do = 15n. 
bottom: z= 0, da = —sdsd¢%; v-da = —3zsdsd¢ = : [v-da = 0. 
back: ¢ = %, da=dsdz@; v-da= ssingcos¢dsdz = 0. fv-da=0. 
left: ¢ =0, da = —ds dz ¢; v-da = —ssin $cos pds dz = =0. fv-da=0. 
front: s = 2, da= E adaag! v-da = 3(2+ sin? ¢)sdédz = 4(2 + sin? ¢)dddz. 
fv-da= 43 (2+sin  o)do fo dz = (4)(m + $)(5) = 257. 
So fv-da = 157 + 25m = 407. V 


(c) Vxv = (+ 45(82) - f:(esindened)) 8+ (< (s(2 + sin? ¢)) - 2 (32)) } 


+4 ( £(6? sin bcos $) — & (s(2 + sin 9) 4 


= (2 patie ab toa) = 
Problem 1.43 


(a) 3(32) — 2(3) —1 =27- 6-1=[20] 
(b) cos x =[-1.] 
(c) [zero. ] 


(d) In(—2 +3) =n1= 
Problem 1.44 


(a) f?, (22 + 3)46(z) dx = 1(0 +3) =[1.] 
(b) By Eq. 1.94, 6(1 — 2) = d(x - 1), 8014+ 3+2=[6.] 
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c) {2,927} 5(@ + 4) dx =9(-4)* b= 
(d)|1 (ifa > 6), 0 (if a <b). 
Problem 1.45 
(a) [%, Fle) [w£-6(@)] dx = & f(2)5(@)|@,, — [2 & (@ f(a) 6(2) de. 

The first term is zero, since 6(2) = 0 at too; £ (x f(z)) = ofl a a = =cif + ne 
So the integral is —[e (ox + f) 6(z) dz = 0— f(0) = —f(0) = —- p F(z)6 
So, t£6(z) =-—6(x). qed 
b) f° Fla) ae = fee Io, — [25 L0(a)de = f(00) — fo? Lde = f(00) - (f(c0) - f(0)) 
= f(0) = f° f(#)d(x) dx. So % = d(x). ged 
Problem 1.46 
(a) | p(x) = g63(r —r’).| Check: fp(r)d7 =q fOr —-r')dr=q. ¥ 


(b) | p(r) = 96° (x — r') ~ 96°(r). 
(c) Evidently p(r) = Ad(r — R). To determine the constant A, we require 


Q= {pdr = fAd(r — R)4nr? dr = A4nR?. SoA= i. p(r) = pa (r —R 


Problem 1.47 
(a) a? +aa+a? = 
(b) f(r — b)?A62(r) dr = tet? = 3.(4? +32) = 


(c) c? = 25+9+44 = 38 > 36 = 6’, so ¢ is outside Y, so the integral is 
(d) (e — (2% +29 424))? =(1k+0F + (-1) 2)” =141=2 < (1.5)? = 2.25, 80 e€ is inside V, 
and hence the integral is e-(d — e) = (3, 2,1)-(—2,0,2) = -6+04+2= 
Problem 1.48 


First method: use Eq. 1.99 to write J = fe~" (46%(r)) dr = 4re~° = 
Second method: integrating by parts (use Eq. 1.59). 


wy 
II 


as i = -Vi(e") dr + gers -da. But V (e7") = ($e) f= —e7"R. 
s 


y 


lee) 

| petanrt ars [ err? sin.dadge = an f e-rdr +e-® | sino dadg 
0 
Vv 


an (-e7) 


o + Ane ® = 4m (—e-© + e7°) = 4r. 


(Here R = co, so e~*® = 0.) 


KF & ky & 

a a 8 __« 2h o |. = 8 8 8 = 
VXFL =! go By Bz = -¥ 5 (2?) =[-229} vxF.=|% & & |=([0] 

0 OO « Z sy 2 
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“™~ Fy is a gradient; F is a curl | [Us Hh? ty? t+ 27) would do (F2 = VU2). 
For Ax, we want (22 — 94) = (Sf — fs) 9, Se - Me 2? A=, Ay = A, = 0 would doit. 
[Aa =42°F| (Fi= V x Ai). (But these are not unique.) 
KY @ 
(b) V-Fs = £(yz) + Z(ez)+ F(ey) =0; VxFs=| & HF HF | =*R(@-2)+F(y-y) +2(z-2) =0 
yz “uz xy 
So Fg can be written as the gradient of a scalar (F3 = VU3) and as the curl of a vector (F3 = VxAsz). In 


fact, | Us = xyz | does the job. For the vector potential, we have 


which suggests A, = 4y?z+ f(x,z); Ay = —tyz? + g(x,y) 


3 dz ~ Y% = 

ra — 94: = 22, suggesting A, = ¥2°x+h(z,y); Az = —}22? + j(y,z) 
p) 

Sz — “$e = zy, 80 Ay = 72°y + k(y,2); Az = — Gay? +U(z,y) 


Putting this all together: | Ag = § {x (z? — y?)& + y (x? — 27) § +z (y? — x?) Z} | (again, not unique). 


Problem 1.50 
(d) > (a): VXF=Vx(-VU)=0 (Eq. 1.44 - curl of gradient is always zero). 
(a) > (c): §F-dl= [(V xF) - da = 0 (Eq. 1.57-Stokes’ theorem). 


(c) > (b): fP F-dl- J? F-dl= f? F- dit f?F-dl=§F-dl=0, so 


b b 
/ F-dl= / F - dl. 
al a I] 


(b) = (c): same as (c) = (b), only in reverse; (c) => (a): same as (a)=> (c). . 
Problem 1.51 

(d) > (a): V-F = V-(VxXW) =0 (Eq 1.46—divergence of curl is always zero). 

(a) > (c): $F -da = {[(V-F) dr = 0 (Eq. 1.56—divergence theorem). 

(c) > (b): f,F-da— f,,F-da= $¢F-da=0, so 


[R-a= | F - da. 
I I 


(Note: sign change because for ¢ F- da, da is outward, whereas for surface II it is inward.) 
(b) => (c): same as (c) = (b), in reverse; (c)> (a): same as (a)=> (c) . 
Problem 1.52 
In Prob. 1.15 we found that V-vg = 0; in Prob. 1.18 we found that Vxv, = 0. So 
v. can be written as the gradient of a scalar; v, can be written as the curl of a vector. | 


(a) To find ¢: 
(1) Hay wt=y'x+ fly,z) 
(2) gt = (2ry + z) 
(3) ae = Qyz 
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From (1) & (3) we get $f = Qyz > f = y2? +9(y) St = yx + yz? + gly), so $8 = Qry +z? + Ff = 


2ry + z* (from (2)) > af = 0. We may as well pick g = 0; then 


. OW, OW, _ 2. 8W, OW, _4,2,. OW, OW, _ _ 
_(b) To find W: “By oO 5 er Gyr = 3z zr; Sz Sy. = 2x2. 


Pick W, = 0; then 


Ow. 3 
aS = —82z7>W, = —5r2? + f(y, 2) 
ow, ; 
¥o= —22z2 > W, = -2*z + g(y,z). 
Ox 
OW, OM = BE 4? — Bm? OE Be = 0. May as well pick f = g = 0. 
W = —22z5 — 322272 
zk F z 
Check: VxW=| 8% @ & | =% (x?) + ¥ (3x2?) +42 (-22z).V 
0. -2?z —3272? 


You can add any gradient (Vt) to W without changing its curl, so this answer is far from unique. Some 
other solutions: 


W =2227k— 272; 
W = (2ryz + 223) R+ 2? yf; 
W = xyz — $2? zy t+ hax? (y — 327) @. 


<= 


Probelm 1.53 


4: Dae % ee ee ee ee eee 
Veivi= Tae eer cos6) + ——— a (sin Or cos $) = 936 | r’ cos 6 sin ¢) 
ie) 1 : 1 : 
= 9 PSL a 
ay4r cos + 5 wos Or cosd + ——— ( r” cos 6 cos ) 
= DOSE nbs cise = oad San coet: 
sin 8 


R w/2 n/2 
[4rcose)r?sindrasag =4 | rar | cosé sine ab / do 


0 
1 ms 4 
4 ee _\~| 28 
(5) (5) - EE 
Surface consists of four parts: 


(1) Curved: da = R?sinO dO dé; r= R. v-da= (R?cos@) (R? sind dé dé) . 


It 


fom dr 


w/{2 n{2 


daekse iA ; — pt (1h) (ty. TRE 
i deer [ cvsesinaas [ a= (5 (5) = a 
0 0 
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2) Left: da=—rdrd0d; ¢=0. v-da= (r*cos@sin¢) (rdrdé)=0. fv-da=0. 
3) Back: da =rdrd0¢; 6=1/2. v-da= (—r? cos@ sin ¢) (r dr d8) = —r? cos@ dr dO. 


R n/2 
[veaa= [r ar | cos 6 d@ = — (GR) (+1) = —7Rt. 
) ) 


(4) Bottom: da =rsin dr dd; 0=1/2. v-da = (r*cos¢) (rdrd¢). 


gent 


1 
[vida [ride [ cospde = TR 
0 


Q 
Total: §v-da=7nR*/4+0-]R1+jRi= 22. Vv 
Problem 1.54 
x 


R w/2 
4 


y 2 
Vxv=| 8 & & |=2(b-a). So f(Vxv)-da=(b-a)mR?. 
ay bx 0 


v-dl = (ay + br) - (dz& + dy¥ + dzz) = aydzr + brdy; 2? +y? = R? > Ixdz + 2ydy =0, 
so dy = —(x/y) dz. So v-dl = aydz + b(—z/y) dx = 5 (ay? — bx”) dz. 


Moe R?- 2 ~b 2 
For the “upper” semicircle, y = VR? —2*,sov-dl= ell mat dz. 


2 


[va = (ee {aR? sin (3) —(a+b) Le vam ga (3)|} ij 
R 


2 


-R 
o~ = =F? (a — b) sin~!(x/R) ies = = F(a — b) (sin7*(-1) ~ sin7*(4+1)) = 5 F(a — b) (-5 - =) | 
= +nR*(b —a). 


And the same for the lower semicircle (y changes sign, but the limits on the integral are reversed) so 
gv-dl=7R?(b—a). V 


Problem 1.55 
()2x=2z=0; dr=dz=0;y:041. v-dl=(y+ 32) dy =ydy. 


1 1 


[vias [ud =5. 


0 0 
(2)2=0; z=2-—2y; dz = —2dy;y:1-40. v-dl=(y+3zx) dy+6dz = y dy — 12 dy = (y — 12) dy. 


n) 
[va fwd =- (5-12) =-5 422 
1 


(3)2=y=0; dt =dy=0; 2:20. v-dl=6dz; 


0 
[via [sae =-12 
2 
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Total: §v-di=}-—2+412-12=[0.] 


a Meanwhile, Stokes’ thereom says ¢ v- dl = [(V xv) - da. Here da = dy dz %, so all we need is 
(VXvV)a = & (6) —~££(y+3c)=0. Therefore [(Vxv)-da=0. ¥ 
Problem 1.56 
Start at the origin. 
(1) 0= 3, 6=0; r:041. v-dl=(rcos’6) (dr) =0. fv-dl=0. 
; n/2 
(2) r=1,0=4; $:04 4/2. v-dl=(8r)(rsinddd) =3dd. fv-dl=3 f dé = 3. 
0 
(3) d= 3; rsiné =y =1, sor = s+5, dr = 7, cos0d0, 0:5 > F. 
29 g 
v-dl = (rcos?6) (dr) — (r cos@ sin 8) (r d8) = ey (-5) d theta — OS a 
cos?@  cos@ cos@ / cos? @ + sin? 8 cos 6 
—{|—.~— + —— ] d@é=- dé = — dé. 
& @ 34 | sin 6 ( sin? 6 ) in? 6 
Therefore 
"Moos ee es 1 1 11 
cos 
-di=— dj = ——— ee ee 
|v J see 2sin? O\,/2  2-(1/2) 2+ (1) eee) 
(4) 0= 4, 6= 43; r:V¥230. v-dl= (rcos?@) (dr) = drdr. 
0 
210 
i d= 5 frdr= 5 =-- = 
2 Mae 2 
ae 3 
Total: 
3x 1 1 
pvidi=0+ 245-5 3x | 
Stokes’ theorem says this should equal {(W xv) -da 
1 6) 1 1 i 
Vxv = Sg [pa sin) -_- F(-rsind cos 0) P+ - lands (r cos? 6) — 2 (rar) 7] 
1fa F 3) ; * 
: [Fe (-Pr cose a) son (r cos 8) od 
a 1 ereosaie 4 Lord «1 (nor cosd sind 4 Or ao8d sind} 
= pyglsr cos dt + —[-6r ~{-2r cos @ sin rcos@ sin 
= 3cotd#- 66. 
(1) Back face: da = —rdrd0¢; (Vxv)-da=0. [(Vxv)-da=0. 
(2) Bottom: da = —rsin@ drd¢6@;, (V xv) -da = 6rsin@ dr dd. 6 = 5, 80 (V Xv) - da = 6r dr dé 
tp 1 3 
7 7 
[evxn-da= fordr f dp=6-5-5 =F. sf 
0 0 
a 
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a 
Problem 1.57 


v-di=ydz. 
(1) Left side: z=a—x; dz =-—dz;y=0. Therefore fv-dl=0. 
(2) Bottom: dz=0. Therefore fv-dl= 


0 
(3) Back: z=a-— $y; dz=—-1/2dy; y:2a+0. fv-dl= fy(—$dy) = -} 
2a 


Meanwhile, V xv = %, so {(V Xv) - da is the projection of this surface on the ry plane = $-a-2a=a". V 


Problem 1.58 


10a 


1 @ 1 
= 2 
Win ae (r?r? sind) + ——~ eT (sin 6 4r? cos @) + Tuind O¢ o (2 tan 8) 
2 eee i ei 42 me eee 2 i 42 
= xy4r* sind + — dr (cos? @ — sin? 6) = nee (sin? @ + cos? 6 - sin? 6) 
cos? 6 
sin 6 © 


R n/6 Qa 
2 : 1/6 
i. (Vev)dr = ‘i (ars 7) (r? sind dr d6 dg) = i Ar? dr / cos? 6 dd / dé = (R‘) (2m) 5+ | 
sin 
0 0 0 


0 
0° 4 
ante (% 4 28 ) = (149%) - = (n+ 3V9). 


| 


12 4 6 


. Surface consists of two parts: 
(1) The ice cream: r = R; §:0-4 2; 0:0 > 1/6; da = R* sin@ db déf; v-da = (R? sin) (R* sind d@ dg) = 
R¢ sin? 6 d6 dd. 
n/6 Qn 
n/6 4 
1 1 x 1 mR V3 
da =< R4 a) _ (p4 ty 4. 5 afm ot = _ ave 
Jv da=R [sn 08 | as (R*) (27) Ei jin) ark (= jsin60°) = are (= 3 5 
0 


0 


(2) The cone: 0@= $; 6:0-4 20; 7:0 R; da = rsin@d¢dr 6 = V3 dr dd 6; v-da= V3r'drd¢ 
ike avi fr + [a- Vi oon = Bort, 


Therefore fv-da = "8° (4 ~ ¥3 + V3) = 2 (2x +33). v 


Problem 1.59 > 
(a) Corollary 2 says ¢(VT)-dl = 0. Stokes’ theorem says $(VT)-dl = {(V x(VT)]-da. So f[V x(VT)]-da = 0, 
and since this is true for any surface, the integrand must vanish: V x(VT) = 0, confirming Eq. 1.44. 


——~ 


i—~ 
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(b) Corollary 2 says ¢(V Xv)-da = 0. Divergence theorem says $(V xv)-da = f V-(V xv) dr. So f V-(V xv) dr 
= 0, and since this is true for any volume, the integrand must vanish: V(V xv) = 0, confirming Eq. 1.46. 


Problem 1.60 

(a) Divergence theorem: $v-da = [(V-v) dr. Let v = cT, where c is a constant vector. Using product 
rule #5 in front cover: V-v = V-(cT) =T(V-c)+c:(VT). But c is constant so V-c = 0. Therefore we have: 
fe-(WT)dr = fTc- da. Since c is constant, take it outside the integrals: c- fVI'dr =c- fT da. But c 
is any constant vector—in particular, it could be be %, or ¥, or Z—so each component of the integral on left 
equals corresponding component on the right, and hence 


[vra= [ ras. qed 


(b) Let v + (v xc) in divergence theorem. Then f V-(v x c)dr = [(v x c)- da. Product rule #6 > 
V-(v xc) =c-(Vxv)—v-(V xc) =c-(V Xv). (Note: Vxc = 0, since c is constant.) Meanwhile vector 
identity (1) says da-(v x c) =c- (da x v) = —c- (v x da). Thus fc -(Vxv)dr = —fe-(v x da). Take c 
outside, and again let c be %, ¥, @ then: 


[evar =- fv xaa. qed 


(c) Let v = T'VU in divergence theorem: f V-(I'VU) dr = [TVU-da. Product rule #(5) > V-(TVU) = 
TV+(VU) +(VU)- (VT) =TV?U + (VU) -(VT). Therefore 


J (vu +(vu) (v7) dr= [(TVU)-da ged 


(d) Rewrite (c) with T+ U: f(UV?T+(VT)-(VU)) dr = f(UVT)-da. Subtract this from (¢), noting 
that the (VU) - (VT) terms cancel: 


/ (TV?U —UV*T) dr = i; (TVU —UVT)-da. qed 
(e) Stoke’s theorem: f[(V xv) -da= ¢v-dl. Let v=cT. By Product Rule #(7): Vx(cT) =T(V xc) — 


c x (VT) = —c x (VT) (since c is constant). Therefore, — [(¢ x (VT))-da = ¢Tc- dl. Use vector indentity 
#1 to rewrite the first term (c x (VT’))-da = c-(VT x da). So ~fe-(WI x da) = §c-Tdl. Pull c outside, 


and let c + %, ¥, and Z to prove: 
[vrxd=-9ra. qed 
Problem 1.61 


(a) da = R? sin 0 dé df. Let the surface be the northern hemisphere. The & and ¥ components clearly integrate 
to zero, and the Z component of f is cos, so 


sin? 9 


w/2 
= 
te) 


n/2 
a= [ RP sin6 cosa d9.apa = 2nR*2 | sin 6 cos 6 dO = 27 R?@ 
0 


(b) Let T = 1 in Prob. 1.60(a). Then VT =0,so fda=0. — qed. 

(c) This follows from (b). For suppose a; # ag; then if you put them together to make a closed surface, 
f da = a, — a2 £0. 

(d) For one such triangle, da = $(r x dl) (since r x dl is the area of the parallelogram, and the direction is 
perpendicular to the surface), so for the entire conical surface, a = $ fr x dl. 


21 


(e) Let T = c-r, and use product rule #4: VT = V(e-r) =c x (VXr)+(c- V)r. But Vxr = 0, and 
—  (e-V)r=(ce + Cyge te,Z2)(ei+y¥ =2%) = k+eyJ+qt= c. So Prob. 1.60(e) says 


fra= $(e-ra=- f(vr)xda=- [exda=-cx [da=-cxasaxe. qed 


Problem 1.62 
(1) 


10 1 .10 
v= a5 (2) =a50=[% 


r? Or Tr 
For a sphere of radius R: 
fv-da = f(#f)-(R’sinddddgt) = R f sind dédd = 4nR. 
R So divergence 
J (¢) (7? sin @ dr d@ dg) = (i i) (f sin 0 dO dd) = 4nR. theorem checks. 
0 


f(Vev) dr 


Evidently there is no delta function at the origin. 


ne 1072 1 Oy nie 1 +1 n— 
PHC ROM) = eg me) = ene = [FH 
(except for n = —2, for which we already know (Eq. 1.99) that the divergence is 476*(r)). 


(2) Geometrically, it should be zero. Likewise, the curl in the spherical coordinates obviously gives 
To be certain there is no lurking delta function here, we integrate over a sphere of radius R, using 
we 


Prob. 1.60(b): If Vx(r"#) = 0, then [(Vxv)dr = 0 4 —$vx da. But v = r™f and da = 
al: R? sin 8 d8 d@f are both in the # directions, so v x da = 0. V : 


Chapter 2 


Electrostatics 


Problem 2.1 


(a) 


1 : : tate 
(b) | F = oe where r is the distance from center to each numeral. F points toward the missing q. 
TE T ‘ 


Explanation: by superposition, this is equivalent to (a), with an extra —q at 6 o’clock—since the force of all 
twelve is zero, the net force is that of —q only. 


(c) | Zero. 


1 
(d) pointing toward the missing g. Same reason as (b). Note, however, that if you explained (b) as 
Teg T 


a cancellation in pairs of opposite charges (1 o’clock against 7 o’clock; 2 against 8, etc.), with one unpaired q 
doing the job, then you’ll need a different explanation for (d). 


Problem 2.2 


(a) “Horizontal” components cancel. Net vertical field is: EB, = Rokk cos @. 


EO 


2. 52 dy. =z E= ! 2q2 Z 
Here 2? =z? + (¢) ; cos@ = Z, so At €o aa] 


When z > d you’re so far away it just looks like a single charge 2q; the field 
should reduce to E = 1 “4%. And it does (just set d > 0 in the formula). 


4meD 


(b) This time the “vertical” components cancel, leaving 
E= eee sin @ &, or 

1 qd z 

"= beg 2 d\2\3/2 © 
(2? + (3) ) 


From far away, (z >> d), the field goes like E = ma% %, which, as we shall see, is the field of a-dipole. (If we 
set d — 0, we get E = 0, as is appropriate; to the extent that this configuration looks like a single point charge 


from far away, the net charge is zero, so E > 0.) 
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Problem 2.3 


L Ade 2 52 2. ae 
E, = oso 48 0088; (o? = 2? +27; cos@ = §) 
= po Az fy 7 ap dE 
= 0 Gia 72 
= 1 hz 1 4 L 
be z Weta _ na z ane 
= Adz 
E; — =e fy AF Be sind = ae AL y aitm 


~ats} [-vetre]|, = ats [} - vee: 


p= aot [(4+ en) * Gate). 


For z > L you expect it to look like a point charge g = AL: E> we 32. It checks, for with z > L the x 
term -> 0, and the 2 term + ~1-4 2% 


A4még zz" 
Problem 2.4 


From Ex. 2.1, with L + $ and z - yf/z? + (2)? (distance from center of edge to P), field of one edge is: 


ae Aa 
Anco Jory Sify eye 


There are 4 sides, and we want vertical components only, so multiply by 4cos@ = 4 


eeu 


— = Aaz 


24 a 24 a2 
24) z+ sy 


Problem 2.5 


“Horizontal” components cancel, leaving: E = 72> { f 34 cos6} 3. 
Here, 2? =r? + z?, cos@ = (both constants), while [dl = 2mr. So 


E= 1 X(2ar)z 5. 
4m€o (72 4 22)3/? 
Problem 2.6 


Break it into rings of radius r, and thickness dr, and use Prob. 2.5 to express the field of each ring. Total 
charge of a ring is 0 -2ar-dr=X-2ar, so \ = odr is the “line charge” of each ring. 


Ee Chilled ae ee i ener 
— ; isk = TOL r 
Are (r2 in z2)5/? ’ disk Anrep ‘ (r? a 22)3/? 
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Oo. 
For R > z the second term -+ 0, so Epiane = Treg 200% = 
0 


1/ ; 
ZI R? mp 1 R? ~m1_1,1R? _ FR? 
For 2 > Ry gis = 1 (14+) "wd Se a 
1 20R?o 2 
and B= ;)-*Re — 71, whereQ=nRo. Vv 


Problem 2.7 


E is clearly in the z direction. From the diagram, 
dg = oda = oR’ sin#@ dé d@, 

a? = R? 4 2? —2Rzcos8, 

cos wp = 2 Fl cos 6 . 


So 


2g: — : 
2 1 J oR* sin 6 dé dd(z — Rcos 6) fdd = 2. 


_ a (R2 + z? — 2Rz cos 6)3/2 : 
is (mnt) | PR oe Let u = cos 6; du = -sinada{ p= 03 =) i 
= 4n€9 ~ (2m Ra ) ie Ta aR Integral can be done by partial fractions—or look it is 
1 
- geo [sere], a(R Soe) 


1 
For z > R (outside the sphere), Ez = 74 ii = Tap HF 80 p= asa 
TE 


For z < R (inside), E, = 0, so 


Problem 2.8 
According to Prob. 2.7, all shells interior to the point (i.e. at smaller r) contribute as though their charge 
were concentrated at the center, while all exterior shells contribute nothing. Therefore: 


1 Qint 7 


4neg r? 


E(r) = 


where Qint is the total charge interior to the point. Outside the sphere, all the eae is interior, so 


r, 


Inside the sphere, only that fraction of the total-which is interior to the point counts: 


ULAR ee ie coe LO 
= _ ay _—__ 


Qint _ 47 R3 Fa so E= 


Problem 2.9 


(a) p=e@ V-E=e94@ (r? - kr’) = egiek(5r*) = 


25 


Pears (b) By Gauss’s law: Qenc = 0 § E- da = ene) = F 
By direct integration: Qene = f pdr = fy (5eokr?)(4ar7dr) = 20meok fy r4dr = 4megkR?.V 
Problem 2.10 


Think of this cube as one of 8 surrounding the charge. Each of the 24 squares which make up the surface 
of this larger cube gets the same flux as every other one, so: 


Problem 2.11 


Gaussian surface: Inside: $ E+ da = E(4nr?) = 4 Qenc = 0 > 


=0 
oR? 
——+ Gaussian surface: Outside: E(4nr?) = 25 (o4rR?) => |E= 73 fr. 
€9 
Problem 2.12. 


; ri —&£. 21 = 14nd 
ie Gaussian surface $E-da= E+ 4nr* = zoWenc = 237mrp. So 
1 
€ E = — pri. 
© 3€o ae 
— Since Qtor = 7A’ p, E= opt (as in Prob. 2.8). 


Problem 2.13 


} (As in Prob. 2.7.) 


Gaussian surface 


ra §E-da=E-2ns-l= 1 Qenc = EX. So 
E= s (same as Ex. 2.1) 
ae erent - 27 E98 ae 


. i 
Problem 2.14 


Gaussian surface $E-da= E-4nr? = 2% Qene = {pir= a {(kr) (F? sin 6 dr dO dd) 


sBls To345 _ 4nkrt _ ak,4 
=i k4n fyi dpa are or. 


1 
= kre. 
aneg 
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Problem 2.15 


(i) Qenc = 0, so 


(ii) f E-da = E(4mr?) = 2Qenc = 4 Spdr = 2 [57 sin 8 dF dO d phi 
ue k (r-a\. 
=e 4 r= Bra) B= 3 Je . [E| 


(iii) E(4nr?) = 424 f? dp = 42£(b - a), so 


€0 
E= x (**) f. 
€6 Tr 


Problem 2.16 


(i) 0 }— Gaussian surface f§E-da=E-2ns-l= 25 Qenc = pms’; 
ps .. 
E = —5. 
, 26° 


Ot beds teesesecsscces, 


CY ——_Gaussian surface 
7 CaS PE sea Bee tee, Sento hne 
pa” 
ee ey E = ——S. 
2€98 
+— Gaussian surface 
(iii) fE da = E-2ns-1= +Qene = 0; 
E=0 
i [B| 
a b s 


Problem 2.17 


On the zz plane & = 0 by symmetry. Set up a Gaussian “pillbox” with one face in this plane and the 
other at y. 


ria Gaussian pillbox fE-da=E-A= a Qene = as Ap; 


27 


Qenc = 2 Adp > (for y > d). 


Problem 2.18 
From Prob. 2.12, the field inside the positive sphere is E, = walt where r is the vector from the positive 
center to the point in question. Likewise, the field of the negative sphere is —3&-r_. So the total field is 


p 
E= 3eg t+ ae r_) re _ 
Y o 
. : p- d 
But (see diagram) ry —r_=d. So|JE= rn f 


Problem 2.19 


1 
VxE= ee vx [ » adr = a / Vx = pdr (since p depends on r’, not r) 
ATED a2 4nre€g 42 


=0 (since Vx (=) = 0, from Prob. 1.62). 
x 


Problem 2.20 


(1) VxB, =k 


x y Z ; 
(2) VxE,=ki/Z £ F | = k[R(2z — 2z) + ¥(0 — 0) + 2(2y — 2y)] = 0, 
y? Akzyt2z? yz 


so E2 is a possible electrostatic field. 


Let’s go by the indicated path: 


E - dl =.(y? dz + (2ry + z*)dy + 2yzdz)k 
Step I: y= z=0; dy=dz=0. E- dl = ky? dr =0. 
Step II: x = 29, y: 0-4 yo, 2 = 0. dx = dz =0. 

E- dl = k(2zy + 2”)dy = 2kaoy dy. 
fry E+ dl = 2kao fy y dy = kxoys. 
Step HI: x = 20, y = Yo, 2:0 - 20; dz = dy = 0. 
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E- dl = 2kyz dz = 2kygz dz. 
tae E-di= 2yok f° zdz = kyozé. 


(x0,¥0.20) 
V(20,Yo, 20) = ~ f E - dl = —k(zoy2 + yoz@), or |V(z,y,z) = —k(xy? + yz”). 


Check: —-Vv=k[ & (zy?+y2?) + & (cy? +27) 9+ & (ey?+-y2?) #]=Ky? R+(Qeyt+z7) $+-2yzS]=E. V 
Problem 2.21 


Outside the sphere (r > R): E= 7 Sf. 
V(r) =—fL E-dl 
Inside the sphere (r << R):  E= qin derf. 
1\(" _|_¢ 1 
So forr > R: V(r ~ fr (aot &)dF= tad (s)|. = cre 
dF r ore 72—R? 
and for r < R: V(r) = ~ fs (asi h)d F- n (aac BT) dF = gh [4 - de (“5%)] 
i pe SU ea 
4n€9 2k R2}- 
When r'> R, VV = 7 vats (FES aah soR=-VV = ;o div 


r? ~ — = Oem poate = 
When r < R, WV = gic ded (3- gr) P= pho sk (-B) P= gh eh 50 B= -VV = erty 
Problem 2.22 


E= a 248 (Prob. 2.13). In this case we cannot set the reference point at oo, since the charge itself 


extends to oo. “Let? s set it at s =a. Then 


V(s) =~ f2 (gig) a5 = —z=2rin (2). 


EQ 


(In this form it is clear why a= oo would be no good—likewise the other “natural” point, a = 0.) 
VWV= a 2r2 ~ (In (£)) 8 = =a 2418 = -E.V¥ 
Problem 2.23 


V(0) = —fB-di =~ f0(E%)dr — fee 


£0 
k b 
=& (1 $-mm(g) -14 8) =[Em(2). 


Problem 2.24 
Using Eq. 2.22 and the fields from Prob. 2.16: 


V(t) -V(0)=-fPE-dl=—fPE-dl— fPE-dl=~—2% fo sds — S f° tds 


2€9 Ja 8 
b __ pa® b 
=- (4) 5 + Se Insl, = Te (142i (2)). 


Problem 2.25 


(59)dr — [2(0)dr = 2 &52)— 4 (in(g) +0 (2 - §)) 


a 


29 


Lo _ddr fee got. 
(b) V = qe Lae = ree In(z + Peel, 


BY Lin LAV + 
4n€o —-L+ Sha Vet Ee + [2 


R ¢ Qurdr g 
()V =e h CS = Tap eme (Wr? + 2? IP = ae (VE +P 2), 


av _ ov _ Ba _ Ve 
In each case, by symmetry B= 0. ..E=~ $52. 
(a) E= —z+ 2¢ (—3) 22 z= Pa sald Z| (agrees with Prob. 2.2a). 
ance 2 (22+(4)?)° : An€ (22+ (4 ) 237 
eee 1 1 s 
0) B= ats { mavbers ive > cavern vee} 2 


2LX 1 
d z Lt Vz FE?—-L- 27 Fh2 | 2g . : 
ta { ive ae \ Z= ON os pri 73 % | (agrees with Ex. 2.1). 


: o z : 
(c) E=-35 {bsp 22 - 1} Z= lz ~ reed | (agrees with Prob. 2.6). 


If the right-hand charge in (a) is —¢, then [v =0], which, naively, suggests E = —VV = 0, in contradiction 
with the answer to Prob. 2.2b. The pains is that we only know V on the z azis, and from this we cannot 
hope to compute &, = ~oY or Ey = ~*. That was OK in part (a), because we knew from symmetry that 
E, = E, = 0. But now E points in the z direction, so knowing V on the z axis is insufficient to determine E. 


. Problem 2.26 ; Aik. 5 ‘ ‘ 
o2nr 7o 
V(a) = —— ALS a se 
(a) af ( a ) 4r€q ines Va" Re 


ee CL ee 
V2h 

EN V(b) = a (=) dh, wheret = Vh? +22 — V2he. 

4n€o Jo a 
NGA Qno 1 pvt a 
h, = —— ada 
Ameo J2 Jo fh? 422 — JO 
* o (ne +22 — Vm h veh 
= h? + ee 

2V2€9 | ‘ V2 ( 0 


ees [i+ ue In(2h+2V2h—V2h) — h- Fn@h—V2H)] = 


[in (2h+V2h) — —In(2h—V2h)] 


2v/2€6 an v2 Fie v2 
_ oh, (2+V2\_ oh, ((2+V2)?\ _ oh 
= Gin (5298) = in (SHY) — inv. 


; 
: 
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Problem 2.27 


Cut the cylinder into slabs, as shown in the figure, and 
use result of Prob. 2.25c, with z + x and o > pdz: 


z+L/2 
ves. f (VR? 42? —2) de 
ae 


= 2} [eV Fe? + R ine + VR Fa) — 0)? 
to (+4) VRE —(-4) were atin] “ED a} 


+ + fnt+(2—§) 


(Note: —(z + #)’ + (z- 4)’ =-2? zL Ly 2? 2b+2 = 2zL.) 


2 _ Ly? 
B=-vv =~ =~ ie ym (+5 eee aes) (z x) : 
) aN + (2~F) 


(ie 
: 4 Veer) erorien yy |-20} 
zt he (/R4+(z+8) 2-£4 R24 (z- 4)’ 

TOE Ee aga eG a a 


VR+(z+%) R24 (2z- 4)’ 


i 


Problem 2.28 


Orient axes so P is on z axis. 


Here p is constant, dr = r* sin@ dr dé d¢ 
oe che pe , 
V = gray [5dr { n= Vz? +r? — Irzcosé. 


2: 
=. XP r°sin@drd@dd . 2m = 
Ye Are eS cos 9? So dp = dn. 


in@ 1 Vr? +22 — Irzcosé cas Vr? + 22 4 Orz — Vr? + 22 — Orz 
de TE See = + (vr? +2? 2rzcos6) |, 2 (vr? + 2? + 2rz r? + 22 — 2rz) 
sean 


=2(rte-|r-a={ 2/r ,ifr>z. 
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2 


2 
But p= gos, 80 V(2) = aig ahr (Re - =) = gta (3 in) V(r) = —2— (3- iz): "4 


8regR 


Problem 2.29 
viv = = or 
= ge Solt')[-408R@ - v')]dr = — Zp 

Problem 2.30. 


VW? f(E)dt = ge Salr’)(V ode (since p is a function of r’, not r) 
(r). 


(a) Ex. 2.4: Eapove = sau Epelow = ae prim (fi always pointing up); Eabove — Evelow = fA. ¥ 
_ Ex. 2.5: At each surface, # = 0 one side and EF = r other side, so AE = Pe v 


Prob. 2.11: Eour = 2&5? = 2#; Hin = 0;80 AE = Zi. ¥ 


Outside: $E-da = E(27s)l = 2 Qene = = 4 (27R)I >E= 28g Z8 (at surface). 


€0 


Inside: Qenc = 0, 80 E=0. -. AE = 28. ¥ 


(c) Vout = Re _ Be (at surface); Vin = 22 ; so Vout = Vin. ¥ 


€or € £0 
OVout Rg oN, ah - 
naa Eo en Oe pa; a a = ~~ 
yu = —Ee = -s (at surface); 2¥in —Q ; so Br €0" v 


Problem 2.31 


@)Vegere=e {ttt s)= ae (-2+4)- — 
Wi=qv = a (-2+4). oO 
Ms e 
(b) Wy =0, We = gis (=F); We = (2) (3) 
Wie = get {-14+ 4 - 2+} = 
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Problem 2.32 
(a) W = § fpVdr. From Prob. 2.21 (or Prob. 2.28): V = 


ee Ce a ie 2 qp 
ae oe | Al eta Li 
WS Dee OF i, (3-5 a) RE ae 
pg gq _| 1 (39 
5eq ~ Beg 4 RS 4reg \5 R/ 


(b) W = £fE’dr. Outside (r > R) E= 


Wee [Hewes [ 
= — TIT 47 ar 
2 Gree? Rr v4 0 
1 ¢ 1\|\- 1 5 
= a — + — Lan 
4nreg 2 TH\l,p RE\S 


- 
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r3 17 
ol 


tn 4t ; Inside (r < R)E= oh part. 


(5) (ora 


1 @fl 1 1 3¢@ 
ae aie Oe, (pier eee ble 
dre 2 Gans 4neo 5 R 


(c)W = £2{ §, VE-da+ fi, E’dr}, where V is eee enough to enclose all the charge, but otherwise 


arbitrary. Let’s use a sphere of radius a > R. Here V = 


rer 


Ww 


eee: oer q 4x n 1 j 
at (4me0)? 5R | (410)? 


1 a as Ce 1 3q° 
= 3-42-45} 
Aneg 2 SR a R ~ 4reg 5 R’ 


As a@ > oo, the-.contribution from the surface integral (2 


2 . 
(ack - 1)) picks up the slack. 


q. 


or’ 


2 
€0 1 q 5 i, 1 q 9 
UG Eee 2) (44 5) r? sin 6 dO dd +f E*dr + ia (= 3 (4ar“dr) 
F 
oC) 


: 


2 
ie £) goes to zero, while the volume integral 


Problem 2.33 


1 7 
dW = dgV = dg (Z) a (g = charge on sphere of radius r). 
4nréeg/ r 
dg ae 4 3 r3 
a G= 37 P= 955 (q = total charge on sphere). 
a Anr? 3¢ 
dg = 4nr7dr p = a) pie = a Rar 


ee ae oss 3q 2 
aw = = (S) t (2, a 


rT 


1 3q? 74 
)= Are Re" os 


eee 3q? f* 4 a oe eee (34) v 


~ 4n€9 RS Jo "Greg RE 


5 ~ Arey €o 


_. Problem 2.34 


3 (a) W= {9 f E? drt. E= 


ae 4, (a <r <b), zero elsewhere. 
W= (sta) fo (A)? 4rr2dr = 


ae ee | 
core ee ee ee (=-5)- 
(b) Wi = 


— ira, 2 Wes eee £, EB, = Ga aE r f(r > a), E» = ia 7 r (r > b). So 
E, -E2 = (45) =, (r >), and hence f E, - E2 dr = = (2); @ fp? se4ar'dr = - i. 
Wiot = Wi + Wote0fE.- E, dr = gn (4+%- 2) = (11) 
Problem 2.35 
(a)lon= a5 i a= Gi n= 24,,] 
4nR 4na 4xb 


(b) V(0) = — JE dl =~ fo (azeqp lar — fy’ Oar — "(a2 


0 1 q 
sig) ~ fg(Ohte =| oo ($4 
(c) (the charge “drains off”); V(0) 


— f2(O)ar — JP (qhesh)ar — f2(0)dr =| (4 - 2). 
Problem 2.36 


4neg \R 
oe qa _ qb _ Ga + % 
a) Ca a2 ||) = gaat | OR = 


4b?’ 4nR2 ~ 


1 
(b) = im de a a J. where r = vector from center of large sphere. 
_ TEO 
e | Le Qe x 1 @. 
? E, = ——— E, = —— 
(c) a Atreg r2 Ta, b 6 re 


ta, where rz (rp) is the vector from center of cavity a (b) 
b 
(4) 


(e) og changes (but not oq or 05); Eoutside Changes (but not E, or Ey); force on gq, and qy still zero 
Problem 2.37 


Between the plates, E = 0; outside the plates EF = a/e€9 = Q/e9A. So 


pate = Ue y 
2 2 6ZA2 = | Qe A? 
Problem 2.38 


Inside, ae & outside, E = nae Qe. Xe) 
Eave = 5 ak ge pi ry fz.= oe a(Eave)z3 o 


= ait 
F, = ff,da = f(z3e) (5 Rr) cos @ R? sin 6 dO dd 
a a (72x) ei sin 8 cos @ d0 = 2. (8) G sin’ ) ae = 
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yang Problem 2.39 
Say the charge on the inner cylinder is Q, for a length LZ. The field is given by Gauss’s law: 


fE-da=E-2ns-L= 4 Qenc = aQ >E= sp) §. Potential difference between the cylinders is 


b b 
is ees Dn é 
v0)-Vvia)=- [ E-dl= ef a8 = sora (3). 


As set up here, a is at the higher potential, so V = V(a) — V(b) = iE In (2). 


2n€o 
C = & = 2*60F | 50 capacitance per unit length is | ——~. 
Vv ~ inf’) P : 4 In (2) 


Problem 2.40 


(a) W = (force) x (distance) = (pressure) x (area) x (distance) = 


(b) W = (energy per unit volume) x(decrease in volume) = («o%) (Ae). Same as (a), confirming that the 


energy lost is equal to the work done. 
Problem 2.41 


From Prob. 2.4, the field at height z above the center of a square loop (side a) is 


B= 1 4raz 


4reo (22 + a*) ze oa 


Here \ > of (see figure), and we integrate over a from 0 to a: 


2 


d 
tae Let u = 5, so. ada = 2du. 


1 a 
nee, eee ee 
mo Jo (24%) fat ® 
1 4 7 du oz 2 ané! V2u + 22 
a % ecko fit Neier 
Are€q 0 (ut 22)V2u+ 22 meg {Zz . z 


D) a? + 22 
= 2 ft" Ca | - wot) 
TEQ z 


a?/4 


0 


a —+ oo (infinite plane): E = 2% [tan™* (oo) - F] = 22 (9 -G) =ab-V 


z>a (point charge): Let f(x) = tan~’ /1+ a — §, and expand as a Taylor series: 


f(a) = f(0) +.2f"(0) + 5ef"(0) ron 
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_—~ Here f(0) = tan"*(1)-— $= 4 - F =0; f'(@) = ayy vers = aarayvree 80 J) = 7, 80 


fle) = Fat (2? + a +- 


ae 20, fA, a? \_ 1 oa? _ 1 
Thus (since 3 227 — Hr€ 1); Ee TEQ (2) —~ 4ne9 22 . v 


Ameo 
Problem 2.42 


z 7 10(/,A 1 9 (Bsin@cos¢ 
praV-E=o{ a5 (1 *\+ay 5 ( r )] 


E : aaee (-sing)] = 3(A~ Bsin ¢). 


— +- 
r2 rsind r+ 


Problem 2.43 
From Prob. 2.12, the field inside a uniformly charged sphere is: E = ia BT. So the force per unit volume 


isf = pE= (x) (a2 as) r = 3 (795)’r, and the force in the z direction on dr is: 


w 


Q 


2 
a) r cos 6(r? sin 6 dr dO d@). 


dF, = f,dr= 2 ( 
€0 


The total force on the “northern” hemisphere is: 


20 
B= | fedr = = (35) [° ar [” “cos sino f dd 
ai RS a"? 3Q? 
“3 (le) (&) (1) ofa 


641 €9 R? : 
Problem 2.44 


1 a loo loa 2 
Venter > Anrep [faa - Arey R a= Areég Fics ) es 


V 1 [ia ith da = 2nR? sin 6 dé, 
e=—— = > WwW 
pole 4neg J 2 2? = R? + R? — 2R? cos@ = 2R?(1 — cos 8). 


1 of oGrF) sin 6 dé oR /2 
es ep Fab * Df, OVI = 088), 


oR oR 
= ecb aa ee 0) = A ¥ ae Vpole-— Veenter = 35 (V2 = 1). 


Problem 2.45 
First: let’s determine the electric field inside and outside the sphere, using Gauss’s law: 


reg t frkrt (r<R), 
co $E da = cotrrE = Qune = f pdr = [(kr)r?sinear dade = Ark | PedF = ee — 


ra etait egrar te THON RE, Sete nN anne capceptomenetes pagans 


FN ASO SO EE ARRAN BES 
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SoE= fr? (r<R); E= fyi (r> R). 


—_ €9 
Method I: ‘ 
R 2\ 2 fore) 4 \2 
€0 2 €9 kr 2 €9 kR 2 
=—/£ Eq. 2.45) = — ——} 4 a aa 
Ww 9 / dr (Eq. 2.45) 5 [ (z) ar’dr + 5 } Gee 4nr*dr 
2 R foe) 2 7 oo 2 7 
eo { k 6 af 1 mk* (R 8 1 mk? (R 7 
= 4n— | — d > = 4 -- Sad 
12 (4) { ee R oo 860 | 7 aa t/ip 8eo \ 7 an 
= mk? R? 
- 7€9 : 
Method IT: 
W= 5 ev dr (Eq. 2.43). 
r R 4 r 2 R 3 yr 
kR kr k 4 1 Tr 
For r < R, vo)=~ f Beaa- fo (Sa) of (H)a=-E fe (-E +3] 
k re RB k 3 
=—-— (~R?+—-—]=— (| R?-—}. 
4€ ( ‘3 3 3 ) 3€0 ( =) 
a a k r Qnk? f® 1 
= k —~ { R? ~ — ) I 4nr*dr = i See bam a3 
4 sf (kr) Ee ( ri )| ar’ dr 3e0 Jr (2 ears dr 
_ 2ak? RB Rt LRT) ak? R" (6\ _ ak? R? / 
~~ . ~ 3€o 4 475 2-36 \7) Te © 


Problem 2.46 


—Ar _ —Ar _ p-Ar ES 
ey eh pn a ees ee a 
Or r2 


r r2 


p=oV°-E= eA fe (1 +Ar) V:(S)+5-V (e+ Ar))}. But V- (4) = 4763 (r) (Eq. 1.99), and 


e>"(1 + Ar)é3(r) = 63(r) (Eq. 1.88). Meanwhile, 
V (e"(1 + Ar)) =#Z (e771 + Ar)) = F{—deW*(1 + Ar) + ETA} = F(-D? re“). 


Tr 


—xr co 
G= Je ar coA{ Ar [eo dr-»? [<A artr} = €9A (45 — Man [ rer) ; 
é 0 


But de: re" dr == 52,80 Q = 4meA (a = x) = 


Problem 2.47 


2 
So &-V (e*"(1 + Ar)) = - ear and| p= eA [4n6%0) - me] : | 


(a) Potential of + is Vj = —z4- In (*), where 5} is distance from A, (Prob. 2.22). 
Potential of —\ is V_ = +;4- In (*>), where s_ is distance from A_. 
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aN s . 
™~ . Total] V = —-In (=) (x,y, 2) 
27 € Sy 


Now s4 = V/(y — a)? + 2?, and s_ = /(y +a)? + z?, so 
s an eh Viyta)?+27\ _| A 7 (y +a)? +z? 
V(es¥s2) = greg Im (vee) ines [(y—a)? +27] 


(b) Equipotentials are given by (hanes = e(4teoVo/A) — k = constant. That is: 
24 2ay +a? + 2? = k(y? — 2ay + a? + 2?) > y?(k— 1) + 27(k — 1) +: a?(k — 1) — 2ay(k +1) = 0, or 
y y 
y? +27 +a? — 2ay ett ) = 0. The equation for a circle, with center at (yo,0) and radius R, is 


—xr 


(y — yo)? +27 = R*, or y* +. 2? + (yp — R?) — 2yyo = 0. 
Evidently the equipotentials are circles, with yo = a (4) and 


2 2 2 
2 2 2 2732 2_ ,2 f k+1 2 _ (2 (k7+2k+1—-k?4+2k-1) _ 2 4k 
=y Ri => R=y-a =a (#4) =a? ms gt =o? gti, oF 


a 
R= dave ; or, in terms of Vo: 


_ etteoVo/A 1] 7 e27€0Vo0/A 4 e—2m€0V0/A _ rs 2mrEqVo 
7 Yo = Ge areoVo/X 1" eameoVo/d — o-2meoVo/a | 70° X : 
R=2 e27€0Vo/A _ 2 _ a - h 27 €gVo 
~ A vanegVo/d =] a O (eameaVe/X acts e727 €0Vo/r) asi sinh (22:22) = |} acsc. c3 ‘ 


Problem 2.48 


PV 1 
2 — eer 
(a) V9V =~ (Eq. 2.24), so] > ===. 
(b) VV = dmv? + lu = av 
m : 


(c) dq = Apdz ; 44 = ap = (constant). (Note: p, hence also J, is negative.) 


SS 
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Sd 2 Val ee Ps ce m CV -1/2 = I m 
(d) Ger = 250 = ep As = Hay ev >| Ge OV | where B= ~ 274/35 - 


(Note: I is negative, so 8 is positive; g is positive.) 


F av. 
(e) Multiply by V' = &- : 


dv' dV ' 
aoe = ae => |v dV' = p fv dV => sv ? — 26V1/? + constant. 


But V(0) = V’(0) = 0 (cathode is at potential zero, and field at cathode is zero), so the constant is zero, and 
‘2 1/2 dV 1/4 -1/4 
V? = 46V > 4 = 2/8V > Vay = 2/6 dz; 


4 
fur dV = 2/8 fae > ant = 2,/6 xz + constant. 


But V(0) = 0, so this constant is also zero. 


3 3 \ 4/83 9 \/3 811?m \*/° 
es 7 ads a 4/3) a : 
yi/4 — 5V Bx, 80 Viz) = (5vA) OREN (7) a (mar) - 


eraps 
Interms of Vo (instead of I): | V(z) = Vo (=) (see graph). 


Without space-charge, V would increase linearly: V(x) = Vo (8). 


ey ee i ee ne) oe 
Pe Se ee a ge 1 9(d2x)2/3" 


2.5 1/3 md? 322 A? 
(0 V0) =Yo= (BER) a 9 v0 = mage P= Baler 


_ AV eA VG 13/2 _ 3/2° _ 4e9A [2q 
: s is 7 _ =< iy xu tet 2 


Problem 2.49 


| = pr 2 -4/r 
(a) |E= eae (1+ sje dr. 


(b) The field of a point charge at the origin is radial and symmetric, so V XE = 0, and hence this is also 
true (by superposition) for any collection of charges. 


r 1 Oot r 
c a Ae | eee Se /\,-r/A 
(c) y= [Ba af (1+f)e dr 


2 
co 4r€o co T 


1 ry r\ | g. See alae asc 
oh tee {1 a =r/dq pee Seal | Pac ~r/rq. xf ee —r/rgq . 
zat / r2 ( +5)¢ E a{ if rie oo 7° Ni 
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-r/X 


Now fise7*/Adr = —2—— — } fe <<? dr «— exactly right to kill the last term. Therefore 


—r/r 9 —r{r 
vied= a {-! halo! . 
‘ 4nép 7 


Arr €o T 
(4) $ ipa as (1 * -R/d _4 R)\ o-aya 
os da Wes FB + e€ 4h BR? a 1+ x}e . 


Roi-r/d —r/X 
a 9 ig _ 4 —rfy_, @ Ie mie 
[var= ee ; ——r? 4dr = af re dr = es i) ( x 1)|. 


(e) Does the result in (d) hold for a nonspherical surface? Suppose we IS 
make a “dent” in the sphere—pushing a patch (area R? sin 6 dO dd) 
from radius R out to radius S (area S? sin 6 d6 d@). 


A gE. da=7— its (: + 5) e 5/(S? sin 6.d0 dd) ~ ral + *) -*/*(R? sino 8 de) | 


eh TE, ch ee oe HY) oR 
ane ( re (1+ ie sin 6 dé dé. 


1 oh Oe mie! 
Ass [Var = fo sin@ ,drd@d¢ = 2 


d? 4r€9 


= ro sin 6 dé dé (er? (1 Bs x) ik 


see ce See oe R\ o-Ral 
= Pipe (ar (+5 € sin 6 dé dd. 


So the change in ya {V dr exactly compensates for the change in fE- da, and we get aq for the total using 
the dented coher: just as we did with the perfect sphere. Any closed surface can be built up by successive 
distortions of the sphere, so the result holds for all shapes. By superposition, if there are many charges inside, 


q Ss 
sin 6 dd dd i re’ Adr 
€0 ; R 


the total is + Qenc: Charges outside do not contribute (in the argument above we found that © for this 
volume ¢ E-da+ red fV dr = 0—and, again, the sum is not changed by distortions of the surface, as long as q 
remains outside). So the new “Gauss’s Law” holds for any cates configuration. 


1 
(f) In differential form, “Gauss’s law” reads: | V-E + ave = =p, Or, putting it all in terms of E: 
€o 


1 ; 1 
V-E- x / E-d= —P- Since E = ~VV, this also yields “Poisson’s equation”: ~V?V + — 
0 


tyii 
d? ar 
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Problem 2.50 LURE 


STEFEM 

p=onV-E= €9 & (az) = (constant everywhere). 

The same charge density would be compatible (as far as Gauss’s law is concerned) with E = ayy, for 
instance, or E = ($)r, etc. The point is that Gauss’s law (and VxE = 0) by themselves do not determine 
the field—like any differential equations, they must be supplemented by appropriate boundary conditions. 
Ordinarily, these are so “obvious” that we impose them almost subconsciously (“E must go to zero far from 
the source charges” )—-or we appeal to symmetry to resolve the ambiguity (“the field must be the same—in 
magnitude—on both sides of an infinite plane of surface charge”). But in this case there are no natural 
boundary conditions, and no persuasive symmetry conditions, to fix the answer. The question “What is the 
electric field produced by a uniform charge density filling all of space?” is simply ill-posed: it does not give 
us sufficient information to determine the answer. (Incidentally, it won’t help to appeal to Coulomb’s law 


(E = om f per) —the integral is hopelessly indefinite, in this case.) 


Problem 2.51 


Compare Newton’s law of universal gravitation to Coulomb’s law: 


mms . 1 492 . 
ges 6 ES ae ae 
Tr 4nég rT 


F=-G 


Evidently 7+— + G and q -+ m. The gravitational energy of a sphere (translating Prob. 2.32) is therefore 


Now, G = 6.67 x 1071! N m?/kg?, and for the sun M = 1.99 x 10° kg, R = 6.96 x 10° m, so the sun’s 
gravitational energy is W = 2.28 x 104) J. At the current rate, this energy would be dissipated in a time 


aT : 
t= Pp = 3.86 x 1026 = 5.90 x 10°*s =| 1.87 x 10° years. 


oor peeecemynan ethene ar nnn 


| Ypres merneneernriein tin nen 
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_-Rroblem 2.52 
First eliminate z, using the formula for the ellipsoid: 


o(z,y) = ind JEG CIO 


Now (for parts (a) and (b)) set c — 0, “squashing” the ellipsoid down to an ellipse in the zy plane: 
Q 1 
o(z,y) = 
OY = Sead JE ela = WTO 


(I multiplied by 2 to count both surfaces. ) 


(a) For the circular disk, set a= b= Rand let r = Vz? +y?. |o(r) = eS =" 
| VR? — 1? 
= | A 
(b) For the ribbon, let Q/b= A, and then take the limit b os wo: a(x) = on ee 


(c) Let b=c,r = Vy? + z?, making an ellipsoid of revolution: 


2 2 
Page oy aig aoe a ae 
a? Ce 4nac? Vx /a4 + r2 [cA 


The charge on a ring of width dz is 


dg =o2zrds, where ds = /dz? + dr? = drV/1+ (dr/dz)?. 
2rd d 2a 
Now ee TS soe =- ~ so ds = dey. + B= deat ETA, Thus 


c2 


ae dq Q e 
=—=-?2 _— —_ ze 4 2/c4 = ! 
A(z) 00 8 aa i Ta Vatfat+ref/ct= (Constant!) 


Chapter 3 


Special Techniques 


Problem 3.1 
The argument is exactly the same as in Sect. 3.1.4, except that since z < R, Vz? +R? —-2zR =(R-2), 


instead of (z — R). Hence Vave = eS [(z2+R)-(R-z)]= If there is more than one charge 


Arég 22R oR 
’ on de ee | , 
inside the sphere, the average potential due to interior charges is a and the average due to exterior 
A TT EQ 


charges is Venter, 80 Vave = Veenter + 722%. ¥ 


Problem 3.2 

A stable equilibrium is a point of local minimum in the potential energy. Here the potential energy is qV. 
But we know that Laplace’s equation allows no local minima for V. What looks like a minimum, in the figure, 
must in fact be a saddle point, and the box “leaks” through the center of each face. 
Problem 3.3 

Laplace’s equation in spherical coordinates, for V dependent only on r, reads: 


vvals (PS) csc el eniatant) ae > |Va—-<+k. 
dr dr Tr 


Example: potential of a uniformly charged sphere. 
idfd dV. av 
In cylindrical coordinates: V?V = —— (sZ) =0Ss—-=¢s —-=- S&S [Veena +k. 
s ds ds 8s 
Example: potential of a long wire. 


Problem 3.4 

Same as proof of second uniqueness theorem, up to the equation ¢, V3E3 -da = — f\,(E3)?dr. But on 
each surface, either V3 = 0 (if V is specified on the surface), or else 3, = 0 (if a = —E, is specified). So 
fy (Es) = 0, and hence Ez = FE}. qed 
Problem 3.5 


Putting U = T = V3 into Green’s identity: 


[V3 V?V3 + VV3-VV3] dr = ¢ VsVV3-da. But V2V3 = V7 -V?%) = ~£ +f = 0, and VV; = —E3: 
s : 0 0 


So | E? dt = — $ V.E3 - da, and the rest is the same as before. 
__/4v s 
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y-~Problem 3.6 
Place image charges +2g at z = —d and —q at z = —3d. Total force on +q is 


_ q [-2¢ , 24 PO ie Oe ah Ae Te Was es le Og 
aes lage + Gort Gal *- ae ( 278 wm) was (Foe . 


Problem 3.7 
(a) From Fig. 3.13: 2= Vr? +a? -2racos@; 1' = Vr? + 6? — 2rbcos@. Therefore: 
g R q ; R? 
So Eq. 3.15), while b = — . 3.16). 
v (eae =e Oe 
= - g Sy 
r? + % — ar cos (32)° + R? - 2racosé 
Therefore: 
V(r, 6) = (2+) oo ee eee 
: 4meg \2 2 4neg | Vr? + a? — 2racosé R? + (ra/R)? ~ 2racosé | © 
Clearly, when r= R, V 3 0. 
(bho = —E9&¥ (Eq. 2.49). In this case, av = ay at the point r = R. Therefore, 
1 
a(9) = —€ (<4) {-50 +a? — 2racos@)~3/?(2r — 2a cos 6) 
0 
oe 1 = - 
a + = (R? + (ra/R)? — 2racos 6) 3/2 ( © or — 2a.cos8 
2 R? r=R 


2 
Set. {- + a” — 2Racos6)~*/?(R — acos@) + (R? + a? — 2Racos6) */” (S —_ acos6) } 


‘4a 
= 4 (R? +a? — 2Racos6)~/? |R — acos6 — e +acosd 
4n R 
— eri ~ a’)(R? + a? ~ 2Racos6)~3/?, 
T 


Ginduced = fo da = RP ~ a’) [@ +a? —2Racos6)~*/? R? sin 6 dO dd 


va a (R? — a?)27R? | 4 (R? +a? ~ 2Racos6)-¥ 


4nR ~ Ra 3 

q 72 2 1 1 
= —(a° — R*) | ee > |. 

2q(* a VR? + a? — 2Ra 

But a> R (else g would be inside), so VR? + a? -2Ra=a-— R. 

q /2 2 1 1 q q 
= =~ _ eee eee ae om _ = —(-2 
aa" Ry |e ois | 2a MC eae 2a! zs 
eee 

. a 
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(c) The force on q, due to the sphere, is the same as the force of the image charge q’, to wit: 
1 qq 1 ( R ,) 1 1 q’Ra 
( 


~ Greg (a—b)® 4neg \ a! } (@—R2/a)? Amey (a? — R2)?” 


To bring gq in from infinity to a, then, we do work 


2p F - 2 a 2 
q°R a q’R 1 1 1 q’R 
= da = = 
pe 4r€o ‘| (a? — R?)? ° Are | 2 (a? - al 
oo 


a ~ 49 2(a? — R2) 


Problem 3.8 
Place a second image charge, gq”, at the center of the sphere; 
this will not alter the fact that the sphere is an equipotential, —b 
q’ a he 
but merely increase that potential from zero to Vo = ——--; %j$-——__*+;-----———_ 
y P : 4neg R q" q’ q 


Neer nn 
q' = 4reqVoR at center of sphere. a 


For a neutral sphere, gq’ + q" = 0. 


> 1 q'' q _ qq’ 1 1 
F= ga0(+ cm) = ‘reo Gare) 
aq’ (20-8) _ q(—Rg/a) (R2/a)(2a ~ R2/a) 
Ameo a*(a — b)? Anéo a?(a— R?/a)? 

g (2) (2a? — R?) 


4neg \a) (a2 — R?)?' 


(Drop the minus sign, because the problem asks for the force of attraction.) 
Problem 3.9 


(a) Image problem: 4 above, —A below. Potential was found in Prob. 2.47: 


z 
2A a 
oa, EN See) 2 2 
' Vig.2) = In(s-/s4) = = In(s2 /s4) 
a 
e an re ean 
~|4me9 Ly? + (z —d)? 
OV av 
(b) 0 = —to5,- Here 27 = 5 evaluated at z = 0. 
» 1 1 
aes ye at iy EE SST RE, | 
oly) “0 Fre eerste. ee y? + (z —d)? (2 a} wet 
SOS ea Lee A I Oe 
~ 44 ly2t+a2 y+ J | a(y?4+d2) 
Check: Total charge induced on a strip of width ! parallel to the y axis: 
— Dd fol, Dd fl yyy] dee 
aa T | weR4- T [tan (§)|| = w E ( 2) 


—Al. Therefore Aing = —A, as it should be. 


45 


eenabeibciadtavcaties a . 


SER ime onc ive mene Im ROR ene he age eee 


‘roblem 3.10 
“The image configuration is as shown. 


OO ee ee ey eee arenes 
4n€o (x — a)? + (y — 6)? + 2? (x +a)? + (y+ 6)? + 2? 
1 


“(Gia sqose Jena oan ee 


For this to work, | @ must be and integer divisor of 180°. | Thus 180°, 90°, 60°, 45°, etc., are OK, but no 


others. It works for 45°, say, with the charges as-shown. 45° line 
(Note the strategy: to make the z axis an equipotential (V = 0), 
you place the image charge (1) in the reflection point. To make the 
45° line an equipotential, you place charge (2) at the image point. 
But that screws up the x axis, so you must now insert image (3) to 
balance (2). Moreover, to make the 45° line V = 0 you also need (4), 
to balance (1). But now, to restore the x axis to V = 0 you need (5) 
to balance (4), and so on. 


i 


The reason this doesn’t work for arbitrary angles is that you are even- 
tually forced to place an image charge within the original region of 
interest, and that’s not allowed—ail images must go outside the re- 


gion, or you’rée no longer dealing with the same problem at all.) a at, a) 
#(2) 


why it doesn’t work for 6 = 135° 


< “?roblem 3.11 
a : a (+a)? +y? 
From Prob. 2.47 (with yo > d): |V = ae —— In Genera ,| where a? = yo? — R? > la= VP —F] Vd? — R?, 


and 
acoth(27e9V¥o/A) =d its ad __, ( 2meoVo _- 2mEgVo 
{ acsch(2reoVo/d) = R => (dividing) a cosh Fae PO A= cosh" (a/R) 


Problem 3.12 
co 2 & 
V(z,y) = > Cre~""*/* sin(nay/a) (Eq. 3.30), where Cn = A : Vo(y) sin(nay/a)dy (Eq. 3.34). 


n=1 0 


+Vo, for0O<y<a/2 \ Therefore, 


In this case Vo(y) = { -VY, fora/2<y<a 


a/2 a 
2 . ie _ (nxy/a)|*”? | cos(nmy/a)|* 
(a= a [ semrut dy a) singing sa) dy ¢ = = [ cae o , Gay = 
= af) {- cos (=) + cos(0) + cos(nm) — cos (>) yao arr “2 {14 ae acs “G } } 
. Ke ee 5M an 


\ f.. a A sh 


. ov eae 
Yo \j Sp 


os 


a 
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The term in curly brackets is: 


n=1 : 1-1 -2cos(r/2) =0, 
nm=2 : 141-2cos(r) =4, 
n=3 : 1~1-2cos(37/2) =0, 
n= : 141 -2cos(27) =0, 


etc. (Zero if n is odd or divisible by 4, otherwise 4.) . 


Therefore 
C= { 8Vo/nz, n=2,6,10,14, etc. (in general, 47 + 2, for j = 0,1,2,...), 
_ 


otherwise. 


(47 +2) 


n 


V(z,y) = ae ». meonre/* sin(nty/a) (Eq. 3.36); o = ~oe (Eq. 2.49). 


n=1,3,5 
So 
a f4V Lape 4Vi 1, 28, he agz/a 
o(y) = —€9 x {ey te / sin(nny/a)} = —€ a ae / sin(n7y/a) 
z=0 z=0 
= cote e anton 
n=1,3,5,... 


Or, using the closed form 3.37: 


2 i 2 1 — si 
eo tan7} (ur. ) >o= es aa (ae | ls cosh(maz/a)| _ 
7 sinh(r2/a) m4 Sint tau la) aoa \sin (wz/a)/ a z=0 


= 2€9 Vo 1 
nen a sin(ay/a)” 


V(z,y) = “tr, where J = > Bernese sin(ny/a). 
n=1,3,5,... 


II 


V(z,y) 


2€9Vo ~— sin(ay/a) cosh(r2z/a) 
a sin? (zy/a) + sinh?(rz/a) 


Summation of series Eq. 3.36 


Now sinw = Im (e*”), so 
1 . 1 
T=T Lp vnnz/apinny/a _ T se 
m y ae e m > - 
where Z = e~*(#-#¥)/4_ Now 


1 co 1 tay Z 0° 3 
-~Z"” = J = J d 
ye ~@ Dri? [ de Ht 


1,3,5,.-. j j=0 


: 
i 
i 
i 
5 
. 
; 
i 
: 
} 
. 
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p7~where Re’? = i+2. Therefore 


1 L4Z  Lterr(e-iv)/a (1 4 e7*(2-iv)/2) (1 — eo(ativ)/a 
l= ~(In R +40) = 58. But >= = Tas ee Ee 
ie 1 — en a(z—iy)/a (1 _ eo mieatn)/4) (i _ e— 7 (2+iy)/a) 
1+ e—72/4 (eimv/a _ e~inv/a) — e~3m2/2 1 4 Die 7/4 sin(my/a) ~ e7272/4 
7 | — e-*(=—tu)/a/? - [1 — en m(e-tv)/a]? | 
so 
2Qe-"2/*sin(ry/a) 2 sin(ry/a) sin(ry/a) 
tan@ = = ae ‘ 
1- e7irz/a et™z/a = e7m/a sinh(7z/a) 
Therefore 


_ 1, _, f sin(ry/a) _ 2 sin(ry/a) 
a hia Ge send ven=2 =; es ), 
Problem 3.14 


2 2 
(a) — + — = 0, with boundary conditions 
(i) V(a,0) =0, 
(ii) V(z,a) =0, 
(iii) V(0,y) =9, 
(iv) V(b,y) = Voly). 


As in Ex. 3.4, separation of variables yields 
oe V(z,y) = (Ae** + Be~**) (Csinky + Dcosky). 
Hee (ij) D =0, (iii)=> B= —A, (ii)> ka is an integer multiple of 7: 
V(z,y) = AC (eme/ - emis) sin(nmy/a) = (2AC) sinh(na/a) sin(nzy/a). 


But (2AC) is a constant, and the most general linear combination of separable solutions consistent with (i), 


(ii), (iii) is 


V(z,y) = S> C,, sinh(nrz/a) sin(nry/a). 


n=1 


It remains to determine the coefficients C,, so as to fit boundary condition (iv): 


a 


bees sinh(nb/a) sin(nry/a) = Vo(y). Fourier’s trick > C, sinh(nrb/a) = = f Val) sin(nry/a) dy 


0 
Therefore 
Cas SERED [v0 peyona/ 2) dy 
lan 
—_ ae 
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a 


jas 2 av, 0, if ni 
eer Seat te : Pye)! eee 0, if n is even, 
(2) Gas asinh(nb/a) Yo [ sin(nmy/a) dy asinh(nb/a) ° { 2a, if nis odd. } 
0 , 
sinh(nrz/a) sin(n7y/a) 
nsinh(nb/a) 
Problem 3.15 
Same format as Ex. 3.5, only the boundary conditions are: 
(i) V=0O when x=0, 
(ii) V=0 when z=a, 
(iii) V=0 when y=O, 
(iv) V=0O when y=a, 
(v) V=0 when z=0, 
(vi) V=Vo when z=a. 
This time we want sinusoidal functions in z and y, exponential in z: 
X (a) = Asin(kx) + Bcos(kz), Y(y) = Csin(ly) + Deos(ly), Z(z) = Bev *** + Gev Vet, 
(i)=> B= 0; (ii)> k = n/a; (iii)> D = 0; (iv) > 1 = mz/a; (v)> E+G=0. Therefore 
Z(z) = 2Esinh(aVn? + m?z/a). 
= 
Putting this all together, and combining the constants, we have: 
V(z,y,z) = > Ss Cam Sin(nr2/a) sin(mry/a) sinh(rV n? + m?2z/a). 
n=l m=1 : 
{ 
It remains to evaluate the constants Crm, by imposing boundary condition (vi): 
Vo = oe S> [Com sinh(aV n? + m?)] sin(naz/a) sin(m7y/a). 
According to Eqs. 3.50 and 3.51: 
0, if n or m is even, : 
Ca,m sinh (avn? +m? n? + m?) = (? ) VY [ [ota sin(mry/a) dz dy = ais if oth pea aat 
mnm 
Therefore 
inh (aru Pe, 
V(a,y,z) = oe a > =. sin(naz/a) Cn oe Amd : 
B* PASa elas sinh (1/n? + m?) : 
H 
ie i 
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Problem 3.16 


I! 
+ 
— 
8 
nN 
| 
—_ 
_— 
wo 
tl 


P3(z) 


ml COL CO] 


3 $e £ 3_¢,\~|2,3_ 3 
(52° — 24+ 5x 5x) = 7 (102 62) = tt 


We need to show that P3(cos @) satisfies 


1 df. dP She 
sin 8 dO (sino) = —l(l+1)P, with 1 = 3, 


where P3(cos 4) = 5 cos6 (5 cos? @ — 3). 


“ = : [— sin 6 (5 cos? @ — 3) + cos(10 cos @(— sin @)] = -5 sin 6 (5 cos” @ ~ 3 + 10 cos? @) 


= —5 sing (5 cos? @ — iy 


Of. ,daP: 3d,. 35, : ; 
36 (sino) Fa [sin 6 (5 cos? @ — 1)] = a [2 sin @cos@ (5 cos” @ — 1) + sin? 6(—10cos@ sin 6)| 
= —3sin8cosé [5 cos’ @ — 1 ~ 5sin? 6]. 
r | 
, EE pte Vite Be nce? TS Gee 
aaa (sino) = ~-3cosé [5 cos? —1 ~ 5 (1 ~ cos? @)] = 3.cos@ (10 cos’ 6 — 6) 


= —3-4. 5 cos 4 (5 cos" 8 — 3) =-I(1+1)P3. qed 


1 1 
[P@r@a= fe; (52° — 32) dx = ; (25 ~23)|' | = (l ~1+1-1)=0.¥ 


Problem 3.17 


(a) Inside: V(r, 8) = S- Air! Pi(cos 0) (Eq. 3.66) where 


i=0 


(21 +1) 
2R! 


A; = J ¥ol@)Fi(cos6) sin@d@ (Eq. 3.69). 
0 


In this case Vo(@) = Vo comes outside the integral, so 


(21+1)Vo f 
A; = ae tae P,(cos 6) sin 6 dé. 
0 
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But Po(cos 8) = 1, so the integral can be written 


nw 


i Po(cos6)P;(cos6) sin 6 d9 = { : ae } (Eq. 3.68). 
0 


aif Or SEL 
A={ eat 


V(r, 0) = Ao r° Po(cos 6) = 


The potential is constant throughout the sphere. 


oo 
Outside: V(r, 0) = DS FE Pilcos 6) (Eq. 3.72), where 
t=0 


Therefore 


Plugging this into the general form: 


n 
2i+1 ; 
Bo = Bea [ veo) PXcos6) sin@d@ (Eq. 3.73). 


0 
T 


(LED oes ; nf Dy if 1 40 
= a OL Vo | Fi(cos#) sind a8 = RVa, ifi=0 f° 


ie) 


Therefore V(r, 6) = Vo= (i.e. equals Vo at r = R, then falls off like a 
r 


(b) 
oo 
S— Air'P(cos@), forr< R (Eq. 3.78) 
V(r,0)=¢ #50 a 
ys <r Pi(cos $), forr>R (Eq. 3.79) 
t=0 


’ 


where 

Bi = R21 A, (Eq. 3.81) 
and 

Ay = sist | 70(0)Pi(cose) sin@d@ (Eq. 3.84) 
: 0 
i 0, ifl 40 
= sepieie || Pi(cos®) sin a9 = { ae é : i 
0 
Therefore 


forr<R 


forr>R 


\r 
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Note: in terms of the total charge Q = 47 Ro, 


—, fe < 
4reg R’ oR Sat 
V(r,6) = 
ot’ forr>R 
4neg rT a 


Problem 3.18 


Vo(0) = kcos(38) = k [4cos* 8 — 3cos6] = k [aP3(cos 4) + BP; (cos 6)}. 


(I know that any 3'¢ order polynomial can be expressed as a linear combination of the first four Legendre 
polynomials; in this case, since the polynomial is odd, I only need P, and P3.) 


1 
4 cos? §@ — 3cos@ = a ; (5cos* 6 — 3cos6)} + Bcosé = A cos + (s- 52) cos 6, 


so 


5a 8 3 8 12 12 3 
: sie al ach mB A Se Sep a are ee Be 
Therefore 
Vo(9) [8P3(cos 6) — 3P; (cos 6)} 
Now 
[oe 
S— Air'Pi(cos@), forr<R (Eq. 3.66) 
V(r, A= 4 bo B, , 
SS aii ——Pi(cos@), forr>R (Eq. 3.71) 
1=0 
where 
2 Tr 
Ace sa [ ¥o(0)Fi(c0s8) sind d9 (Eq. 3.69) 
rf) 
= CMe {8 / Piewencn snsar-s  nionosncondsneds} 
0 0 
_ k(21+1) 2 2 “kl 
~ 5 2k { (iri ~sareD fn} = 5 By Sos — 3 8u] 
3 ae 
{ ee : a : \ (zero otherwise). 
Therefore - 
V(r, 9) = ~ Fr P,(cos8) + a 3 P3(cos 6) = : [s (5) P3(cos 6) — 3(F ) Pr(c0s4)| 
or 
k r\31 3 T RE e a ee 
7 {8 (5) 5 [5 cos* @ — 3cos6] ~— 3 (5) cos} =>1V(r,6) = = 70050 {4(Z) [5 cos” 6 — 3] - 3} 
a 
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(for r < R). Meanwhile, B, = A;R7+! (Eq. 3.81—this follows from the continuity of V at R). Therefore 


8kR4/5, if l= 3 . 
B, { —3kR?/5, ifi=1 } (zero otherwise). 


i (2) Ps(cos6) — 3 (2) P, cma) 
(2) cose {4 (2) [5 cos 6 — 3] — a} 


So 


kR4 
V(r, 0) = 2 ap (cos @) + a Palco 6) = 


or 


(for r > R). Finally, using Eq. 3.83: 


a(6) 


{I 


€o > (21 + 1)A,R'“1 Pi (cos) = € [341 P, + 7A3R? Ps] 
{=0 
3k 8k . 
= €& 3 (- R) Pi +7 (a) R | =|§ = oR ee OP, (cos) + 56 P3 (cos 6)] 
Ee ~9cos6 + ai (5 cos? 6 — 3cos 6) = FF cos6{- 9 + 28-5 cos? 6 — 28 - 3] 
~ 5R 2 5R 


= “oF cos8 [140.cos* § — 93] . 


Problem 3.19 


[oe} 21 w 

Use Eq. 3.83: o(6) = € S 0 (2l+1) AR P,(cos 6). But Eq. 3.69 says: A; = a / Vo (0) Pr (cos @) sin 6 dé. 
i=0 0 

Putting them together: 

o(6) = sn =) (2l +1)°C:P,(cos@), with C; = [ Vo) Pi(cos 9) sin@d@. ged 

1=0 ‘4 


Problem 3.20 


Set V = 0 on the equatorial plane, far from the sphere. Then the potential is the same as Ex. 3.8 plus the 
potential of a uniformly charged spherical shell: 


3 
V(r,0) = —Eo (r- =) cos 8 + a8 
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Problem 3.21 
: fore) B oo B co Bi z jae 
(a) V(r.) = Soa vii P,(cos@) (r > R), Fe agen Bere” r24+R -r]. 
l=0 1=0 


Since r > Rin this region, /r? + R% =rV14(R/r)? =r [i+ += 5 (R/r)” _ (Rin) bend rte) 


oe Loe 11k pes ee iia Oe 
rl ~ 960" 372 8 74 oe a coe fe 


= 26 \2r = Br 
R? Ri 
Comparing like powers of r, I see that Bo = a B, =0, Bo = es . Therefore 
4€9 16€9 
oR? {1 R? 
= — |-—-— P ; 
V(r, @) tes E 73 2(cos 8) + isl : 


(for r > R). 


oR? 1/(R\’ 2 
= ve h-2(2) (3. cos ana). 


(b) V(r,@ 25 ar P,(cos@) (r < R). In the northern hemispere, 0 < @ < 1/2, 
1=0 


V(r, 0) eS a = om [Vie +R? - 7]. 
an 


1 
Since r < R in this region, Vr? + R? = RV1+ (r/R)? =R i+ + =(r/R)? - gir/ Ry +... | . Therefore 


yA ae ae —T 
eS 5 oR amt , 


Comparing like powers: Ag = —R, A, =-=— 
0 


1 
[R — rP,(cos 6) + apt? (cos 8) +] ; 


(for r < R, northern hemisphere). 


T) (Bc0s?9 = 1) +...], 


In the southern hemisphere we’ll have to go for 9 = 7, using P;(—1) = (-1)!. 


co 


Vern) = ova! = oe [vit RE] 


t=0 
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Qi p ut an overbar on A; to distimemiah it from the northern A,). 
Ay = +(a/2€), Ap = = Ao, Ag = = A». So: 
V(r,e) = — [e+ r P,(cos @) + apt? Pa(cos6) + | ; 
0 


ge 
2€ 
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The only difference is the sign of 4): 


(for r < R, southern hemisphere). 


[i+ (5) cos@ + ; GC) (3cos” @ — 1) +] s 


Problem 3.22 


S > Air’ Pi(cos 6), (r<R) 
V(r,6) = ‘> B 

ae “Ti — P(cos6), (r > R) 

[=0 


(Eq. 3.78), 


(Eq. 3.79), 


where B, = A) R2+) (Eq. 3.81) and 
1 i ‘ 
A= sas i, o0(6)P:(cos6) sin d9 (Eq. 3.84) 
0 
n/2 w 
1 ; : 
- eR [ri cos 8) sin 6 d@ — [ Pilcos0) sin 6 dO (let z = cos @) 
a {2 
1 
= ae ; {/ 2 ie J renel. 
0 =I 
Now P;(—z) = (—1)'Pi(z), since P,(z) is even, for even 1, and odd, for odd 1. Therefore 
0 a) 1 
[Pies = [ P(-2)a(-2) = (-»)! [ P(e) ae, 
<a 1 0 
and hence 
1 0, if J is even 
Ape Om (ay RG) ae ey 
1 Qe R= ~ ; / P(x) dz, if Lis odd 
J eR) 
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So Ag = Ao = Aa = Ao = 0, and all we need are Aj, Ag, and As. 


a 
1 1 ai: 
[Pee = fra=F =... 
Oy eae 
0 0 
lf 1 (24 ,2?\() 5 3 
1 
P;(z)dr = = ‘28e\deS (5 4$e|) aot 2 = 2) eee 
[Peas 5 | a) de = 5 (85-35) | =5 (F-3 8 
0 0 
1 1 
1 5 1 z x z?\| 
[ P@)ae = z | (632 — 702° + 15x) dx = = | 63 — 70— +15 
8 86 4 2), 
0 0 
1/21 35 15 1 
7 Gran 3) = 3608-98) = 35 
Therefore 


and 


Thus 


Problem 3.23 


10 { dV , iv 
82.062 — 


308 \" Os 


Look for solutions of the form V(s, ¢) = S(s)®(¢): 


1.d fds 1 do - 
Multiply by s? and divide by V = S®: 

sd {dS 1d 

o°a (=) + b de = 0. 


Since the first term involves s only, and the second ¢ only, each is a constant: 


a4 (s2) =a, La 2G. with Cy + Co. = 0. 
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Now C2 must be negative (else we get exponentials for @, which do not return to their original value—as 
geometrically they must— when ¢ is increased by 27). 


Po 
Cy = —k*. Then a = —-k°@ > ®@ = Acosk¢ + Bsinkd. 
Moreover, since ®(f + 27) = ®(¢), k must be an integer: k = 0,1,2,3,... (negative integers are just repeats, 
but k = 0 must be included, since 6 = A (a constant) is OK). 
d { dS 


aoe (s =) = k*S can be solved by S = s”, provided n is chosen right: 


d n—-1 d n 2agn-l 2on 2 
s— (sns"~") =ns—(s") =n'ss™” =n’s®" =k°S>n= tk. 

ds ( ) ds ie) 
Evidently the general solution is S(s) = Cs* + Ds~*, unless k = 0, in which case we have only one solution 
to a second-order equation—namely, S = constant. So we must treat k = 0 separately. One solution is a 
constant—but what’s the other? Go back to the differential equation for S, and put in k = 0: 


7 = =0> pc = constant = C > a = c => dS = ee = S=Clns+D (another constant). 
ds \ ds ds ds 8 s 


So the second solution in this case is Ins. [How about @? That too reduces to a single solution, @ = A, in the 


case k = 0. What’s the second solution here? Well, putting k = 0 into the ® equation: 


> 
Sgr = 97 Gy = constant = B+ & = B+ A. 


But a term of the form Bé¢ is unacceptable, since it does not return to its initial value when ¢ is augmented 
by 27.] Conclusion: The general solution with cylindrical symmetry is 


oO 
V(s,¢) = ao + bolns + is [s* (ax cos k@ + by sin kd) + 8 * (cy cos kf + dy sin k@)}. 
k=1 


Yes: the potential of a line charge goes like In s, which is included. 
Problem 3.24 


Picking V = 0 on the yz plane, with Epo in the x direction, we have (Eq. 3.74): y 
(i) V=0, when s = R, 
(ii) V—+—Eoxr = —Eoscos¢, for s> R. 


Evidently ap = bp = b, = dy = 0, and ay = cy = 0 except for k =1: 


V(s,¢) = (as + =) cos @. 


(i)> c, = —a,R?; (ii) a, = —Ep. Therefore 


8 


2 
V(s,¢) = (~z0s + Hak ) cos¢, or 


o7 


= [Rehan 


2 
= —e9 i (-= - 1) cos @ 


,~ = Os 
Problem 3.25 


s=R 


Heed V(b) Sone: ‘ sk (a, coskd + by sink). (In this region Ins and s~* are no good—they blow 
k=1 
up at s = 0.) 


Outside: V(s,¢) = + a (c. coskd + dy sinkd). (Here Ins and s* are no good at s + 00). 


Thus 


~ k 
asin 5¢ = —€9 y, {- Rett (cy cos kd + de sinkd) — KR*—! (ag cos kd + by sin ke) | } 
k=1 


Evidently a, = cp = 0; by = dy = 0 except k = 5; a = 5e9 (ses +R ‘ts. Also, V is continuous at s = R: 


1 
ap + R°bs sind = Go + 7 sin 5¢. So a9 = Gp (might as well choose both zero); R°bs = R~5ds, or ds = R!bs. 


a ak® 
. d. == . 
Wegne? Toes Therefore 


_ asindd { s°/R*, fors < R, 
Vag) == 10€p { R&§/s°, fors> R. \ 


Combining these results: a = 5eo (R*bs + Rtbs) = 10eoR*bs; bs = 


( ~“oblem 3.26 
Monopole term: 


Q= [oar =nr f | (R- 2r)sing| sin @ dr d6 dd. 


But the r integral is 


(R—2r)dr = (Rr—1?)|* = R?- R?=0. SoQ=0. 


Dipole term: 
iG cos Opdr = bR f(r cos 8) ae — 2r)sin 7 r? sin 6 dr dO dé. 


But the @ integral is 
sin? 6 |" 1 


[ sin? ¢c0s 8 a8 = 
0 


So the dipole contribution is likewise zero. 
Quadrupole term: 


+ 


Jr € cos? 6 — 5) pdr = ser f [7 (3 cos? 6 ~ 1) [a(R- 2r) sing r* sin 6 dr dO. 
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r integral: 
R 3 4\ 1k Rt R4 R4 
2(R —2r)dr = (GR-5 ee eae 
i gars al a | ee aa 6 
6 integral: 
i" wT Tw 
/ (3 cos? 6 — 1) sin? 98 =2 [ sin® odd ~3 sin‘ 6d 
je 
9 3(1—sin? ¢)—1=2—3 sin? @ 0 0 
wT 37 9 T 
= 2(5)-3(%) =*(1-§) =-F 
@ integral: , 


The whole integral is: 


1 Rt | T kr? R® 

ia ~* )\f-“) (ar) = . 
shR ( =) ( 3) (2n) 48 
For point P on the z axis (r - z in Eq. 3.95) the approximate potential is 


1 kn? RE 
fad 


Ves 4né9 48z3 © 


(Quadrupole.) 


Problem 3.27 
p = (3g¢a — ga) Z% + (—2ga — 2q(-a)) ¥ = 2qaZ. Therefore 


ve 1 p-f 


~ Anmeg rr?’ 


and p-f = 2qaz-f = 2gacos8, so 


1 2gacosé 


Vo ; 
4nég or? 


(Dipole.) 


Problem 3.28 
(a) By symmetry, p is clearly in the z direction: p = pz; p= [ zpdr > f zoda. 


wv F 3 n 
p [ (22005 6)(icos 6)R? sin 6 dO dd = 2nRk | cos? 8 sin dB = InR%k (-S *) 
0 
0 


2 


4rRek ; 4nR3k 
3 sy 


aR k(1 — (-1)] = 3 PS. z. 


It 


(b) 
1 4rR3kcosé | kR® cos6 


~ dren 3 7? | Be 1? Dipele:) 
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This is also the ezact potential. Conclusion: all multiple moments of this distribution (except the dipole) are 
/ exactly zero. 


‘Problem 3.29 
Using Eq. 3.94 with r! = d/2: 


But P,(—2) = (-1)"Pp(z), so 


1 1 1 Lee fa 2q d\" 
= ag os |) —}) 1p, SPS = ee 
V i (~ =) meas dX (=) [Pn (cos 0) — P,(—cos6)] dreor = (=) P,,(cos @) 
Therefore ; F Aceae 
q qd cos . 
a ee P = =v. 
Vaip te OE 1 (cos 6) eg while | Vauad = 0 


%q {d\? 2g dB qd 1 
of EY op a Lee 39. ; 
Voct = ee (=) 3(cos 8) = Anes BAD (5 cos? 6 — 3cos6) = rer (5 cos® 8 — 3cos6) 


Problem 3.30 


(a) (i) Q = | 2q,] (ii) p = [39a3, | (in): = ge [2 re BF | a e E a met 
(6) 0) a= (i) p =[a2,] (iii) VS nm E i: mee . 


r2 


(c) (i) Q = [2¢,] (ii) p= [39a 7, | (iii) V = p Ee + am ane ae (from Eq. 1.64, ¥-F = sin@ sin ¢). 
0 


Problem 3.31 


: ae _ —_2 _— = P _ P z a ey 

(a) This point is at r=a,0= 4, ¢=0,soE= dnc 0 = 4neya3 (A) aes ~ 4rea? 

p 5. 2p 2pq 
b =a, 0= = Ges dneya3 > 
(b) Here r= a, 0=0,soE= a ae - © Axep08 x aie 
aa (=) Pq 

(c) W= q {V(0, 0, a) = V(a,0, 0)] = igs re (5) = 4rrega2" 
Problem 3.32 1 

Q = —g, SO Vmono = —— 4, = qaz, 

4n€9 Tr 
ee 1 acos@ 
V(r, @) = 4n€o ( Tr re ) 
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Problem 3.33 

p=(p-f)#+(p- 6) 6 = pcos6# — psin@ 6 (Fig. 3.36). So 3(p-#)# — p = 3pcos6# — pcosd# + psind 6 = 
2pcos6F + psind@. So Eq. 3.104 = Eq. 3.103. Vv 
Problem 3.34 


At height x above the plane, the force on q is given by Eq. 3.12: F = — =m; = = —A/z’, 


42 "aR? dp 
A 1, A 
—})] > —v* = —+ constant. 
x £ 


1 
4n€0 
d 
dt 


2 
_ gq _dz dv Adz  df14\_ 
where A = lGnegm: Multiply by v = dt ° Ul ~~ 2 dt een 2” - 


But v = 0 when zx = d, so constant = —A/d, and hence ve = 2A (Z _ 5) ois = V2A * - 


2A /d—z 
Vd x 


0 t 


| aeeen VG [a= Ve 


d 


This integral can also be integrated directly. Let 2 = u?; dr = 2udu. 


0 0 : 
vz Sai) u? 24) ee af 
ea oa ae 5 d u’ + 5 sin Ta 
d 


Therefore 


= ~—dsin™! =- Ls 
sin™ (1) d; 


Problem 3.35 
+ 


The image configuration is shown in the figure; the positive image charge forces cancel in pairs. The net 
force of the negative image charges is: 


Be nae aS Fe 
[2(a—z2)}? [2a+2(a-2)}? {4a+2(a-2)]’ 


1 rae: eae } 
“Qa? @a+2z?  Gat2ey 
2 1 1 1 1 1 1 
zi wnt {lesa t cat ect |- lt at et |}. 


1 g 


~ Free Qa ¥ (same as for only one plane— 
0 


When a — oo (i.e. a >> 2) only the 5 term survives: F = 
Eq. 3.12). When x = a/2, 


1 ¢@ 1 1 1 1 1 1 7 
= aa t (lear t wart wart |- leapt wea tweet | foo" 
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Problem 3.36 
Following Prob. 2.47, we place image line charges —A at y = b and + at y = —b (here y is the horizontal 


axis, z vertical). 


In the solution to Prob. 2.47 substitute: 


—b b =H" : 2 
a+ 2 y+ sO (3) =(*) pe 
2 2 2 a 


ae: 8 si\] A 3783 
v= gah) G)|-aee (Ga) 
d i { [(y + a)? + z7][(y — 6)? + z?] } 
4req [(y — a)? + z7][(y +b)? + 27] J’ 
d (s? + a? + 2as cos ¢)[(as/R)? + R? — 2ascos ¢} 
{ (a? + a? — 2as cos ¢)((as/R)? + R? + 2as cos ¢] } 


or, using y = scos¢, z= ssing, 


i 


4n€9 


Problem 3.37 B, 
Since the configuration is azimuthally symmetric, V(r, 8) = a (aur 5 Sa =) Pr(cos @). 


or r>b: <A; =O for alll, since V -+ 0 at oo. Therefore V(r,6) = be ah P,(cos @). 


a<r<b: V(r,A)= ¥ (co! + 3 P(cos@). r<a: V(r,6)= Vo. 


We need to determine B;,C;,D,;, and Vo. To do this, invoke boundary conditions as follows: (i) V is 


1, 
continuous at a, (ii) V is continuous at 8, (iii) A ($) = oe at b. 
(ii) B, B, ) a C bp! D, PB 6): =¢ Hsp D, Be a pz+10 D 
ii) > ) pai 1 (cos oe t + 1(cos 8); te f et = + Dy. | (1) 


a 
Cra! + = = 0, if | x 0, D, = rds Oe l # 0, (2 ) 


)=> (cia! + 3 + at) Fi(cosd) = Vo; 
2 Cya® Prev, if l/=—0 Do = aVo — aC. 


Putting (2) into (1) gives B; = B40, — at1C,, 140, Bo = bCy + aVo — aCy. Therefore 


: = (p34 dh qe) Ch, LX 0, a1’) 
= (b—a)Co +a. 


(iii) > >> Bil-( + I] gigs Fr(cos 6) x ce +D, a) P,(cos@) = — Pi (cos6). So 


~~ (cud? + EE) =o, itt #1 


bf+2 
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or 
—(1+1)B, —1C,b7* + (0+1)D, =0; (1+1)(By — Dy) = —l0**+' Cy. 
1 ~2 k 9 
Bi(+2) 35 + (C+ Die) a? for 1 = 1, Ci + (Bi - Di) =k. 
Therefore 


(1 + 1)(By — D,) + lb"*1C, = 0, for | ¥ 1, 


2 k 
Ci + a (Bi _ Dj) = PR 


Plug (2) and (1') into (3): 
For 140 or 1: 
(+1) [(B2 4? — a1) C, + aC] 410"41C, = 0; (14 1)0741C, 41041, = 0; (214+1)C, = 0 > C; =0. 


Therefore (1’) and (2) >| By = C; = D, =0 for1 > 1. 
2 
For! = 1: Cy + BB [(b® — a’) C1 +a°Cj] =k (| +2C(, =k > {Ci = k/3¢9; D, = ~aC, > 
D, = ~—a°k/3e9;| By = (B? — a®) Cy =| Bi = (b° — a’) k/360. | 
For! =0: ByN-Do = 05> Bo = Do > (b—a)Co+aVo = aVg—aC, so bCp =03)/Co = 0; Do = aVo = Bo. 


be —a®)k 

Conclusion: | V(r, 0) = a + raat 
; Vo ik 

(b)o:(8) = —€0 ae f = -€9 \-<e + = (1 +2) cos = —€9 (-% + X cost) =|—kcos@+ Yo. 


17 Yi 1 1 4 \ 7 
(c)q = [o da = ana? =| 4raeoVo = Qtot- | At larger: V & ales at = dee A Bead er 
a Tr 4né€9 Tr 4réq T r 


Problem 3.38 6 
Use multipole expansion (Eq. 3.95): pdr > Adz = ae dz, and r’ > 2: 


1% k 3 
cos6,|r > b. V (70) = 2 + = (r— 5) 0088, a<r<b. 


OV 


ee Q 
Viey= Say | 2*Pa de 
(r) Ameo fag ret / fad) 2a a 


The integral is 


n+1 |¢ Aqrt} 


n+ 


Q i ae, ais ae 
5a P,(cos@) | 2z°dz= 5qt 7 (08 6) =o P,,(cos 6) for n even, zero for n odd. 


n+1{_ 


—-a 


Therefore 
a n 
wee (*) P,,(cos a| . qed 


Problem 3.39 
Use separation of variables in cylindrical coordinates (Prob. 3.23): 


Lee} 
V(s,¢) =a9 + bo ns + > [s* (a, cos kd + by sin kd) + s~* (cy coskd + dy sin k¢)] . 
k=1 
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oe s<R: V(s,¢) = 7%, s*(a,coskd + by sink¢) (Ins and s~* blow up at s = 0); 
s>R: V(s,6) = p21 57 *(ce coskp +d, sink¢) (Ins and s* blow up as s -+ 00). 

(We may as well pick constants so V + 0 as s — oo, and hence ap = 0.) Continuity ats = R => 
R¥ (ag coskd + by sinkd) = ye Gs coskp + dy sink), so cg = Ray, dy = R°*by. Eq. 2.36 says: 


1 
= ——o. Therefore 
R- 


—k ; = F 1 
a Ren (ce cos k¢ + d;, sink) — oe kR*-' (ax coskd + by sink) = eae 


is) 


or: 


Tate oncnige hay = (4, WEED} 


Fourier’s trick: multiply by (cos!¢) dé and integrate from 0 to 27, using 

2a 2a 
[ sind costs = 0; [cs kbcoslbad = | 2 ae \. 
0 ’ 


0 


Then ; 
is He . © : Qa 
QR na, = 72 [cost6.46- [costes OG) SS Gee iG, 
€0 €0 l fe) l Pd 
0 wT 
, : De 0, k#l 
Multiply by (sin/¢) d¢ and integrate, using f{ sin k¢sinlf@dd = a ep ae 
0 go 
fo 
cig Qn 
T l 2a 
ana = 2 [sinteas - [ sinioas edly ean (ereews wena ye 
€0 €0 l 0 l leo 
0 ™ 
0, if 1 is even Soe 0, if 1 is even 
4ogfleo, if Lis odd 1} 200/meol?R'-!, if Lis odd 
Conclusion: 


_ 200R 5 (s/R)* (s<R) 
V(s,6)= == QD) gasinkd { (R/s)* (s>R) I 


Problem 3.40 
: 1 <a Pr(cosé) , es 
Use Eq. 3.95, in the form V(r) = —~ x, nga ni In = fe A(z) dz. 


—-a 


a 


(a) Ip = kf cos ($=) dz=k | sin (%)| i 


-a 


d 
N V(r,6) x — (**) © il fenopate) 
Ar €q 7 Tr 
z 
—a a 


aa [sin (5) — sin (-5)] = =. ‘Therefore: 
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(b) lh = 0. 


ho = bf esingre/a =k {(2)’sin (=) a — cos (=)} 


—a 


k { (2)" [sin(z) — sin(—7)] - © ost) - ~cos(—n)} = eae 


In = k | 2?cos (™) dz=k je ee oa (=)} 


4a*k 
me” 


2k (2)" [a cos(m) + acos(—7)] = — 


1 4a3k\ 1 
V(r, 0) = Tes (-) 573 (3 cos” 6 = 1) 2 (Quadrupole.) 


Problem 3.41 


(a) The average field due to a point charge q at r is 


1 1 q. 
Eave = —— (| dE dT, here E = ——— —, 
4 sa a) / ‘ 7 4m€y 22 
ie] 1 a 
T Eave = 3 —~ drt. 
oye (47€0R3) 4n€9 Jes Li 


(Here r is the source point, dz is the field point, so 2 goes from r to dr.) The field at r due to uniform 


1 a 
charge p over the sphere is E, = Fee / p-> ar. This time dr is the source point and r is the field point, 

TE a 
so 2 goes from dr to r, and hence carries the opposite sign. So with p = —-q/ ($7R°), the two expressions 
agree: Eave = Ey. 

(b) From Prob. 2.12: 
ere q f Pp 
E, = —pt = -——_ — = -—— —. 
f eq’ 4re9 RB 4ne9R3 


(c) If there are many charges inside the sphere, Eaye is the sum of the individual averages, and ptot is the 


sum of the individual dipole moments. So Eave = aaae ee qed 
4re9R3 


(d) The same argument, only with g placed at r outside the sphere, gives 


1 (40R° 1! 
Ge) f (field at r due to uniformly charged sphere) = r 4 fr. 
T 


Eave = Ep = 
e 4reg rr? TE 


Te nrc HE | 
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But this is precisely the field produced by g (at r) at the center of the sphere. So the average field (over 
the sphere) due to a point charge outside the sphere is the same as the field that same charge produces 
at the center. And by superposition, this holds for any collection of exterior charges. 


Problem 3.42 


(a) 
Edip = ane cos 6 # + sin6 6) 
= p ; ae ere J 
= Gees (2 cos 6(sin 6 cos @X + sin sin d¥ + cos Gz) 
+ sin 6(cos@ cos @X + cos @sin ¢¥ — sin dz)] 
= p 3sin 6 cos6 cos $X + 3sin 6 cos sin ¢¥ + (2cos” 6 — sin? 6) Z| . 
4regr? NetCom ANS 
=3 cos? 6-1 
E = d Euip d 
ave = (inR3) dip GT 
1 p 


= 1 35 4 sindd 2 S509: 
~ (in R3) (4) [3 [3 sin 8 cos 6(cos #X + sin dy) + (3cos” 6 — 1) Z| r? sin 6 dr dé dé. 


2a 2a 
Qn 
But [seas a E: ¢d@ = 0, so the X and ¥ terms drop out, and f d¢ = 27, so 
0 
0 0 


mw 


R 
a, ah p 1 2 : 
a Eaye = (nB) (4) a dr [ (800 6 — 1) sin d6 


Neer perenne! 
(— cos? 6+cos 6)(5§ =1—14+1—1=0 


R 
Evidently which contradicts the result of Prob. 3.41. (Note, however, that the r integral, ; dr, 


blows up, since Inr -+ —oo as r -+ 0. If, as suggested, we truncate the r integral at r = e, then it is finite, and 
the 6 integral gives Eaye = 0.] 

(b) We want E within the e-sphere to be a delta function: E = Aé°(r), with A selected so that the average 
field is consistent with the general theorem in Prob. 3.41: 


= 1 3 es Re p Soe _ __P «3 
Eave = (nk) [as (r) dr = (nk) =P ge AS >A= 3a’ and hence | E = ae (r). 


Problem 3.43 Ev 
One forw .(WVs) dr. But V-(ViVVa) = (VV) « (WV2) + 4(V209), so 


r= [v-mvvar— [v(vve) = 6 Vi(V4) dat — | Viprdr. 
s a) 


é 1 
But the surface integral is over a huge sphere “at infinity”, where V; and V2 + 0. Sol = = / Vi podr. By 
0 


1 
the same argument, with 1 and 2 reversed, [ = ‘i V2p1 dr. So i V\ po dt = / Vopidr. qed 
0 
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. Situation (1): Qa = f, pidr =Q; Qe = f, pi dr =0; Vio = Van. 
(b) 


Situation (2): Qa = f, p2dr =0; Qo = f, prxdr =Q; Vea = Via. 
{Vipodr =Viea f, p2dr + Vio f, po dr = VaeQ. 


f Vop1 dr = Vo f, pr dr + Vas f, pi dt = VoaQ. 
Green’s reciprocity theorem says QVa5 = QVba, 80 Vab = Via. qed 
Problem 3.44 


(a) Situation (1): actual. Situation (2): right plate at Vo, left plate at V = 0, no charge at z. 
V=0 V=0 


ot a ad [Vien dr = Vis Qty + Vex ea + Ve. Qre 


But Vi, = V;, = 0 and Q;, = 0, so f Vipodr = 0. 
[ve dr = Vi. Qu, + V22Q2, + Vr2Qr.- 
But Vi, =0 Q2, =9, Vrg = Vo, Qr, = Qo, and Vz, = Vo(x/d). So 0 = Vo(x/d)g + VoQo, and hence 


Situation (1): actual. Situation (2): left plate at Vo, right plate at V = 0, no charge at x. 
[Vienar=0= [Vopr dr =VinQr, + Vax Qn, + VeaQn, = Vos + Wes +0, 


= 
But Vz, = Vo (1 = =): so 
Qi = —q(1 — 2/d). 
(b) Situation (1): actual. Situation (2): inner sphere at Vo, outer sphere at zero, no charge at r. 
J Vien dr = Va. Qag + Ves Ora + Vo. Qe 


But Vi, = Vs, = 0, Qr, = 0. So f Vip2 dr = 0. 


i Vipode VO A VEOk A Oe HO yeas, 40: 


But V,, is the potential at r in configuration 2: V(r) = A+ B/r, with V(a) = Vo > A+ B/a = VW, or 
aA+B = aVo, and V(b) = 0 > A+ B/b = 0, or bA+B=0. Subtract: (6-a)A = -a— > A= 
—aVo/(b—a); B(4-4) =H= Bia => B=abVo/(b—a). So V(r) = ey (£ —1). Therefore 


; aVo b av = qa b 
avo agers (3-2) =% |Qe=-GEa (7-2): 


(b—a)\r ro 
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Now let Situation (2) be: inner sphere at zero, outer at Vo, no charge at r. 


a 


[Mies a2 0= [Me i= VS0n + Vin EV 01, = 0 P6V5 HOLM), 


This time isplaystyleV(r) =A+t B with Via) =0>A+B/a=0; V(b) =V > A+ B/b = Vo, so 
qb 


Vir) = 5 (1 . =): Therefore, G5 (1 - ~) +QsVo=0; 1Q5= ee (1 = a): 


Problem 3.45 


3 3 3 
1 as 1 < i fos f i an i 
(a) 2 S> PP Qi; = al {dene tage P Dati 
i=1 j=l ij 


i,j=l 


3 3 
But ) fir} =f-r'=r'cos@! = ) 5755 ) PT 506i; == ) f,f; =f-f=1. So 
i=1 ; j=l tj 


es a Sos ple 4d 
Vina ae / 3 (r” cos? 6! — o) pdr' = mea! ” P.(cos6')pdr' (the n = 2 term in Eq. 3.95). 


(b) Because x? = y? = (a/2)? for all four charges, Qzz = Qyy = [3(a/2)? — (/2a/2)?] (q—-q-—q+q) =0. 
Because z = 0 for all four charges, Q.2 = —(W2a/2)?(¢ -q—q+q) =O and Qs = Qyz = Qrz = Quy = 0. 
This leaves only 


Oey = Gna =3[(8) (S)o+ (9) C$) Co+ (8) (8) C04 (-$) (4) =a] 
(c) 
on OZ / [3(r: ~ d;)(rj — d;) — (r — d)?6,;] pdr (I'll drop the primes, for simplicity.) 
J (re — 77 6i5] par ~ 3d; [ rsp dr ~ 3d; [ rspar + 34:4; f pdr +2a- [ rp dr by 


— d°6i; | pdr = Qi; — 3(dip; + djp;) + 3didjQ + 26;;d +p — d?6;;Q. 


I 


So if p = 0 and Q = 0 then Q,; = Qij._ qed 
(d) Eq. 3.95 with n = 3: 
i 1 1\3 f t 1 3 
— | (r')? P3(cos6')pdr'; P3(cos 8) = 5 (5cos* @ — 3cos@) . 


oct = 7 
4ne€9 r4 


1 (3 age FFF Qise ) 


Voct — Soc 
At €9 r4 


Define the “octopole moment” as 


Qijk = | (Srirsrh = (r')? (rid jx or 71 O:k le ri; ) p(r’) ans 
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Problem 3.46 


mn = Vr? +a? —2racos8, 
220= Vr? + a2 + 2racos8, 
ag = Vr? +02 —2rbcos8, 
ag = Vr? +0? + 2rbcos8. 
2r 


1 1 
Expanding as in Ex. 3.10: (~ ~ =| = —, cos@ (we want a > Tr, not r > a, this time). 
1 2 a 


1 2 
(= - =) = = cos (here we want b <r, because b = R?/a, Eq. 3.16) 


R? 
= - Zz cos @. 
ar 


R 
But q’ = —74 (Eq. 3.15), so 


1 2r R 2R? 1 2q R 
= = - —-q-z = a ere : 
V(r, 9) Ge Ws cos 8 : co “3 cos6] de (3) (+ 3 ) cos @ 


1 2 
Set Eo = -~—4 (field in the vicinity of the sphere produced by +): 
TEQ 


3 
V(r, 8) = —Eo (- - =) cos@| (agrees with Eq. 3.76). 


Problem 3.47 
The boundary conditions are 


(i) V=0when y=0, 
(ii) V = Vo when y =a, 
(iii) V =0 when «= 8, 
(iv) V =0 when s=-b. 


Go back to Eq. 3.26 and examine the case k = 0: d?X/dz? = d*Y/dy? = 0, so X(z) = Ax+B,Y(y) =Cy+D. 
But this configuration is symmetric in z, so A = 0, and hence the k = 0 solution is V(z,y) = Cy + D. Pick 
D=0, C = Vo/a, and subtract off this part: : 


V(z,y) = vee +V(z,y). 


The remainder (V(z,y)) satisfies boundary conditions similar to Ex. 3.4: 


(i) V=0Owheny=0, 
(ii) V =0 when y =a, 
(iii) = —Vo(y/a) when z =), 


V 
(iv) V =—Vo(y/a) when x = —b. 
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(The point of peeling off Vo(y/a) was to recover (ii), on which the constraint & = n/a depends.) 
The solution (following Ex. 3.4) is 


V(z,y) = > C,, cosh(nrz/a) sin(nay/a), 


n=1 


and it remains to fit condition (iii): 


V(b,y) = 2 Cy cosh(nrb/a) sin(nty/a) = —Vo(y/a). 


Invoke Fourier’s trick: 


> C,, cosh(nrb/a) i sin(nmy/a) sin(n'my/a) dy = — Yo i y sin(n'zy/a) dy, 
0 a Jo 


a Vo f°... 
5 On cosh(nab/a) = -— y sin(ny/a) dy. 
a Jo 


a 


a2 Ce (ZY sincnny a) — (=) cos(nzy/a) , 


cad is cos(n7) = Bo ey 
a? cosh(n7b/a) \ nm ~ nm cosh(nmb/a)’ 


V(a, y) oa Vo 


vy 2 > (—1)" cosh(nrz/a) steal) 


n  cosh(nzb/a) 


Problem 3.48 
(a) Using Prob. 3.14b (with b = a): 


__ 4V0 sinh(ntz/a) sin(nry/a) 
V : 
(2,9) ae nsinh(nz) 
_ OV RAL nt\ cosh(nmz/a)sin(nay/a) 
oy) = 0 Br leo ay G ) nsinh(n7) a, 

= a sin(nmy/a) 
~ 5 “sinh(nz) ” 

4€ Vo 1 oe 
= == ——~ dy. 

X [ a(y) dy - 2 SahG / sin(nay/a) dy 
a 2 
But i, sin(nmy/a) dy = -— cos(nmy/a)|, - [1 — cos(nz)] = ~ (since n is odd). 


__8€9 Vo 1 €0 ue 
= ey 
7 oaF n sinh(nt) 


{i have not found a way to sum this series analytically. Mathematica gives the numerical value 0.0866434, 
which agrees precisely with In 2/8.] 
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Using Prob. 3.47 (with b = a/2): 


)* cosh(nrz/a) sin(nzy/a) 
V(z,y) ae aie ncosh(nz /2) | i 
= OV 1.2 nm\ (—1)"cosh(nrx/a) cos(nry/a) | 
o(z) = =a |. —€9Vo f +. ie De (=) cash /2) | net 


1 2 (—1)"cosh(naz/a)} _ 2% ” cosh(na2z/a) 
~e0Vo cosh(nz/2) \> [ +2ye —— (na /2) | : 


a/2 n af/2 
a i o(z) dz = a +2 Dee ae | cosh) de. 


-a/2 
a/2 


ale ae 2a. 
But ae cosh(n7z/a) dz = ao sinh(naz/a) ee sinh(n7/2). 


—a/2 


_ _ €0Vo 4a (—1)" tanh(na/2)} _ 4 (—1)" tanh(nz/2) 
= las 2 . = —€9V me a 
eS ed 

T 


[Again, I have not found a way to sum this series analytically. The numerical value is -0.612111, which agrees 
with the expected value (In 2 — 7) /4.] 
(b) From Prob. 3.23: 


V(s,¢) = a9 + bolns + 3 (xs! + Dy x) [cx cos(kp) + dy, sin(k@)]. 


k=1 


In the interior (s < R) bo and 6, must be zero (ins and 1/s blow up at the origin). Symmetry = d, = 0. So 


V(s,¢) =ao+ So axs* cos(k@). 


k=1 


At the surface: 
= 5k = Vo, if —7n/4<o¢<n7f4, 
¢) = di aR cos(k@) = { 0, ; 


otherwise. 
k=0 


Fourier’s trick: multiply by cos(k’¢) and integrate from —7 to 7: 


a/4 : ' ' al cs 1) ot ! 7¢ Lt 
Yoaurt [” cos(k¢) cos(k'¢) dé = vo | cos(k’¢) do — Vo sin(k o)/k _n/4 = (Vo/k ) sin(k m/4), if k x 0, 
-n/4 Vor/2, if k' =0. 
But 
0, ifkék! 


v 
: cos(k@) cos(k'@)d@ =< 2n, ifk=k' =0, 
=n 7, ifk=k' £0. 
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790 2ma9 = Vow /2 => ao = Vo/4; ma, R* = (2Vo/k) sin(km/4) > ag = (2Vo/7kR*) sin(kn/4) (k # 0); hence 


oo 


V(5,4) =Vo i+ ope sini) (£)" cost) 


Using Eq. 2.49, and noting that in this case @ = —S: 


OV 2 Ssin(kw/4), 4) = 20% 
= — — V; _— — 
o(¢) = €& pe Oe ) ks*~* cos(k@) ar 


ERE ne Sosintta/ cos(k@). 
k=1 


We want the net (line) charge on the segment opposite to Vo (~7 < @ < —3m/4 and 37/4 < 6 < x): 


“cove : 
A = Rdé=2R d in(kr/4 kd) d 
J oRae TO = een 7/4) f _ costo) as 
=) toto sin(k@) {7 _ _ 4eoVo sin(ka/4) sin(3k/4) 
= yan sin(kr ja) [ea e nl Se ea : 
ce sin(ka/4) sin(3k7/4) product 
1/V/2 1/V2 1/2 
1 21 “i 
1/v2 1/V2 1/2 
0 0 0 
-1/V2 -1/V2 1/2 
at 1 el 
-1/V2 -1//2 1/2 
0 0 0 
y= feo [1 sn LL i] “a |} cee aes eer 
" 2438 k 2,6,10 k - er k 2436 k 


Ouch! What went wrong? The problem is that the series }*(1/k) is divergent, so the “subtraction” oo — oo 
is suspect. One way to avoid this is to go back to V(s,¢), calculate e9(OV/0s) at s # R, and save the limit 


* 
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s — R until the end: 


cos(k¢) 


k-1 
HE 8) OV ay, ‘s sinh) 


Os 
= Eley zo 1 sin(ka/4) cos(kd) (where s = s/R~ 1 at the end). 


4€qVo 


A(z) = o(¢,s)Rd¢ = — ~1 sin(km/4) sin(3km/4) 


_ _4¢e0¥o Boab ba) d (Satan) 

T 22 3 5 z\2 6 10 
= 70% [2454 S4-)-(2+ tee), 

Wx 3 3) 3 5 
#2) = 2(o+ P44.) 

3 5 

(23) SHED ES 
1-2? Tx 1l-—z 1— x? 


|; A= lim A(z) = —— 


“1s 
i M3 


But (see math tables) :1In (; 
: 
2 


= _ 2€0Vo La l+gz 2 
7 mz |2 1-2 

7 _ 60V0 (l+2)? 
= Ux 1+ 2? 


Problem 3.49 


F=qE= (2cosO# + sin@ 8). 


qp 
4regr3 


Now consider the pendulum: F = —mgz — Tf, where T — mgcos¢ = mv?/l and (by conservation of 
energy) mgl cos @ = (1/2)mv? > v* = 2glcos¢ (assuming it started from rest at ¢ = 90°, as stipulated). But 
cos ¢ = —cos@, so T = mg(— cos) + (m/l)(—2gl cos @) = —3mgcos9, and hence 


F = —mg(cos@# — sin@ 6) + 3mgcos@# = mg(2cos6f + sin@ 8). 


This total force is such as to keep the pendulum on a circular arc, and it is identical to the force on g in the 
field of a dipole, with mg © gp/47eol®. Evidently g also executes semicircular motion, as though it were on a 
tether of fixed length J. 


a EE ES, 


Chapter 4 


Electrostatic Fields in Matter 


Problem 4.1 


E =V/z = 500/10-3 = 5x 10°. Table 4.1: a/47€9 = 0.66 x 10-*°, so a = 47(8.85 x 10~}7)(0.66 x 10-99) = 
734x107, p=aE=ed + d=aE/e = (7.34 x 10-")(5 x 105)/(1.6 x 107!) = 2.29 x 10-15 m. 


d/R = (2.29 x 10~**)/(0.5 x 107'°) = | 4.6 x 10~®. | To ionize, say d= R. Then R= aE/e=aV/er >V = 


Rex/a = (0.5. x 107!)(1.6 x 107!9)(1073) (7.34 x 10741) = 
Problem 4.2 


First find the field, at radius r, using Gauss’ law: f E-da = + Qenc, or E = Tris 7 Qenc- 


| r dng [" _oz 4 Cee OF _ a\jI" 
to Qenc = [ pdr = 8 | e 7107 de = |-$e wh (rare S| ‘ 
| 2q | ~2r 2 a? a? -2r r re 
: = ~ le ie(r tart > sec ae Lee #/* 1+27 +25 : 
[Note: Qenc(r + 00) = q.] So the field of the electron cloud is E, = we [1 — e/a (a +254 25)|. The 


proton will be shifted from r = 0 to the point d where E, = E (the external field): 


1 q —2d/a dd 
a | ea i eG 
4m €9 d? sore ts a a oa 


Expanding in powers of (d/a): 
2 3 2 3 
ew2d/a = es ce) a Jeegege ys peal pier 
a 2\a 3! \a a a 3 \a 
1—eme (142% 425) = 1~{1-2- 
a a 


d 
a 
3 d d 3 
-} — of 24 sof 4% ah 2% 44 4 AE... 


If 
Cote tet 
en 


d\3 
*) + higher order terms. 


73 


_ 


74 CHAPTER 4. ELECTROSTATIC FIELDS IN MATTER 


ge Ey - 
~ Arey d2 € =) = ae sala qd) = p. [a= 3nea%.| = 37epa’. 


Not so different from the uniform sphere model of Ex. 4.1 jee i 4.2). Note that this result predicts 
Tape = Ga = 5 (0.5 x 10-10)° = 0.09 x 10-°°m$, compared with an experimental value (Table 4.1) of 
0.66 x 107 “30 m°. Ironically the “classical” formula (Eq. 4.2) is slightly closer to the empirical value.] 
Problem 4.3 

p(r) = Ar. Electric field (by Gauss’s Law): § E-da = E(4mr?) = 2 Qene = 3 fy AP 4ar’ dr, or E = 

4nAr4 A 

asset = cL This “internal” field balances the external field E when nucleus is “off-center” an amount 
4nr2 € 4 4€q : 
d: ad’ /4eg = E => d = \/4€9E/A. So the induced dipole moment is p = ed = 2e,/eg/AVE. Evidently 
p is proportional to E!/?. 

For Eq. 4.1 to hold in the weak-field limit, & must be proportional to r, for small r, which means that p 
must go to a constant (not zero) at the origin: | (0) # 0] (nor infinite). 


Problem 4.4 


- Field of g: hor f. Induced dipole moment of atom: p = aE = 
qd rere r. 


1 1 2 
Field of this dipole, at location of g (@ = 7, in Eq. 3.103): E = ( = 


4nég 73 \ 4negr? 


) (to the right). 


Force on g due to this field: 


a A 
‘1 
F = 2a ( = a (attractive). 
4meég ra shew it be S (see VMOTCS at fant ) : 


Problem 4.5 
Field of p; at pe (@ = 7/2 in Eq. 3.103): E, = 


ree 6 (points down). 


_Pip2_ 


7 ar (points into the page). 


Torque on po: N2 = pe x Ey = po sin90° = po Fy = 


Field of pz at p; (@ = 7 in Eq. 3.103): Eo = (—2£) (points to the right). 


P2 
4regr3 
2p p2 
Aregr? 


Torque on py: N; = p; x Ey = (points into the page). 


Problem 4.6 
(a) 


Use image dipole as shown in Fig. (a). Redraw, placing p; at the origin, Fig. (b). 


E; = Fre aay (2008 0F + sin 8 8) p = pcosd# + psing 6. 


2 % n 
N = Px Ey = Garp | (cost + sina) x (2cosd# + sin96)| 
0 
mY p 6sind ¢ + 2sin8 cos6(— 
r) a PROS [cos sin@ @ + 2sin @ cos A(— 3)| 
p 


20: 
p*sin@cos@, - 
a /2 = “Gresaaye 9?) (out of the page). 
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? sin 2 
| But sin # cos @ = (1/2) sin 26, so] N= Paes (out of the page). 


For 0 < 6 < 1/2, N tends to rotate p counterclockwise; for 7/2 < 9 < 7, N rotates p clockwise. Thus the 
[stable orientation is perpendicular to the surface—either 7 or |. 


Problem 4.7 ene : : F Bakes F : 
Say the field is uniform and points in the y direction. First slide p 


4 in from infinity along the x axis—this takes no work, since F is 1 dl. 
{E (If E is not uniform, slide p in along a trajectory | the field.) Now 
6 rotate (counterclockwise) into final position. The torque exerted by 
12) __, Eis N = pxE = pEsin@z. The torque we exert is N = pEsin@ 
p gq clockwise, and d@ is counterclockwise, so the net work done by us is 
negative: 
U= fea pEsin6d6 = pE (—cos8)|* = —pE (cos@ — cos =) = —pEcos@ = ~—p-E. qed 


Problem 4.8 


U = —p,-Ez, but Ez = ta [3 (p2-f) # — p2]. SoU = roms [pi-P2 — 3(pi-f) (p2-f)]. qed 


Problem 4.9 
lq. q «ext+yytzz 
=p: ASB Se spe ee 
(a) E (p V)E (Eq 4.5); Are ae 4 (x? + y? + 22)3/2 
e) re) re) q x 
7 ee (reg + rg + Pe] Are€o (x? + y? + 2?)3/2 
ac. 2 1 a 22 re 3. 2y 
=. Dee Pz (x? +y2+22)39/2 2° (a2 + y? + 22/8/72 Py \~5 (x? + y? + 22)5/2 
3 2z _ @ [pe 32 _ @ [Pp 3r(p-r) 
ew aes ac +y? sal | ~ Aro E me ir + Dy +72) Ameo E Fae es 
o 1 @q Nk 
Boel ge oy Oe Be) f]. 
1 #1 . x 1 1 
(b) E= renee a al Gc a Fee a 


7 [8(p-f)# — pj. (This is from Eq. 3.104; the minus signs 


are because r points toward p, in this problem.) 


1 q 
= = — [3 -pyr— : 
F = qE Gee (3(p- ft - pl 


{Note that the forces are equal and opposite, as you would expect from Newton’s third law.] 
Problem 4.10 


: POs eo 
(a) 05 = Pe =| KR; | pp = —V-P =~ (rk) = — 3 3kr = —3k. 


(b) For r < R, E= gh prf (Prob. 2.12), so E=| —(k/eo)r. 


For r > R, same as if all charge at center; but Qtot = (KR)(4aR*) + (—3k)(47R3) = 0, so 


76 CHAPTER 4. ELECTROSTATIC FIELDS IN MATTER 


Problem 4.11 


pp = 0; op = P-i = +P (plus sign at one end—the one P points toward; minus sign at the other—the one 
P points away from). 


(i) Z >> a. Then the ends look like point charges, and the whole thing is like a physical dipole, of length L and 
charge Pra”. See Fig. (a). 


ii) L <a. Then it’s like a circular parallel-plate capacitor. Field is nearly uniform inside; nonuniform “fringin 
ging 


field” at the edges. See Fig. (b). 


(a) Like a dipole ) Like a parallel-plate capacitor 


(iii) LD ~ a. See Fig. (c). 


Problem 4.12 


V= a f Bde = 1_ f hdr . But the term in curly brackets is precisely the field of a uniformly 


Anég 


charged sphere, divided . p. The integral was done explicitly in Prob. 2.7 and 2.8: 


3 3 
1 (4/3)nR3p . R eas R°P cosé 
Ree ar he ee) sae Sere | eh 


ne | 345 So V(r, 6) = 
3 
1 (4/3)7R%p on eR, 1 Prcos@ 


4n€9 RB ’ acer = a ae (r < R). 


Problem 4.13 


Think of it as two cylinders of opposite uniform charge density +p. Inside, the field at a distance s from 
the axis .of a uniformly charge cylinder is given by Gauss’s law: E2msf = apse => E = (p/2e9)s. For 
two such cylinders, one plus and one minus, the net field (inside) is E = Ey + E_ = (p/2e9) (s; —s_). But 


s4—s_ = —d, so E =| —pd/(2eq),| where d is the vector from the negative axis to positive axis. In this case 
the total dipole moment of a chunk of length @ is P (7a?) = (pma?é) d. So pd = P, and| E = ~P/(2e), | for 


8a. 
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Outside, Gauss’s law gives E2ns€ = Lpnra®l > E = gan 8 for one cylinder. For the combination, E = 


Ei +E_= a (2 - 7 ), where 


2€0 
d 
Si = 8 F 53 
f= (eaten) 28 Gof) Oot) 25 Go) (28) 
= = (s + ae = 5) (keeping only Ist order terms in d). 
(e-5) = Set) (8 ae) 


a? I ee 
Bis) = 9. a PAP ts) 8 = Fl; for s >a. 


Problem 4.14 


Total charge on the dielectric is Qtor = $,o5da+ fi, o,d7 = §,P-da— f\,V-Pdr. But the divergence 
theorem says ¢; P-da= f,, V-Pdr, so Qenc = 0. qed 


Problem 4.15 


7 a RO ORY WB oe ef SP ERK/O- abr Sd), 
(a) pp = -V-P=-Sa (+ ) = -5 oy = Pois= | —-P-f=-—k/a (atr=a). 


Gauss’s law > E = ee Sepe f. For r < a, Qenc = 0, SO For r > 6, Qenc = 0 (Prob. 4.14), so 
For a <r <b, Qenc = (=*) (4na?) + f? (St) 4a dr = —4rka ~ 4nk(r — a) = —4rkr; so| E = —(k/eor) f. | 


(b) $ D-da = Qy.,. =0 => D = 0 everywhere. D = e9E + P =0=> E = (—1/60)P, so 


E=0 (forr <aandr>6b);| |E=—(k/eor)é (fora <r <b). 


Problem 4.16 


(a) Same as Ey minus the field at the center of a sphere with uniform polarization P. The latter (Eq. 4.14) 
4 1 
is ~P/3e9. So}E = Ey + =—P.| D = oH = eB) + 3P = Do P + 3P, so|D = Do — 3P..| 
€o 


(b) Same as Eo minus the field of + charges at the two ends of the “needle”-—but these are small, and far 


away, so D = e9E = €9Eo = Do — P, 80 
(c) Same as Eo minus the field of a parallel-plate capacitor with upper plate at o = P. The latter is 
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Problem 4.17 
i 4 
“a A, | 


oi (same as E eee but lines 


(field of two oe plates) 
continuous, since V-D = 0) 


Problem 4.18 


(a) Apply [D-da = Qy,,, to the gaussian surface shown. DA = 0A > (Note: D = 0 inside the 
metal plate.) This is true in both slabs; D points down. 


et == eee Pe 
= 


(b) D= «E> E=o/e, in slab 1, FE = o/eg in slab 2. But € = e€g€,, so €, = 2€0; €2 = 
Eo = 20 /3€0. 
(c) P = egxeE, so P = enxed/(€n€r) = (Xe/Er)O} Xe =r -1 > P=(1—E7!)o. 


(d) V = Eya + Exa = (ca/6e9)(3 + 4) = 


op = +P, at bottom of slab (1) = a /2, 
= —P, at top of slab (1) = —o/2; 


= +P» at bottom of slab (2) = 0/3, 
= —P» at top of slab (2) = —a/3. 


(e) ps = 0; 


( To ala U-{ SOS urine change bau (6/2) (o/8}'¢ (o/3) -o = oft, f=? B= BS 
Ea alab 2 | Tora Surace chong baleen (0/9) Con bela } mp Bae 5 
ee te 
Se -o/2 

+o/2 
5 —a/3 


Problem 4.19 


With no dielectric, Co = Aeg/d (Eq. 2.54). 
In configuration (a), with +o on upper plate, —-o on lower, D = o between the plates. 


E = o/e (in air) and E = o/e (in dielectric). SoV = £$ + ad = ae a (1+). 


C, 2€ 
—- Q _ «A 2 wa _ T 
Ca=% = 94 (2 -) as Cy lee 


In configuration (b), with potential difference V: E = V/d, soo = egE = e9V/d (in air). 


an 
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P=c0xeE = €9xeV/d (in dielectric), so 0, = —egxeV/d (at top surface of dielectric). 
Otot = €0V/d = of + op = OF — €CoXeV/d, SO oF = EQV(1 + Xe)/d = Eo€-V/d (on top plate above dielectric). 


Go ie ig Se te ee la el ES | Che ee 
ST EN oe PON Og gop NO ye 


2 2 
«ah i 2 Op _ Ca — Iter ep _. (1ter)?—4er _ 14-2en+4e2?—der _ (1—er) 
[Which is greater? @ — @ = “3 — 7G = “ate = gates) = ae) > 0. So Cy > Ca] 


If the x axis points down: 


(a) dielectric 


Problem 4.20 
f D-da = Qy,,. > D4nr? = pir? = D = pr > E = (pr/3e)#, for r < R; D4nr? = p$nR® > D = 


pR? /3r? => E = (pR3 /3eor”) £, for r > R. 
R 0 2 2 2 
p pre pk | pR 1 
— d: = _ = . 
s £ [rar 3c) 3e 2 3€o (1455 
Problem 4.21 


Let Q be the charge on a length @ of the inner conductor. 


- - _ QQ. __Q _ Q 
fD-da = Donst=Q> D= 7 Fi Toeap Con Boag PRT AS) 
= F _ ff (_Q@ \ds SAG N dso 2 6 b €0 c 
YS =| re =[ (525) s e) (535) ‘s Qed E (2) * Pa ()| : 
C = Q = 270 
fe Vé | in(b/a) + (1/e,) In(c/b) 


Problem 4.22 
Same method as Ex. 4.7: solve Laplace’s equation for Vin(s,¢) (s < a) and Vout(s,%) (s > a), subject to 


the boundary conditions ‘ 
(i) Vin = Vout at s=a, 
(ii) ¢ 2Min = €q Hout at s =a, 
(iii) Vouk — —Epscosd@ for s >a. 


From Prob. 3.23 (invoking boundary condition (iii)): 


oo Co = 
Vin(s, ¢) = s s*(ax, coskd + by sink), Vout(s, ¢) = —Epscos¢ + S> s~* (cg cos ko + dy sin k@). 


k=1 k=1 
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(I eliminated the constant terms by setting V = 0 on the yz plane.) Condition (i) says 
S> a* (ax, cosk¢ + by sink¢) = —Eps cos ¢ + ‘a a~*(c, coskd + dy sin k@), 
while (ii) says 
Er a ka*—1 (a, cos ko + by sinkd) = —Ep cos ¢ — e ka-*~ (cx cos kg + dy sin kd). 


Evidently b, = dy, = 0 for all k, ag = cy = 0 unless k = 1, whereas for k = 1, 


aa, = —Eoat+ a Gy; €,0, = ~Ey - a ?¢y. 
Solving for ay, 
Eo 0 Eo 
Qa, = -—— >, 80 Vian(s, 6) = —---——— 8 cob = ~ a F,—", 
Gea. Pl aa ya) GT x2) 
and hence Ej,(s, ¢) OVin x Eo As in the spherical case (Ex. 4.7), the field inside i if 
nd hen in(s, @) = -~— & =| — >. n ri x. 4.7), eld inside is uniform. 
: dz ~~ | + xe/2) . 
Problem 4.23 
1 Xe €0X2 1 Ke 
Po = Eo; E, = —~——-Po = -—Ep; Pi = E, = - £FEo; Eo = —-——P, = “£Ep; .... 
ft) €oXeho; M1 3€p ) 3 0; Fi €oXeh1 3 0; 2 Ben 1 9 05 
: = Xe\” 
Evidently En = (-%) Eo, so 
CO x n 
E=Eo+E, + E2t+::-= I (-¥)" Eo. 


The geometric series can be summed explicitly: 


= 1 1 
n B= ————- E, 
dt f<a6 Gays!” 


which agrees with Eq. 4.49. [Curiously, this method formally requires that x. < 3 (else the infinite series 
diverges), yet the result is subject to no such restriction, since we can also get it by the method of Ex. 4.7.] 


Problem 4.24 


Potentials: 
Vout(7,@) = —Eorcosé+ >> oti P; (cos 6), (r > b); 
Viale e). = (Ar! 4: Hr) P(cos@),  (a<r<b); 
Van(r,6) = 0, (r <a). 
Boundary Conditions: 
(i) Vout = Vined; (r =); 
(ii) «2st = eg Me, (r= d); 


(iii) Vined 0, 


it 
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(i) = —Epbcosé + )~ aa Pi(cos 8) =>, (40! + + ar) P,(cos 8); 
(ii) = [rast t_ (+1) ies] P,(cos@) = —Eo cos é — So4+)) 1) as P,(cos 0); 


(iii) = Aja’ +——=0 > B= -a™ A. 
a 


Forl #1: 


B atl 4 
i at = (40 ~ “BAA ‘) => B,= A, (b+! — a+), 


ii [Ajo 1 + (L+1 CEL ae B, = —-¢,A UY patty galt A, = B, = 
(ii) €r l + (1+ \2 | = —(l+ ona => B= —-€,-At Tel +a => A, = B, =0. 
Forl=1: 
By aA 
()  -Eyb+ = Avb- 1 => By — Eb? = A,2(b —a°); 
t3 aeA B 
(ii) (4 a ar | = —Ey - 2 => —2B, — Eob® = , A; (63 + 203). 
So —3E ob? = A, [2 (b° —a*) +e, (b% + 2a3)]; | Ai = Pee eee ee 
2{1 — (a/b)3] + €, (1 + 2(a/b)3] 
= —3Eo a 
Vest 9) = appar ete eae (*~ 57) 8 
= 3Eo 2a ~ a3 
E(r,9) = ~VWVined = Fi — (a/b) + «,[1 4 2a/b)] { (1 + = cos Of — (1 - =) sino 6} 


Problem 4.25 


There are four charges involved: (i) q, (ii) polarization charge surrounding gq, (iii) surface charge (a4) on 
the top surface of the lower dielectric, (iv) surface charge (o;) on the lower surface of the upper dielectric. 
In view of Eq. 4.39, the bound charge (ii) is gp = —@(x//(1+ x4), so the total (point) charge at (0,0,d) is 
G = 94+ qp =9/(1+ x6) =9/e,. As in Ex. 4.8, 


—-1 = qd/e’ oOo Oo - 
se e ED LER EU ee ae ee 2 h =- Pn = P= E.); 
(a) o €0X Ee (24 dyh 20 Peo (here 7» n= + €0XeEz) 
1 qd/e Oo 9; 
aa t ee ete heed os GA eee h =-P=- ' Ee). 
(b) o, €0Xe Ee (2 + 3 Qe 2€p (here a» z €0XeEz) 


Solve for o4, 04: first divide by x- and xj, (respectively) and subtract: 


% % 1 ade , | 1 qdfe. | 


_ O%=Xej—t+s 
Xe Xe 2H (np? 4 2)? 6 Xe 2m (72 + q2)3 
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Plug this into (a) and solve for op, using ef = 1+ y!: 


-1 gqd/e’. (2 OR ‘ -1 qd Xe 
= ty. (1+x)) -— (ve + xt), 8 a ee 
vo 4a (r2 + d2)? Xe(1 + Xe) 2 (Xe + Xe) 80] o% 4n (r2 + d2)® {1+ (ve + x4,)/2] 


-1 qd 1 1 qd/e! 1 d x, /eé 
% = eo TT +e ST = \, a4 = Z erXe/ Er : 


4m (p24 G2)? [1+ (Xe + xe)/2 


The total bound surface charge is 0, = 0, +0, = ra = eR ra eax) 7] (which vanishes, as it should, when 


x, = Xe). The total bound charge is (compare Eq. 4.51): 


i ae t =. 
a = (Xe 7 Xe)9 = ( <) = and hence 
€, 


2e,, (1 + (xe + X¢)/2] 


1 q/€, I 
Vir)= = + for z > 0). 
(r) Arq Sx? +y? + (z—d)? Jz? +y? + (z+d)2 (for z ) 


ne 2 1 ees 
Meanwhile, since ae. a= Fp ee V(r) = igi En Heel (for z < 0). 
ef éf él + Ep ey + 6, Ane \/x? + y? + (z — d)? 
Problem 4.26 
From Ex. 4.5: 
0, (r <a) 
0, r<a Q. 
ee Q. ( ) i RE Gea (a<r<b) 
ane (r >a) al ; 


E 
4mregr2 ” 


1 1 Q@ ee pce 2, Q? {1 /-1 
ie Ss, SP ge Se ede el eg ep eee ie 
5 | DBdr 2 (4x)? ref pepe r+z if pe 8x fe \r 
3 OE fs fT og DL oe 1, xe 
~  8reg |(1+xe) (a db bf | 8reg(1+xe) la b/' 


~~ 
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Problem 4.27 
Using Eq. 4.55: W = 2 {Be dr. From Ex. 4.2 and Eq. 3.103, 


—} = 


3e,7 (r < R) 
BO: RSP “ ne) 
Beard (2cos@#+sin@@), (r > R) 
50 
2 
€0 P 4 3. 20 PPR 
Weer => 2 (=) 30 = 97 = 
R3P\” f 1 
Mie 2 (=) ; <g (4cos’ 6 + sin® 6) r? sin 6 dr dO dd 
(R8P)? r ao coy n(R3P)? ee L\\~ 
- “Tey an f (1+ 3cos aysing do f ri or = —G-—— (—cos6 — cos )|” -55 i 
_ a(ReP)? ( 4 \ _ 4eR3P? 
~  9eg BRB] 27ep 
Qn R3 P? 
Wrot = ara aa ae 


9€o 


This is the correct electrostatic energy of the configuration, but it is not the “total work necessary to assemble 
the system,” because it leaves out the mechanical energy involved in polarizing the molecules. 


Using Eq. 4.58: W = ;{D-E dr. For r < R, D = eE, so this contribution is the same as before. 
For r < R, D = oE+P = -3P +P = 2P = —2eqE, so $D-E = —22E”, and this contribution is 


now (—2) (3 pre’) =-% ee exactly cancelling the exterior term. Conclusion: This is not 


surprising, since the derivation in Sect. 4.4.3 calculates the work done on the free charge, and in this problem 
there is no free charge in sight. Since this is a nonlinear dielectric, however, the result cannot be interpreted as 
the “work necessary to assemble the configuration” —the latter would depend entirely on how you assemble it. 


Problem 4.28 


First find the capacitance, as a function of h: 


Air part: E = A. => V = 24 In(b/a), 


4mregs 4n€o Xr A 
==; ae, enras ¢ 
? ’ ' € € 
Oil part: D = fess >E 2. >V = * In(b/a), ° : 


Q=Nh+A(E— bh) = 6 AR AR4 AO = Aller — Yh 4 4] = A(veh + 2), where @ is the total height. 


Q A(xeh + 2) (xeh + 2) 
=--— = oH =? — 
C= abaya) 
The net upward force is given by Eq. 4.64: F = }V?@ = 5V mers aoe €0xeV* 
The gravitational force down is F = mg = pr(b? — a”) gh. ~~ p(b? — a?)gin(b/a)’ 
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Problem 4.29 
a) 
(a) Eq. 4.5 > Fo = (po: V) Ei = P25 (E1); 


ee: ee? ae Pless; 
Eq. 3.103 > E, = tae O= = Acai z. Therefore 


pp f[d f(1\]._ 3mm. aoe 
E (=)| Z= ER %, or|F2= heer | (upward). 


To calculate F,, put po at the origin, pointing in the z direction; then p; 
is at’ —rZ, and it points in the —y direction. So F, = (pi-V)Eo = 
OE. 


ae ; we need Ep» as a function of zr, y, and z. 
y ze=y=0,z>-r 


1 #173 . 
From Eq. 3.104: E2 = ——~-—= 3(pa-r)F —p|, where r = cX¥ +yy+ 2%, po = —poy, and hence 
4me9 v3 r2 
P2-r = —p2y. 
= po [-3y(cke+yy¥ +722) + (22 +y?+27)F¥] po [-3ry Kt (x? — Qy? + 27) ¥ — 3yza 
4n€o (x? + y? + z?)8/2 ~ Aneg (x? + y? + 22)5/2 
OF, P2 51 zs 2 a ee 5), 1 = x 5 
oy = Pe {SF tul-sey 8 + (2 ~—2y° +2 )¥ — 8yz2] + | (—3r% — dy ¥ — 322) : 
OE, p2 —3z p2 3r. 3pip2 . 
— = ty] FF, = - ——— —s . 
dy 10,0) 4n€g r° a : se (& re” 4regr4 ‘5 
These results are consistent with Newton’s third law: F; = —F9. 


(b) From page 165, No = (pe x E,) + (r x F2). The first term was calculated in Prob. 4.5; the second we 
get from (a), using r= ry: 


Pipe, F 3pip2 . 3p1P2 . 2P1p2 
x E, = -x); x Fo = 56 eee. = No = , 
P2 > ieee OF 2=(ry) (7a i) 4negr3 pee Bak 4negr3 7 
This is equal and opposite to the torque on p; due to po, with respect to the center of p; (see Prob. 4.5). 


Problem 4.30 
Net force is| to the right | (see diagram). Note that the field lines must bulge to the right, as shown, because 


E is perpendicular to the surface of each conductor. 


i} 


ne 


— 


~~ Problem 4.31 


\ 


P = kr =k(2& +y¥ + 2%) => pp = -V-P = —k(1 4.141) =[—38. 
Total volume bound charge: | Qyo) = —3ka*. 


oy = P-n. At top surface, i = Z, z = a/2; so op = ka/2. Clearly, on all six surfaces. 


Total surface bound charge: | Qgurr = 6(ka/2)a” = 3ka3.| Total bound charge is zero. 
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Problem 4.32 


qe q f qXe r 

D-da = >D= ; E= -D =| ——_———__;; |P= : ry 

$ 4 = Ven dn? € Amég (1+ Xe) r? Pon A4n(1 + xe) r? 
aXe r Xe 3 me aXe 

= —-V-P = —-———_ | V-— ] =| -q-——6 Eq. 1.99); = P-f= = | ——"*__; 

pp 4n(1 i ( =) aye es ie ks meadiaas! (7 mR 


Qsurt = 06(47 R?) =| Me ethe compensating negative charge is at the center: 


1+ Xe 
qXe 3 Xe 
dt =~ | 8°(r) dr = —q——— . 
[ evar ol GEO Haag, 


Problem 4.33 


E!l is continuous (Eq. 4.29); D, is continuous (Eq. 4.26, with of = 0). So E,, = Ex,, Dy, = Dy > 


€, Ey, = €2Ey,, and hence 


tan 62 a E,,/Ey, — Ey, — €2 | ged 
tan A, Ex, /Ey, Eys €] , 


If 1 is air and 2 is dielectric, tan 2/ tan@, = €2/€9 > 1, and the field lines bend away from the normal. This is 


the opposite of light rays, so a convex “lens” would defocus the field lines. 


Problem 4.34 


In view of Eq. 4.39, the net dipole moment at the center is p’ = p — ;#-p = ThxcP = Lp. We want the 
potential produced by p’ (at the center) and o, (at R). Use separation of variables: 
fore) B, 
Outside: V(r,é) = Ss; wri Pt (cos 8) (Eq. 3.72) 
1=0 ay 
. 1 pcosé 1 
Inside: V(r,0)= Gee + 2 P,(cos6) (Eqs. 3.66, 3.102) 
Pay i or By = R#+14, (11) 
Rit+1 r=. I ? {Ree t 
V continuous at R > 
BB, 1 p 


— 3 
R = tne eR? + A, R, or B= revere +AiR 


OV 


Rt Or 


av 
Or 


Bi 1 2pcosé 
= Sol + 1) Brea Pi(cos 4) + 4m € €,R3 


a »_. Vv 
—ZP bs ~ 7 (ox t) = xe Be 


1 
— $014, BR!" P,(cos8) = -—o» 
R- €0. 


_ { 1 2pcosd 


R- 


ey ara + DARA (0058) b 
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? I-1 i-1 1-1 [-1 
—(i+ Vas - LA,R' =xelAyR* (141); or — (21+ 1)A:R'* =x 1AR => A, =0 (€ #1). 
By, 1 2p 1 2p Pp At RS 1 XeP A, R3 
on R3 ee 4re€q €,R3 Ae ( 4me€g €, R3 Pg i)- UT Pea. Anege 2. 4m€9 €; of oe 
p 3 p A, R3 1 Xep A, R3 ous 1 Xep 
_ _AR i = =e 
4m eg€, et 4m EQ Er 2 Ameo Ep sane = (3 + xe) Ame€9 E> 
a ee 1 2Xep oe 2(e-—1)p | 3-2 ot —1) eee 3€,. 
1 Are€o Ree(3+Xe) 40 Ree, (ep + 2)’ 1 Anege, (e, + 2) Amen Ep Ep + 2° 


von (28) (Gare 


1 pcosé 1 prcos@ 2(e, — 1) 
4meq €pr? 4neg =R? ec, (ep +2) 


p cosé é--1\ r3 
= | ——— 1 +: 2 = < R). 
fs 3 (= + 5) Fi | . SR) | 
Problem 4.35 


Given two solutions, Vj (and E, = —-VV,, D, = «E,) and V2 (Ez = —VV2, D2 = cEy), define V3 = V2 -Vy 
(E3 = E2 — E,, D3 = D2 — Dy). 
hyv -(V3D3) dr = fs V3D3 - da = 0, (V3 = 0 on S), so f(WV3) -D3 dr + f V3(V-Ds3) dr = 0. 
But V-D3 = V-D2 — V-D, = ps — px = 0, and VV3 = VV2 — VV, = —E2 + E; = —Es, so f Ez - Dz dr = 0. 
{~~ But D3 = D2 — D; = cE2 — «EB; = €Es, so 1: e(E3)? dr = 0. But € > 0, so E3 = 0, so Vo — Vj = constant. But 
\ at surface, V2 = Vi, so Vo = Vi everywhere. qed 
Problem 4.36 


R | 
(a) Proposed potential: | V(r) = Vo. If so, then| E= —VV = Vort, in which case 


_ €0Xe Vo 
R 


Meanwhile, for r < R, V(r, 6) = 


R 
in the region z < 0. (P = 0 for z > 0, of course.) Then op, = €oxe Vo wa (Eft) == . | (Note: f points out 


of dielectric > nm = —f.) This o» is on the surface at r= R. The flat surface z = 0 carries no bound charge, 
since fh = Z L #. Nor is there any volume bound charge (Eq. 4.39). If V is to have the required spherical 
symmetry, the net charge must be uniform: 

otor4a R? = Qtot = 4m€oRVo (since Vo = Qtot/47e0R), SO Otot = €oVo/R. Therefore 


_ f (€oVo/R), on northern hemisphere 
FEN eG Ve /R)(1+ xe), on southern hemisphere f * 


(b) By construction, otot = op +07 = €oVo/R is uniform (on the northern hemisphere o, = 0, of = €gVo/R; 
on the southern hemisphere op = —€9XeVo/R, so of = €Vo/R). The potential of a uniformly charged sphere is 


= Qtot _ Ftor(4aR?) _ _ €0Vo R? = V8. “s 


4reor 4reor “R- €or 


(c) Since everything is consistent, and the boundary conditions (V = Vo at r = R, V — 0 at oo) are met, 
Prob. 4.35 guarantees that this is the solution. 
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(d) Figure (b) works the same way, but Fig. (a) does not: on the flat surface, P is not perpendicular to f, 
so we'd get bound charge on this surface, spoiling the symmetry. 


Problem 4.37 


€oXe 


Eext = Bias 8. Since the sphere is tiny, this is essentially constant, and hence P = ityae (Ex. 4.7). 
€oXe \ \d ( wee €0Xe AV) f-1 i 
F = ee —— | — | ——— dr = | ———— —_—— ~ — 
[ (23) ts) ds \2negs) > 14+ xe/3/ \27e€o 8 re ar 


wey (a) ss (EEE 
1+ xe/3 \4r%e9 / 533 ra 34+x-/ Tes? 


Problem 4.38 


The density of atoms is N = Wa\eR The macroscopic field E is Esei¢ + Eeise, where Eseit is the average 
field over the sphere due to the atom itself. 


P= aE ese = P = Nakace. 


{Actually, it is the field at the center, not the average over the sphere, that belongs here, but the two are in 
fact equal, as we found in Prob. 3.41d.] Now 


Ba pee 
Eseit — 4n€5 R 
(Eq. 3.105), so 
1 a a Na 
E= ~ Grey Ba hee + Eeise = (1 = nom) Keise = (1 _ 4) Eelse- 
So N 
fog 
P = ——_——_-E = E 
Ga Nemer Oo 
and hence 
> Na/eéo 
Ne (1 — Na/3eo)” 
Solving for a: 
Na _ Na Na Xe 
Xe — Be Xe = > 2 (1+ se) = xe, 
or 
€0 Xe = 3€ Xe 


a= = But xy. =e,—1 oa = 52 (aa) ed 
~ N(14+xe/3)  N (34x. cas aaa ~ 6p +2) ° _ 
Problem 4.39 


For an ideal gas, N = Avagadro’s number/22.4 liters = (6.02 x 107°)/(22.4 x 10) = 2.7 x 10°. Na/eo = 
(2.7 x 1075)(4m€9 x 10-°°)B/e9 = 3.4 x 1074, where # is the number listed in Table 4.1. 


H: £§=0.667, Na/eo = (3.4 x 107*)(0.67) =2.3x 10-4, yx. =2.5 x 107‘ 


) ; 
He: B= 0.205, Na/eo = (3.4 x 1074)(0.21) =7.1x 10-5, xe =6.5 x 1075 Aas 
Ne: B= 0.396, Ne/ey = (3.4 x 10-4)(0.40) =14x10-", ye = 13x 10-4 f Wreement is quite good. 
Ar: §$=1.64, Na/eo = (3.4 x 1074)(1.64) =5.6x 1074, ye =5.2x 1074 
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Problem 4.40 vE a a 
(a) ae So OE ue~“/kT dy _ (kT)?e~“/*T [—(u/kT) — PP oe 


pE _ = pE 
frog eT du -kTe si 


[e~PE/kT _ @pE/KT) 4 ((pE/kT )e~PE/KT +. (pE/kT )ePE/*T] 
kT eaPE/kT _ epE/kT 


ePE/kT 4 e~PE/kT pE 
KT — pE | Sarasa ane (ir) 


Let y = P/Np, © = pE/kT. Theny = cothz—-1/z. Asz > 0,y = (2 oe eas 7 Se le 


0, so the graph starts at the origin, with an initial slope of 1/3. As z — 00, y + coth(oo) 
goes asymptotically to y = 1 (see Figure). 


pe/kT 


N 2 
(b) For small z, y = 52, so Ne ~ 2, or Ps NPE = €9x-& => P is proportional to FE, and} x. = ae 
€0 


For water at 20° = 293 K, p= 6.1 19-30 Cm; N= molecules _ molecules moles x grams 


= x ; 
volume mole gram volume 


N = (6.0 x 109) x (4) x (10%) = 0.33 x 10°; ye = qyqGe te t0 aay = [12.] Table 4.2 gives an 


experimental value of 79, so it’s pretty far off. 
For water vapor at 100° = 373K, treated as an ideal gas, Yume = (22.4 x 107) x (333) = 2.85 x 107? m’®. 


> mole. 


293 
6.0 x 1078 (2.11 x 1075)(6.1 x 107°)? 
= = 211 x 1075: = G a. 
2.85 x 10-2 x10) Xe = G.85 x 10-1)(1.38 x 10-5)(a73) ~ X10 


Table 4.2 gives 5.9 x 107%, so this time the agreement is quite good. 


Chapter 5 


Magnetostatics 


Problem 5.1 
Since v x B points upward, and that is also the direction of the force, q must be To find R, in 


terms of a and d, use the pythagorean theorem: 
a? +d 


(R-d’?+a?=R? > R?-2Rd+@? +0? = PR? >R= aa 


The cyclotron formula then gives R 


= a (a? + d*) 


Problem 5.2 
The general solution is (Eq. 5.6): 


y(t) = C, cos(wt) + C2 sin(wt) + at +C3; z(t) = Co cos(wt) — Ci sin(wt) + C4. 


(a) y(0) = z(0) = 0; We ) = E/B; z(0) = 0. Use these to determine C,, C2, C3, and C4. 


y(0) = 03>C,+C3= y(0) =wC, + E/B= eae i 03 (2.4+C,=03 Cy, =0; 
(0) =0>C, =0, ce iene also C3 = 0. So} y(t) = Et/B; z(t) =0.| Does this make sense? The magnetic 
force is q(v x B) = —q(E/B)Bz Z = —qE, which oe cancels * electric force; since there is no net force, 


the particle moves in a straight line at constant speed. Vv 
(b) Assuming it starts from the origin, so C3 = —C, Cy = —C2, we have z(0) =0 = C} =0 > C3 =0; 


= ~Ca; y(t) = —s—psin(wt) + St; 


B. 


E 
_ wB 


2B B 2B ~_ 2wB 


E E E 
Son ue ere or | y(t) = 7 Fup wt — sin( wt)}; z(t) = Do salt — cos(wt)].| Let 8B = E/QwB. 


‘Then y(t) = B[2wt —sin(wt)]; z(t) = B[1—cos(wt)]; (y — 2Bwt) = —fsin(wt), (z — 8) = —Bcos(wt) = 


(y — 26wt)? +.(z — 8)? = 6”. This is a circle of radius 6 whose center moves to the right at constant speed: 
Yo = 2Bwt; z = B. > 


Ose] See Se eet eo ee. 
| wB BOB 
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E E E E EW E 
eee ae ey ee. t)= ——si , ee ei : = —sin| , 
y(t) ~B cos(wt) + Bit OB? z(t) OB sin(wt). | y(¢) ~B [1 + wt — cos(wt)]; z(t) oH sin(wt) 


Let 6 = E/wB; then [y — B(1+wt)] = —Bcos(wt), z = Bsin(wt); [y — B(1 + wt)]? +z? = 6”. This is a circle 
of radius 8 whose center is at yo = G(1+wt), 2 = 0. 


z 


Problem 5.3 


E 
(a) Fiom Bq. 52, F= 918+ (v xB=0 B= 0B |=, 


= re eee ee 
(b) From Eq. 5.3, mv = qBR => mm BR | BR 


Problem 5.4 
Suppose I flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward 
the left) cancels the force on the right side (toward, the right); the force on the top is JaB = Iak(a/2) = 
Tka* /2, (pointing upward), and the force on the bottom is IaB = —Ika?/2 (also upward). So the net force is 
Problem 5.5 


I 
(a)| K = we because the length-perpendicular-to-flow is the circumference. 
rise) 


0) J=S-1= f Jda=a f <sdsdp= 2a [ds = 2raa > a= 3-5 J = : ; 
8 8 270. 2ras 


Problem 5.6 
(a) v =wr, so (b) v=ursinéd >|J = pursiné ¢, | where p = Q/(4/3)7R°. 


Problem 5.7 
dp d Op noe . 
a ae prdr = Bt rdr = — |(V-J)rdr (by the continuity equation). Now product rule #5 

v 


says V- (tJ) = 2(V-J)+J-(Vzx). But Vc = %, so V : (xJ) = 2(V -J) + Je. Thus f,(V -J)zdr = 


i V -(rJ) dr — | J, dr. The first term is f, J - da (by the divergence theorem), and since J is entirely 
v v 


inside VY, it is zero on the surface S. Therefore L(V -J)xndr = — Ts J, dT, or, combining this with the y and 


z components, f\,(V -J)rdr = — fy Jdr. Or, referring back to the first line, = fa dr. qed 


Problem 5.8 


Quol 
(a) Use Eq. 5.35, with z = R, 02 = —6, = 45°, and four sides: B = vais ‘ 
7 ee a Sor. = npol 
(b) z=R, 2 =-0, = a and n sides: B = on R sin(a/n). 
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I I 
(c) For small 6, sin9 = 6. Soasn + 00, B + a (=) — (same as Eq. 5.38, with z = 0). 
~~ Problem 5.9 
(a) The straight segments produce no field at P. The two quarter-circles give B = Ha (: - i) (out). 


I 
(b) The two half-lines are the same as one infinite line: ore Ri the half-circle contributes aR" a 
T 


Hol 
4R 
Problem 5.10 


I 
(a) The forces on the two sides cancel. At the bottom, B = es > F= & Ia= pale ‘(up). At the 


SoB= ( + =) (into the page). 


pol pola . Lol? a? 
= —~ + F= —__~ (d . Th ——— : ? 
top, B ea) => Da(s +a) (down). The net force is ans < a (up) chet pare 
(b) The force on the bottom is the same as before ual? [2 (up). On the left side, B= bol Z; 
my 
F A : Hol . _ a? 
dF = I(di x B) = I(drx + dy y + dzz) x ay Zz oa ——(—dzx ¥ + dy X). But the z component cancels the 
pol? pol ¥3+a/2) 1 
corresponding term from the right side, and Fy = — ih - Tas Here y = v3 3zZ, SO 
ya s/V3 
P 2 P 
ree aa Pe cl Rice ee LY RL 
2V3n s/V3 2/30 


“orce on the triangle is 


Problem 5.11 
Use Eq. 5.38 for a ring of width dz, with I > nI dz: 


B= te | aa But z = acot@, 
2 (a2 + 22)9/? 


Ava 
Me eins Hl ne gtd | 
n?9 (a2 +22)? as 


I ) I I T 
a = [3S rie ads) = -“> J sineae = 9 cos 6|,” = - (cos 62 — cos 41). 


Zs 


For an infinite solenoid, #2 = 0, 61 = 7, so (cos @ — cos@,;) =1—(-1)=2, and B= v 
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Problem 5.12 
Magnetic attraction per unit length (Eqs. 5.37 and 5.13): fm = eee : 
T 


1A 
Electric field of one wire (Eq. 2.9): E = tras Electric repulsion per unit length on the other wire: 
0 


1 1 1 
= 572 gq: They bal h r=, = .| Putting in tl b 
te Ineo ad ey Dalance when [ov & or]v Veolia utting In the numbers, 


= =] 3,00 x 108 m/s. | This is precisely the d of light(!), so in fact ] 
(GBB x 101) (dn x 10-7) is is precisely speed of light(!), so in fact you could 


never get the wires going fast enough; the electric force always dominates. 
Problem 5.13 


0, fors<a 
dae d, for s > a. 
27s 


(a) Bedi =B2rs = polonc > p= { 


a a ork 3 3IT 8 3 
(b) J = ks; =f Jaa = [ ks(2ms) ds = a Sk=—., lone = f Jda = | k3(2m8) d3 = 
i) i) 27a ty) t) 
Hols? - ; 
omks? 3 onal @, fors <a; 
3 = Ij, for s <a; Tene = I, for s >a. Sol/B= 


Hol d, for s > a. 


Qms 


Problem 5.14 
By the right-hand-rule, the field points in the —y direction for z > 0, and in the +¥ direction for z < 0. 
At z=0,B=0. Use the amperian loop shown: 


x. dl = Bl = polene = polzJ > a [B = —poJzy|(-a <z<a). Ifz > a, lene = pola, 


Bee y, for z> +a; amperian loop 
Bee for z > —a. 


Problem 5.15 at 
The field inside a solenoid is ponJ, and outside it is zero. The outer solenoid’s field points to the To (—2), 


t (+2). So: (i) |B = pol(n, — ne) Z, | (ii) [B= = —pol ng a, | (iii) [B=0.| 


From Ex. 5.8, the top plate produces a field pK /2 (aiming out of the page, for points above it, and into 
the page, for points below). The bottom plate produces a field oK/2 (aiming into the page, for points above 
it, and out of the page, for points below). Above and below both plates the two fields cancel; between the plates 
they add up to wok, pointing in. 


(a) | B = poo (in) | betweem the plates, elsewhere. 


(b) The Lorentz force law says F = {(K x B) da, so the force per unit area is f = K x B. Here K = 0, 


to the right, and B (the field of the lower plate) is poov/2, into the page. So| fm = woo2v?/2 (up). 


whereas the inner one points to the ri 


Problem 5.16 


/~onsistent with the solenoid. [Note: N/2ms = n applies only 
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(c) The electric field of the lower plate is 7/29; the electric force per unit area on the upper plate is 
"fe = 0? /2€9 (down). | They balance if pov? = 1/e9, or /eolo = c| (the speed of light), as in Prob. 5.12. 


Problem 5.17 
‘We might as well orient the axes so the field point r lies on the y axis: r = (0,y,0). Consider a source point 
at (z’,y’,z‘) on loop #1: 


aa VK + (y—y')¥— 2/4; dl = da! X+ dy’ ¥; 


Zz 

dV xa2=| dz’ | dy’ O | = (-2' dy')X& + (2' d2')¥ + [(y — y') da’ + x' dy'Jz. 
SB AYR) 
aB Hol dl’ x — pol (—2' dy')& + (2 dx')¥ + [(y — y') da! + a dy'Jz 
Since = 7 

4x 4 4n (x)? + (y-y')2 + (z!)2P/? 
Now consider the symmetrically placed source element on 
loop #2, at (2’,y’,—z'). Since z’ changes sign, while every- 
thing else is the same, the X and y components from dB, and 


dBz cancel, leaving only a 2 component. qed 
With this, Ampére’s law yields immediately: 


B= font z%, inside the solenoid; 
i 0, outside 


{the same as for a circular solenoid—Ex. 5.9). 
For the toroid, N/27s = n (the number of turns per unit 
length), so Eq. 5.58 yields B = pont inside, and zero outside, 


the toroid is large in circumference, so that s is essentially 
constant over the cross-section.] 


Problem 5.18 


It doesn’t matter. | According to Theorem 2, in Sect. 1.6.2, f J - da is independent of surface, for any given 


boundary line, provided that J is divergenceless; which it is, for steady currents (Eq. 5.31). 


Problem 5.19 
charge charge atoms moles grams 


1 
eee volume atom mole gram volume (e)() € \c pews 
e = charge of electron 1,66 10, 
N = Avogadro's number = 6.0 x 1073 mole, 
M = atomic mass of copper = 64gm/mole, 
d density of copper = 9.0 gm/cm?. 


p = (1.6 x 10719)(6.0 x 10°) (3) =|1.4 x 104C/cm?. 
I I 1 ; . 
— = = = . ~ b 7 T 
(b) J aa oY >v asip = F@Bx10)(14 x 104 9.1 x 10-4 cm/s, | or about 33 cm/hr. This 


is astonishingly small—literally slower than a snail’s pace. > 


= be (A) = ee = [2x 107 Nem | 
(c) From Eq. 5.37, fm = 7 ( 7 ) = = =}2 x 10-7 N/cm. 
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a 1 A. - 1 Ay AQ _ 1 1 TIp 7 fond Ho IIo =) C 
cLeS 27€o d’ fe = 2reg ( d ) ~ v2 Qreg ( d ) 2 (S \d )~ yim manele 
fe c (3.0x1010\? 
¢ = 1/,/éofio = 3.00 x 108 m/s. Here == 7 eee dee COS 1.1 x 1075, 
fe = (1.1 x 107°)(2 x 1077) =] 2 x 10!8 N/cm. 


Problem 5.20 

Ampére’s law says V x B = yoJ. Together with the continuity equation (5.29) this gives V-(V x B) = 
poV - J = —puoO0p/Ot, which ts inconsistent with div(curl)=0 unless p is constant (magnetostatics). The other 
Maxwell equations are OK: V x E=0> V-(V x E) =0 (W), and as for the two divergence equations, there 
is no relevant vanishing second derivative (the other one is curl(grad), which doesn’t involve the divergence). 


Problem 5.21 
At this stage I’d expect no changes in Gauss’s law or Ampére’s law. The divergence of B would take the 


form where pm is the density of magnetic charge, and ao is some constant (analogous to €9 


‘and po). The curl of E becomes | VxE=fo)n; | where Jin is the magnetic current density (representing the 
flow of magnetic charge), and fo is another constant. Presumably magnetic charge is conserved, so pm and Jm 
satisfy a continuity equation: V-Jm = —Opm/Ot. 

As for the Lorentz force law, one might guess something of the form ¢g,[B + (v x E)] (where qm is the 
magnetic charge). But this is dimensionally impossible, since EB has the same units as vB. Evidently we 
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is 


F 1 : 
c? = l/eouo: |F = ge [E+ (v x B)]) + am E eer a ies B)| .| In this form the magnetic analog to Coulomb’s 
c | 


a G 
law reads F = — 0 Gena Hits. fF, so to determine ag we would first introduce (arbitrarily) a unit of magnetic charge, 


T 
then measure the ve between unit charges at a given separation. [For further details, and an explanation of 
the minus sign in the force law, see Prob. 7.35.] 


Problem 5.22 


ne im f Tea, all af” 
anf 4 re 


= Mors fin hes 2? +5°)| 


22 


Za + y (22)? +s? 


bol 
4r Zy+ (z,)? + s? 


21 


ae! =! OA > a Bol 1 $s 1 > 
ee eros pee 4n | aise Vz)? +s? at J(a)+s? May ss| ? 

_  _ Hols | 22 — (z)* + s? 1 oe (z ah +8? a ar 

aa An | (zo)? — [(z2)? +87] f(z)? +5? 27 —-[(a)? +587] /(2)? + «flat ot 

_ _Hols (-3) 22 oe 2) pie Hol 29 z é 

a NPY | (en) + 9? V (a1)? + 8? Ans | f(z)? +8? f(a)? +87] 


2) : 22 
and sin@,) = 


or, since sin@; = ———=——— SS) 
/(2,)? + 8? (zo)? + 5? 


= E (sin @2 — sin 6) al (as in Eq. 5.35). 
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f/~ Problem 5.23 
Agzk>B= Vx A= 1S (obe= 2a I= (vx) == |-5 (2)] b= kg. 
Os 8 Lo 


to Os Los? 
Problem mea ; 
V:-A= ~3V-(r xB) = —5(B (Vv xr)—r-(V xB)] = 0, since V x B = 0 (B is uniform) and 
V xr =0 (Prob. 1.62). Vx A= -3V x (r x B) = -F((B-vyr— -V)B+r(V-B)-B(V-r)}. But 
(r- V)B = 0 and V-B = 0 (since B is uniform), and V-r = ete te = =1+4+1+4+1= 3. Finally, 


a) 
(B-V)r = (3.3. +B, 5 +B, 5) @ x+yy+z22) = B,X+B,y+B.%2=B. SoVxA= ~}(B-3B) = 
qed 


Problem 5.25 
-(a) A points in the same direction as I, and is a function ca s (the distance from the wire). In cylindrical 


Abs 
coordinates, then, A = A(s)Zz,soB=VxA= = = a LaF (the field of an infinite wire). Therefore 
1S 
A I I : : ; 
oa = - and | A(r) = HE nsf (the constant a is arbitrary; you could use 1, but then the units 
: A, > I 
pa itivle Mike eb VV xASe™ = é= B. ¥v 
Oz Os 
Fae f T 5 pig Is? 
(b) Here Ampére’s law gives @ B- dl = B2m8 = polenc = Hod 78° = po—— TS” = 
; ‘ wR? R? 
Is + A I 
B= ae @. 7 eal aaa >A= mon ~ b’)%. Here b is again arbitrary, except that since A 
eC 0 i 


az must be continuous at R, — 7a —b*), which means that we must pick a and b such that 


I 
~Paale? - B%2, fors < R; 
TT 
21n(R/b) =1—-(b/R)?. Vilusea=b=R. Then} A= 


I 
— FR in(s/R) 2, for s > R. 


Problem 5.26 


Kees Bat BO Seton <0 ait Sco): z 
A is parallel to K, and depends only on z, so A = A(z) X. 
a es aA K 
B=VxA=| 0/dr d/dy a/az|=2y=4 5. 
Oz 2 
A(z) 0 0 y 
_ _MoK, |. ; ; 
A=- |z| X | will do the job—or this plus any constant. K 
zr 


Problem 5.27 5 ' x 
(a) V-A = — » # fv. ( ) dr’. V- (2) = pO G). But the first term is zero, because J(r’) 


: ‘ : : ‘ * 1 1 
is a function of the source coordinates, not the field coordinates. And sincez = r—r', V (5) =-V' (<). So 
2 2 
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1 J 1 1 
V- (2) =-J-V' (=). But V’: (5) = s(Vid)+S-V" (=). and V'-J = 0 in magnetostatics (Eq. 5.31). So 


J 
Vv: =~V'. =) , and hence, by the divergence theorem, V-A = - 2 fv. 2 dri = 10 é — -da’, 
2 a 4n 2 4n f 2 
where the integral-is now over the surface surrounding all the currents. But J = 0 on this surface, so V-A = 0. ¥ 


J 1 1 
) vx a= 2 [vx — ar’ = 22 [ -(VxJ)-JxV{-—)j dr’. But V x J =0 (since J is not 
4a 2 4n 2 
1 : 
a function of r), and V (¢) = -5 (Eq. 1.101),so Vx A= ~ 2 f i ast 
2 


dr =B. 


J J 
(c) VA = = [v (5) dr’. But V? (=) =JV? (2) (once again, J is a constant, as far as differenti- 
T 


ation with respect to r is concerned), and V? (<) = —4n63 (2) (Eq. 1.102). 
So V?7A = e [se (—475°(2)] dr’ = —poJ(r). V 
7 


Problem 5.28 : 
pol = ps -dl= -| VU - dl = —[U(b) — U(a)] (by the gradient theorem), so U(b) # U(a). qed 


a 
I. I 
For an infinite straight wire, B = = ar oa —Halt would do the job, in the sense that 
TS Tv 


I 
—-VU = Hol V($) = mole goo B. But when ¢ advances by 27, this function does not return to its initial 


value; it al (say) Be 0 os ; < 2m, but at 27 it “jumps” back to zero. 


Problem 5.29 
Use Eq. 5.67, with R + 7 and o + pdf: 


R 
A = poe se afm dr + EO sind tdF 


= _ Howp 1 9 
B= VxA= Venees [sind sind 


I| 
als 
Aye 
WS! 
_ 
oN 
ae 
| 
OY) we ene 
5% 
Nee 
° 
eo) 
a 
DS ? 
=> 
{ 
“| ws 
| 
As on) 
ake 
NY 
2, , 
— Py 
D 
> 
| SE 


Problem 5.30 


(a) mae = FF, => W.(z, ae -fS F,(2',y, 2) dz’ + Cy(y, 2). 
om = F, => Wy(t,y,2z) = + fp F:(2',y, z) dz’ + C2(y, 2). 


These satisfy (ii) and (iii), for any C; and C2; it remains to choose these functions so as to satisfy (i): 
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* OF (ay 2) og Or a OF. (z',y,2z) ,, _ OC2 _ OF, OF, | OF, = 
-[ Dy ea Ae dz Da = F,(z,y,2z) az tpg te FS 
* OF, (z',y, z) } Och _ O02 oe ia OF, ( (x! WY; 2) ae = 
[ 5a dr’ + By Or = F,(z,y,z). Now 5a! = F,(z,y,z) — F,(0,y,z), so 
aC, OC2 


y 
= ~ = = F,(0,y,z). We may as well pick Cp = 0, Ci(y,z) = [ F, (0, y',z) dy’, and we’re done, with 
0 
x y x 
W,=0; Wy= [ F,(z',y, z) da’; W.= [ F,(0,y', 2) dy’ -{ Fy(z',y, z) de 
0 ; 0 0 


(b) V x W = o. 2 rt) a+ ( _ Bs) 9 5 (Me 0) g 


Oy Oz Oz Ox Oz Oy 
=z F. i . z i 
Z F.(0,n.2) ~ f Et) ae! — [ OF 22) ao! 4 (0 4+-F,(2,y,2)19 + [Felasy,2) - 0]. 
0 Oy Oz 
But V - F =0, so the X term is F.(0.¥,2) +f 2FeE H2) a = F,(0,y,z) + F.(z,y,z) — Fx(0,y, z), 
0 


soVx W=F.V 


OW, OW, OW. * OF.(z',y,z) ¥ OF, (0, y’,z) * OF, (2',y,z) 
W= — y z -_ / ? ’ f / ? ’ d '-f y 7 ’ d f 
Vv: ae Tepe + ay O+ aia aes dz’ + : ae ee : Seager ee # 0, 
in- general. 
=z ig y zx y? 
(c) w= [ z'dr' = —~; w.= [ vay ~ [ zdz' = —~ ~— zz. 
0 2 0 0 2 


ze F g 
0/dz d/dy 0/dz 
0 z?/2 (y?/2~ zz) 


igo y? 
w=59+(t-s) 2 Vxwe =yX4+z2yt+r2=F. V 


Problem 5.31 
(a) At the surface of the solenoid, Babove = 0, Boelow = MonTZ = po KZ; fA = 8 soK xa = —Kiz. 
Evidently Eq. 5.74 holds. ¥ . 
(b) In Eq. 5.67, both expressions reduce to (49 R?wo/3)sin@d at the surface, so Eq. 5.75 is satisfied. 
OA poRtwa 2sin@\ _ 2poRwo OA LoRwo x ; 
peeing = <= = ng — = i < fi 
Be hte 3 “3 ) eH) ‘ cae aes sin 6 ; oF | a 3 sin@@. So the left side of 
Eq. 5.76 is —poRwo sin@. Meanwhile K = ov = o(w x r) = owRsin6 ¢, so the right side of Eq. 5.76 is 
—poowR sin d, and the equation is satisfied. 
Problem 5.32 


: : OA OA 
Because Aabove = Abelow at every point on the surface, it follows that ae and a are the same above 
y 


and below; any discontinuity is confined to the normal derivative. 


Babove — Boelow = Ga + Ans K+ “Arsen - “Ase y. But Eq. 5.74 says this equals 
z Zz 
Lok (—¥). So 7 ysten = oe, and PA tasers - etc = —yoK. Thus the normal derivative of the com- 
$ wise OAabove OAbelow 
ponent of A parallel to K suffers a discontinuity —jzoK, or, more compactly: a aa —pioK. 
Problem 5.33 > 


(Same idea as Prob. 3.33.) Write m = (m- i)é + (m - 6)@ = mcos## — msin6 6 (Fig. 5.54). Then 
3(m.-#) # — m = 3mcos## — mcosO# + msin# 6 = 2mcosbF# + msind 6, and Eq. 5.87 + Eq. 5.86. ged 


r 
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Problem 5.34 
(a) m= Ja = 


(b) BY Ps 
r3 


(2 cos @f + sin 66) : 


Hol R? 
223 
is the same, with |z|* in place of z*). The exact answer (Eq. 5.38) reduces (for z >> R) to B © pol R?/2\z|%, 

so they agree. 


Problem 5.35 


: R 
For aring, m = Inr?. Here I > ovdr = owrdr, so m= f, nr?owr dr = 


Problem 5.36 
The total charge on the shaded ring is dg = o(27Rsin 6)R dé. 


The time for one revolution is dt = 27/w. So the current 


(c) On the z axis, 9 =0,r=z,#=% (for z > 0), soi|Bx Z| (for z<0,0=7, # = —%, so the field 


d 
in the ring is J = <t — gwR? sinOd0. The area of the ring 


is 7(Rsin6)*, so the magnetic moment of the ring is dm = ‘ Rsine 
(owR? sin 6 dé) R? sin? 6, and the total dipole moment of the CES ow Rd 
shell is ae 


m = ownR* fo sin® 6d0 = (4/3)ownR', or|m = ST owRt z. 


The dipole term in the multipole expansion for A is there- 
_ bo 4a 4sind - _ HorwR' sin - 

fore Aagip = tn 3 oe =a 3 saa 

also the egact potential (Eq. Sans evidently a spinning sphere 

produces a perfect dipole field, with no higher multipole con- 

tributions. 


Problem 5.37 
The field of one side is given by Eq. 5.35, with s — 


2 
V2 + (w/2)? and sin @) = —sin@, = os, 


22+ w?/2 
_ bol 


4 fz? + (w?/4) TT (w?/2) 


, which is 


. To pick off the vertical 


2 
component, multiply by sing = ge IN for all four 
2? + (w/2)? 
T 2 
sides, multiply by 4: |B = ue = r 


= —— 7. |Fo 
2m (z? + w2/4)/2? + w2/2 


T 2 
z>wu,Bs 5 id z. The field of a dipole for 


TZ 
points on the z axis (Eq. 5.86, with r > z, f + %, @ = 0) is 

Ho ™ 2 
B= —-3%.V 

On zo 
Problem 5.38 

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up 

an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on 


a mobile charge g balances the magnetic attraction: F = g[E +(v x B)| = 0 > E = —(v x B). Say the current 
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7 ~ isin the z direction: J = p_vz (where p_ and v are both negative). 


J B-dl= Bins = poJns? + B = MEY g, 


1 1 
[a = E2nsl = —(p4 + p_)ms?9l > E = ~—~(ps + p_)s8. 
€0 2€ 


1 ‘ )  (HOP-US 3 Lo , v 
s— (p+ + p-)s8 = - [(va) x (=e 4)| = p_v°s8 => py +p- = p_(couov’) = p_ | =} - 
2€o 2 2 C 


Evidently pz = —p_— (1 -—-j= e-, or p. = —7y’p+. In this naive model, the mobile negative charges fill a 


smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since v < c, the effect 
is extremely small. 


Problem 5.39 


(a) If positive charges flow to the right, they are deflected and the bottom plate acquires a positive 
charge. 


(b) guaB=qE > E=vB>V=Et= with the bottom at higher potential. 


(c) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative 
a charge. The potential difference is still the same, but this time the top plate is at the higher potential. 


Problem 5.40 


From Eq. 5.17, F = I f(dl x B). But B is constant, in this case, so it comes outside the integral: F = 
I(f dl) x B, and f dl = w, the vector displacement from the point at which the wire first enters the field to 
the point where it leaves. Since w and B are perpendicular, F = [Bw, and F is perpendicular to w. 


Problem 5.41 
The angular momentum acquired by the particle as it moves out from the center to the edge is 


w= [Ga [naa foxrja=[rxaqvxB)d=afex(axB)=4| fo-B)a- [Bea]. 
But r is perpendicular to B, sor-B = 0, andr-dl =r-dr = $d(r-r) = $d(r?) = rdr = (1/2n)(2ardr). 


R 
SoL= -2 | B2ardr = -2 [Baa It follows that | L = ae where ® = f Bda is the total flux. 
2m Jo 21 2 


In particular, if 6 = 0, then D = 0, and the charge emerges with zero angular momentum, which means it is 
going along a radial line. qed 
Problem 5.42 
From Eq. 5.24, F = f(K x Bave) da. Here K = ov, v = wRsin6 ¢, da = R? sin'6 d0 d¢, and 
Bave = 3(Bin + Bout). From Eq. 5.68, 
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Bin = 5 Ho Ru Z= <HooRu(c0s0F — sin 9 6). From Eq. 5.67, 
= 7 uo Rwa sin? .\ — poR*two 1 @ fsin?@\ 10 /sin®\ - 
Bow = VxA=vx( 3 r? é) = 3 rsin§ 06 \ r? Pe Bee 
= owe (2cos@# +sin96) = note (2cos@# + sin 6 6) (since r = R). 
Bave = tore (4cos6# ~ sin 6 8). 
Kx Bae = (owRsin@) Ga [6 x (4cosét — sin96)} = 4 F “ (owR)? (4cos 6 @ + sin @#) sin 8. 


Picking out the z component of 6 (namely, — sin@) and of # (namely, cos @), we have 


Ho 
a /2 7 
; or = — PO" (owR?)? | 
0 4 


(KK X Bave)z = "5 (owR)? sin? 6 cos, so 


+4 
F,= ~ (wk)? f sin’ 9 cos# dé dd = — ; PO (gwR?)? In (=) 


Problem 5.43 


= HO dedm a\, _ Ho Gedm 
(a) F = ma=¢q@(v x B) = ae = (v x £); Be ge ge eT) 
_ld _ld,,_. dv dv _ 
(b) Because a Lv, a-v = 0. But a-v= 54 (v-v) = 54, (0') =v7,. So crag qed : 
dQ HodeIm @ /T H0FeIm Modem (Vx dr 
(c) SS = m(v x v) + m(r x a) — SOE fodete: © (=) = 0+ See Hedete fr x (v x x] ~ Hem (Y _ ES 
Ss Motel SN ete ee Nk, By pes | a Mote SS Veg EN) 
4 {5try ee “+5 4en} = 4n <- a pop ee 
(4) () Q-$ = Q@- 4) = mir x v)-G — MEME 8). But 2-¢=i-@ =0, so (rx v)-@ =0. But 
r=rf,andv= 5 =7ri+r66+rsin9¢@ (where dots denote differentiation with respect to time), so 
f 6 ¢ seks a dhe os 
rxv=;r 0 0 = (—r? sin 4) 6 + (r76) @. 
Fr ré rsinéd 


Therefore (r x v)-@ = 1r?6 = 0, so 0 is constant. qed 


(ii) Q-# = Q(2-#) = m(rx v) -#~ P(e. 8). But &-# = cos8, and (r x v) Lr > (r x v)-# =0, 50 
Qcos 9 = —Reteden, or Q = — ee And since @ is constant, so too is Q. qed 
Tv 
(iii) Q-6 = Q(2-6) = m(r x v)-6- podedm (¢-6). But 2-6 = —sin0, #-6 = 0, and (rx v)-6 = —r?sin6¢ 


7 : : F Q k . Q Hodedm 
= = 2 me es ft SE a ee 
(from (i)), so Q sin @ mr” sin Od = 7) 2 2? with k = ap 


, . . . ok Re k? sin? 6 
(e) v? = 7? +776? +r? sin? 6¢, but 6=0 and d= =z» 80 7? = y* — 1? sin? er = y? - ——_—. 


r2 
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k 


“ (f) = 5 = See os ate ae (72)" — sin? gd. 


db ¢? (k?/r*) db 


d Ur : UT 
1 Terma [a>0- ge aie is SEEING Oo) SUN |= ksin@’ 


_ H0dedm tan o 
eee A Nee er edhe oo WO ede a 
r(¢) = cos[( — = 6)’ eins 4nmvu 


Problem 5.44 


Put the field point on the x axis, sor = (s,0,0). Then f 
— po | a da = Rdgdz; K = KG = +L 
4n 42 
K(-sin¢x + cos¢y);4 = (s — Rceos¢) KX — Rsingy — z%. 
x y Z 

K x 4 = K —sing cos 0 = 

(s -—Rceos¢) (-Rsing) (-—z) ; 
K [(—z cos ¢) X + (—zsin¢) y + (R — scos¢) Zz]; SA : 
2 = 274+R?+s?—2Rscos¢. The x and y components integrate 


to zero (z integrand is odd, as in Prob. 5.17). 


Ho (R — cos $) 
B. dn nf (z2 + R2 + 52 — 2Rscos¢)3/? oe 


_ poKR ?™ ad dz 
= | (R= soose)| [aaa } ae, 


oe dz 22 oo 2 
2 — p2 2 : 
where d* = R* + s* ~2Rscos¢. Now i: @ FOE SOS a ora ed 


dé; (R—scos¢) = sf [(R? — 8?) + (R? + s? —- 2Rscos¢)]. 


- _ (R ~ scos¢) 
~ Qn Jog (R?2 +5? — 2Rscos¢) 


= bok 2_ 2 ag B 
Ag [cx - ee (R?2 +s? — 2Rscos ¢) a do). 


i’ dd of" ae ell 
0 i) 


a+bcos¢ = at+bcosd V/q2—b a+b 


. Here a = R? + 8, 


_ 4 _; | Va? — 6% tan(n/2)} 4 T\ Qn 
= oe eb |= ze G)- 


b=-2Rs, so a? — b? = R4 + 2R?s? + s4 —4R?s? = Rt —2R*s? + 84 = (R? — 8”)*; Va? — b? = |R? — |. 


_ Hoke (R? — s”) _ bolt R? - 8? 
B,= 2 27 — {| —— +1}. 
rat oe ea 2 i 


bok = bes K 


Inside the solenoid, s < R, so B, = ——(14+1) = poK. Outside the solenoid, s > Ry so B, = ——(-1+1) =0. 


Here K = nI, so| B = pon &(inside), and O(outside) | (as we found more easily using Ampére’s ies in Ex. 5.9). 
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Problem 5.45 
Let the source point be r’ = Rcosdx — Rsingy, and 


the field point be r = Rcos@X + Rsin@y; then 2 = 
R[(cos@ — cos @) X + (sin @ + sing) ¥] and dl = Rsingddk + 
Reos¢d¢y = Rdd(sindk& + cosd¥). 


- 


dlx2 = R’dd sing cos 0 
(cos@—cos¢) (sin@é+sing) 0 


= R*(singdsin + sin? ¢— cos@ cos ¢ + cos” ¢) dbz 
= R?*(1+sin sin ¢ — cos6 cos ¢) dbz = R? [1 — cos(8 + ¢)| dbz. 
oo Mol fdlxa _ Hol nee [ {1 — cos(@ + 4)} _ pol R? 
0 (2R? 


An 3 An — 2R? cos(9 + ¢)}°/ os 4n(2R?)3/2 ef DPSS 
pol , f* dd _ pol . 6+¢ 
~ gVirR Jo Saale vpTy 7 een? {2 an ( 4 yt} 


Problem 5.46 


_ Hol R? ene eee 
(a) From Eq. 5.38, 5) {= + (d/2+ z)2)°/? a [R? + (d/2— z)2}°/? ; 


ies 8&r@R 


0B _ pol R? (—3/2)2(d/2 + 2) ewe aon 
Oz 2 | [Re + (d/24+ 27? [R24 (d/2 - 2)?” 


_ Sol R? —(4/2+2) (d/2—2z) 
2 [R2 + (d/2+ z)2]*/? — [R2 + (d/2 — z)2}>/? J 

_ 3uoIR? <d/2 d/2 ao 
2 (fre +ca2ypP? [2 + (4/2)? 


aB 
Oz z=0 


(b) Differentiating again: 


PB = Hoey ~1 n —(d/2+ z)(-5/2)2(d/2 + z) 
82? 2 UR? 4 (a/2+2)2P? [R?2 + (d/2+ 2)?" 
Pt -1 , d/2 Seca Ey, 
[R? + (a/2— 2)? [RP + (4/2 — 2)?]"? 
OB 7 3pol R? ~2 n 2(5/2)2(d/2)?2 = 3p0 1 R? (- 2 @ r *) 
92” |, 0 2 Ue + aap? [re + (ajay? J (Re + (ayy? - 3 


3pol R? 2 2 ‘ . : 
= [R? + (d/2)2]"? (d? - R*). Zero if in which case 


B(O) = + = polR = : 
: ae ane VBR AS “HE 
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a Problem 5.47 
(a) The total charge on the shaded ring is dg = o(2mr) dr. The 
time for one revolution is dt = 27/w. So the current in the ring 


d 
is [= = = gwrdr. From Eq. 5.38, the magnetic field of this 
2 
ring (for points on the axis) is dB = 0" Gry dr z, 


and the total field of the disk is 


R 3 d. 
B= mee | Saag eR Let u=r*, sodu=2rdr. Then 
2 Jo (r?+27)3/2 


2 a i udu _ Hoo |, ut 2z? 
- 4 Jo (u+z2)8/2 ~ 4 Vut 22 


(b) Slice the sphere into slabs of thickness t, and use (a). Here 
t = |d(Rcosé)| = Rsiné dé; 

ag > pt = pRsinddé;R - Rsin@; z +> z— Reosé. First 
rewrite the term in square brackets: 


R? 
[oow ‘S + 22?) 9 | ‘ 
= re “PAG [OY 
2 R2 + 22 


0 


[aa 2e) |= 2(R? + z?) R? 
VR? + 2? ~ SR? 4 2? VRP + 2? 

R2/20 | 

= 2//R? +2? -— =e = - 2]. 


‘a But R? +z? - R? sin? 6 + (z? —2Rzcos@ + R? cos? 6) = R? + 
z* — 2Rzcos 6. So 


fg p2 +2 
B. = bee [ sin 6 d@ | VBP 4? Be cos veered (z - Rcos@) 
0 


VR? + 2? — 2Rz cos 
Let u=cos@, sodu=—sin@d0; 0:0 -+>7=>u:1- —1; sin?@ =1—-?. 


1 2 2 
(R*/2)(1 — u*) | 
= Rw R24 22 ~2Rzu —- ——————————— — z+ Ru| du 
De io | a OO REE GORA ‘i 


R? 
= Lop Rw [n - “5 Ue _ Iz) -—I, +55 P 


: 1 
in VRP + 2? — 2Reudu = —3— (RP + 2? - 2Rzu) | 


1 
-1 


1 2 2 3/2 2 2 3/2] i _ ps _ 3 
eee [(R + 2° —2Rz)""" — (R? + 2? + 2Rz) = rar [(z — R)® — (2+ R)?] 
_— 3 9,2 2 ps _,3_ 9,2p_ 2 p3\ _ 2 2 2 

Spy (2 ~ 827 + 32K? — RS ~ 2° —32°R—32R R) = 3(32 +R), 


pV TPR = ye lle - R)- + I= 5 


1 
: ee nD 7 
-1 VR? + 2? — 2Rzu Rz 1 z 
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du 


1 U2 
Iz = if 
1 VR2 4+ 22 —~2Rzu 
1 
eh te [8(R? + 27)? + 4(R? + 27)2Rzu + 3(2Rz)*u?} VR? + 2? - 2Rzu| 
-—1 


60R3 23 


=~ gopace { BUR? + 22)? + 8R2(R? + 2?) + 12K") (2 - B) 


— [8(R? + 22)? — 8Rz(R? + 2”) + 12R?2?] (2 + R)} 


i 


cia {z [16R2(R° + 2*)] — R[16(R? + 27)? + 24R*27]} 


———16R (ate a eT ao Read ieee Rts? | 


~ SORES ? 


( 5 p22 at) = : (# + oy *) I :f du=2z; I, nf du =0 
= _- = _ 4 => — i. = udu = U. 
15R2z3 \ 2 1523 a 4 - 


2 2 2 R? 2 R? 4 2 5 2 
= — R*)\)- —- nie eee — 2) 
ms palin | (0 PRN Boe CB 
2RY Be ORS” oR? 
= polpwe | 224 a et Be 
a po (2 Bz oz | e283 Be :) 
2R° Q UoQu R? 
But p = ———— B= ———- 2 
MoM Te YP 473)nR? °° 10023 
Problem 5.48 
Hol fdl'xa . : ; 7 ere 
Fie B= ~Rcosex + (y — Rsing) ¥ + 2%. (For simplicity Pll drop the prime on ¢.) 


= R? cos*¢+y? — 2Rysing+ FR’ sin? $42? = R?+y* +2? ~2Rysing. The source coordinates (z',y’, 2’) 
satisfy z' = Reos¢ > dz’ = —Rsinddd; y’ = Rsind > dy’ = Reosddg;z' = 0 > dz' = 0. Sod! = 
—Rsindddx + een 


z 
dl’xa2= Rarwae Reosdde 0 | =(Rzcos¢dd) & + (Rzsinddd) ¥ + (—Rysin ddd + R? d@) i. 
-—Rcosd@ (y—Rsind) z 
B= pol Rz i cos ¢ dp _ Hol Rz 1 1 i _ 
4x Jo) (R24 y2 +22 — 2Rysin >”? 4n Ry \/R2 4 y? + 2? — WRysin} |o ; 


since sind = 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms 
of elementary functions. 


B.=0. B, = Mole ‘s sing d¢ _p, — wotlk i (R—ysin ¢g) dg 
. : 4m Jo (R24 y2 +22 — 2Rysin g)*/?’ : 4m Jo (R24 y? +22 — 2Rysin ac? 
y 


Problem 5.49 
From the Biot-Savart law, the field of loop #1 is B = 


holy r dl, xh 
4n J, 4 


; the force on loop #2 is 


1 h x 7 f 
F =p $ dy x B= Hong ff AX) Noe alar seth oeay Sack Sa = Bede ata 
2 1/2 
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P=-Ban{f $5 =; (dh - dlz) — gat iS> oe} 


The first term is what we want. It remains to show that the second term is zero: 


a ~. ro a B 
a= (x2 - 11) + (y2— m1) ¥ + (22 — 21) 2, 80 V2(1/2) = Ba, l(t — 21)? + (y2— 31)? + (22 m)?] 1? & 
1/72. @ = 
+ oe [(w2 — 21)? + (yo — 1)? + (2 ~a)*J? ¥ 4 Bay Ue2 — 21)” + (ua — 11)” + (22 — 21)" sa 
2 
a fara ¢ (eu) 5_ (aa), S -5 Ss 5. so f =. -dly = - $V (; ): dlz = 0 (by Corollary 


2 in Sect. 1.3.3). qed 
Problem 5.50 ; 
Poisson’s equation (Eq. 2.24) says V?V = =p For dielectrics (with no free charge), pp = —V- P 
0 
1 P is oe 
dre 
Ble) 7 
so the analogy is P -> —egE, and hence V(r) = —— ee ged 


(Eq. 4.12), and the resulting potential is V(r) = dr’. In general, p = e9 V - E (Gauss’s law), 


[There are many other ways to obtain this ae For Bane using Eq. 1.100: 


Vv: (3) =-V'. (4) = 476° (2) = 4083 (r —r'), 


ve) = [veer e rye =-2 [vey (4) ar =e fF -[vvenar-Z gvens. 
t t t . E(r') -4 \. a ' 
(Eq. 1.59). But V'V(r') = —E(z’), and the surface integral -» 0 at 00, so V(r) = ~~ =r dr’, as 


before. You can also check the result, by computing its gradient—but it’s not easy.] 


Problem 5.51 
(a) For uniform B, fj (B x dl) = Bx fy dl=[Bxr]# A = -3(B xr). 


(b) B= 2° 4, so scat 2 ee Hoe) og =| Boe CL 2 awa 
2b 20 a b 


27a 
I > I 
(d) B= 4 B(Ar) = tee -A=- r(r x 6) [5 AL d\ = “pat * But r here is the 
vector from the origin—in spent coordinates r = s8+z%. So A = ——— por |s (8 x b) + 2(% x $)}, and 


The examples in (c) and (d) happen to be divergenceless, but this is not the case in general. For (letting 
L= ARs aes) dX, for short) V- A = -V-(r x L) = =e (V xr)-—r-(V x L)] = r-(V x L), and 
VxL= is A[V x B(Ar)] dA = fo (Vx B(Ar)] d\ = Ho ue AI(Ar) dA, so V- A = por: So A?J(Ar) dA, and 
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct 
an explicit counterexample, we need the field at a point where J # 0—say, instde a wire with uniform current. 
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Here Ampére’s law gives B 21s = piglenc = ods” => B= tes, >, so 


A = -rx [ a(427) asda = ~H0 9 xg) = Mee (z8 ~ sz) 
0 
By ges PON NTS area Os ke 
VA = 5 sant) + a s*){ = r 528? riage #0. 


Conclusion: (ii) does not automatically yield V-A = 0. | 


Problem 5.52 
(a) Exploit the analogy with the electrical case: 


= 1 1 a\a 2 . ey 1 pf 

BN age ee AOA rN ER ee ea een) 
— Moan. ae- as 

B= 7-7/3 -f)#-m] (Eq. 5.87) =-VU, (Eq. 5.65). 


Evidently the prescription is p/eg- 3 pom: |U(r) = An 
(b) Comparing Eqs. 5.67 and 5.85, the dipole moment of the shell is m = (47/3)woR* Z (which we also got 


r pon 
in Prob. 5.36). Using the result of (a), then, | U(r) = Howe co for r > Re 


Inside the shell, the field is uniform (Eq. 5.38): B = 390wRZ, so U(r) = —2oowRz + constant. We may 


as well pick the constant to be zero, so| U(r) = ~2oowRr cos@|for r < R. 


[Notice that U(r) is not continuous at the surface (r = R): Uin(R) = —ZpoowR? cos6 A Uou(R) = 
5 low R? cos@. As I warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from 


places where there is current!] 


= wow T(,_ 8) gg (4-87) nag] = wy = Up 1M g__1 WG 
B= ink i(2 ar; ) cost (1 aD sind @} =—VU = AR 30° pane oe” 


OU 
ao = 0 > U(r, 6, ¢) lems Ut, 6). 
2 2 
roe = (em) (1 spe) se Ue) =- (See) (1- gaa) ease 
2 3 
oe = (arm) (pe) ae =e) ae) ae 


Equating the two expressions: 


2 : 2 
3 Ga) (1 ~ i) rcosé + f(r) = — Gaa (1- a) rcos6 + (8), 


or 


a 
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But there is no way to write r’cos@ as the sum of a function of 6 and a function of r, so we’re stuck. The 
reason is that you can’t have a scalar magnetic potential in a region where the current is nonzero. 
Problem 5.53 

(a) V-B=0, Vx B= poJ, and V-A=0, VXxA=B +a=B [2a 


'r', sO 
l (Bs 
V:A=0, Vx A=B, and V-W=0 (we'll choose it so), Vx W=A > We 7a 


(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I'll 
try something of the form W = ar(r-B) + (r*B, and see if I can pick the constants a and # in such a way 
that V-W=0and Vx W=A. 

9 2 Oz Oy Oz 
V-W=a((r-B)(V-r)+r-V(r-B)) + [r?(V-B)+B-V(r?)]. Vr= a ws ay 7 5, a b+1t1=3; 
V(r-B) =rx(VxB)+Bx(Vxr)+(r-V)B+(B-V)r; but B is Bear so all derivatives of B vanish, 
and V x r = 0 (Prob. 1.62), so 

) ) 


re) 
-B) =(B- = Seaer ry : ee —\(ci+y$ +28) = BR 5+B,2=B: 
V(r-B)=(B-V)r (B= + gy + Bag) @R+ U9 +28) ax+ Byy + B,2=B; 
re) 


V(r?) = (ag +95 +25.) (x? ty? +2") = WK + QF +2z% = 2. So 
V-W =a([3(r-B) + (r-B)} + 8[0 + 2(r- B)] = 2(r- B)(2a + B), which is zero if 2a + 8 =0. 
Vx We=a([(r-B)(V xr) —rx V(r- B)| +4 [r*°(V x B) —Bx V(r?)] =a [0 — (r x B)] + 8 [0 — 2(B x r)] 


= -(r x B)(a- 28) = —F(r x B) (Prob. 5.24). So we want a — 26 = 1/2. Evidently a — 2(—2a) = 5a = 1/2, 


or a = 1/10; 8 = ~2a = —1/5. Conclusion: |W = [r(r - B) — 2r7B] .| (But this is certainly not unique.) 


(c) Vx W=A> f(V x W)-da=fA-da OrfW-dl= 
f A-da. Integrate around the amperian loop shown, taking 
W to point parallel to the axis, and choosing W = 0 on the 
axis: 


-Wl= i (ae Hen) lgd5 = ne (using Eq. 5.70 for A). 
0 
2 
W = ~ Hons z|(s < R). 
I I z - 
For s > R, -Wl = a ay Au ) Sta Fide = po bom en pont in(s/R);: 


es ——— {1+ 2In(s/R)] Z| (s > R). 


Problem 5.54 
Apply the divergence theorem to the function [U x (V x V)}], noting (from the product rule) that 
V-(Ux(V x V))=(V x V)-(V x U)-U-[V x (V x V)]: 


[vx x V)] dr= [ {((V xV)-(V x U)-U-[Y x (7 x V)} dr = $ [Ux (Vx V)]-da, 
As always, suppose we have two solutions, B,; (and A) and Bz (and A2). Define Bs = By — B, (and 


A3 = Az — Ai), so that V x A3 = Bz and V x B; = V x B, — V x Be = pod — pod = 0. Set U=V= Az 
in the above identity: 
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fw Ag) «(0 X Ag) — Ag= (0 (7 x Ag) dr = [tes (BYRAe XR Bade [BoP ar 


= § [A3 x (V x A3)]-da= $lAs x B3)- da. But either A is specified (in which case A3 = 0), or else B is 


specified (in which case B3 = 0), at the surface. In either case $(A3 x B3)- da = 0. sof [we 3)° dr = 0, and 
hence B; = Be. qed 


Problem 5.55 


From Eq. 5.86, Biot = BoZ ries = +sin 66). There- 
ane os Lomo = Lo™o 
fore B-f = Bo(%-T) — 473 7 2cosd = (Bo ~ 33 ) cas 8. 
This is zero, for all 8, when r = R, given by Bo = at FS: or 
; 1 
R 


my \*/8 
= a) .| Evidently no field lines cross this sphere. 


2nBo 


Problem 5.56 


Se areca 
(Qr/w) Qn’ 


m_ Q wR? — Q — aes L,| and the gyromagnetic ratio is aoe 
L° 2MoR? 2M | \QM)™” eee a 2M 


b) Because g is independent of R, the same ratio applies to all “donuts”, and hence to the entire sphere 
Pp : 


(i= Seas we Re 2 = our 2. L= RMv = MuR?.L = MwR?%. 


ee ee; 
(or any other figure of revolution): | g = Va 
Cle eh _ eh _ (1.60x 10~19)(1.05 x 10734) =[4 Ges 10 Am? | 
2n2 4m 4(9.11 x 10-31) — ; 


Problem 5.57 


1 3 
(a) Bave = aypare | Ba = aos [0 x Ader 


3 = 3 Lo J ‘ 
aa fA x da = oped { {ca} x da 


“Tey ie {go aa} dr'. Note that J depends on the 
source point r’, not on the field point r. To do the surface 
integral, chose. the (x,y, z) coordinates so that r’ lies on the z 
axis (see diagram). Then 2 = \/R? + (2)? — 2Rz‘cos6, while 
da = R* sin@ dO d¢#. By symmetry, the z and y components 
must integrate to zero; since the z component of f is cos@, we 
have 
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1 6 6sin 6 
¢ ide = 38) eR ein Od SOAR 8 shies 
a R? + (z')? — 2Rz'cosé 0 WR? + (z')? — 2Rz' cos 


Let u=cosé@, so du = —siné dé. 


1 
= annie | Setar enshe Sn any, 
-1 JR? + (2')? — 2Rz'u 
2 [2(R? + (2')?) + 2Rz'u] 
- 2g) _ 
ane 3(2R2')? 


1 


R? + (2')? — ana} 


=1 


2nR? 4% 2 1y2 ! 1y2 ' 
—— {[R + (2')? + Rz'| JR? + (2)? — 2Rz! — [R? $+ (z') — Ra!) JR + (2)? + 2R2’} 


3(R2')? 
= - sae | {[R? + (2)? + Rz'] |R— 2'| — [R? + (z')? — Re] (R+2z')} 
4n ,. 40, ; 
grtaar (r' < R); 


3 3 
4nR 4n R of GSR. 


eee 


ster 3 GP 


3 4 
For now we want r’ < R,s0 Bave = ane Jo xr’)dr' = an fax) dr', Nowm = 3 [(rxJ) dr 
Ho 2m 
(Eq. 5.91), so Bave = —-—=>. qed 
4n R3 
. 3 4 : J xa 
(b) This time r' > R, so Bave = — (any =A | (3 x ad dr' = re = 2 dr', where 4 now goes 


from the source point to the center (2 = —r’). Thus Bave = Been. qed 


Problem 5.58 4 
(a) Problem 5.51 gives the dipole moment of a shell: m = “sp owR! z. Let R- 1r,o — pdr, and integrate: 


ae ae 4n RS Q 1 
m = Fupe f T dr = ~ wp 2. But p= (4/3) R3’ so m= -QuR Z. 


Ho 2m | po 2Qw , 
b) Bae = ——= = : 
(b) Ba 4n R3 4n 5R 


~ Homsing > | uo QwR? sind 5 


(d) Use Eq. 5.67, with R - 7,¢ > pdf, and integrate: 


. R . 5 2: 
Bowp sind - 4,. bow 3Q sin@R° - Lo QwR* sind + 
yeep sie scat Se ak saat age a) aaa 
3 7 bf rar oR eo 8 ae ae 


This is identical to (c); evidently the field is pure dipole, for points outside the sphere. 


2 2 ‘ 
(e) According to Prob. 5.29, the field is B = Howe {e _ oa) cos Ff — (1 ~ sa) sin 0 al. The average 
us 
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r~ obviously points in the z direction, so take the z component of # (cos @) and 6 (— sin 6): 


LowQ 1 3r? 6r 
Baye = sop Ga Ie- aE) cos” 6 + ( oe sa) sin *6| T sin @ dr d@ dd 
nT 3 5 3 5 
2.2 SOU 5 (F- dam) cos? 6 + (4 - iam) sin? | sin 6 d6 
0 


(402)? 3 55K? 3 55R? 
_ 3ptowQ 23 ™ (16 7 . _ 3u0wQ 1” 2 ; 
Ss R P =z COS” 6+ = sin’ 8) sin@d@ = ee af (7 + 9cos” 6) sin 6 dO 


pow _ 3 _ powQ _ HowQ 
= aa 7 cos@ — 3cos 6)" = 000K = ageP (same as (b)). ¥ 


Problem 5.59 

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard 
Eq. 5.87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a 
delta-function, Ad°(r), with A selected so as to make the average field consistent with Prob. 5.57: 


Bave = 


4 R3 4n R3 


1 3 3 Ho 2m 2uom 
———— d ae = 
(4/3)nR3 [rs (r) dr A= >A 4 . The added term is He md°(r). 


Problem 5.60 
(a) Idi + Jdr, so bo Pal '\" P. (cos 6)J dr. 


(b) Amon = = [ser = ie. ® P (Prob. 5.7), where p is the total electric dipole moment. In magne- 


i tostatics, p is constant, so he 0, and hence Amon = 0. qed 
(c) m=Ja= LT $e x dl) + m= i f(r xJ)dr. qed 


Problem 5.61 
For a dipole at the origin and a field point in the xz plane (¢ = 0), we have 


B= “(2cosd# + sind 6) = - “7 [2cosO(sin 8X + cosO#) + sin 6(cos 0X ~ sin 8 Z)] 


= Hain pcos + (200 § — sin? 6) %}. 
TT 


Here we have a stack of such dipoles, running from z = 
—-L/2 to z = +L/2. Put the field point at s on the z 
axis. The X components cancel (because of symmetrical- 
ly placed dipoles above and below z = Q), leaving B = 


Ble 29 
ro 2M z% / Gor ea) a, where M is the dipole mo- 


73 
ment per unit length: m = Im R? = (ovh)rR? = owRn RPh > 
; 1 6 
M = = now. Now sing = &, ie og eee 
h Tr rs 33 


s 
-—scot?d >dz= 
sin? 6 


Lo : 
B= 2 (nown®) 4 f (3 cos? 6 ~ 1) 
2n n/2 


R3 oe 
= a % (—cos* 6 + cos6) 


8 


But sin), = SS, 
s? + (L/2)? 


and cos6, = 


n {2 


A 39 R3 Om 
SS gat Ms [ose nae 
n{2 
R : 
—(L/2) Loow RIL 5 


soiB= 
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Chapter 6 


Magnetostatic Fields in Matter 


Problem 6.1 
1 
N = mz X Bi; Bi = = (3m -#)# — mJ; f= ¥;m1 = m2; mp = my. B= ee 
Ho MM (<a) _ _ Ho Mma » _ ot _ _ Ho (abl)? ’ 
N=-— yxz)= ——&. Here m, = ra7I, m2 = b?I. So|N = —— %.| Final orientation 
4nr 73 4n 3 4 73 
(2), 
Problem 6.2 


dF = Idi x B; dN =r x dF = Ir x (dl x B). Now (Prob. 1.6): r x (dl x B) +dl x (Bx r) + Bx 
(r x di) = 0. But d[r x (r x B)] = dr x (r x B) + r x (dr X B) (since B is constant), and dr = dl, so 
dl x (B x r) = r x (dl x B) — d[r x (r x B)]. Hence 2r x (dl x B) = d[r x (r x B)] — B x (r x dl). 
dN = 3] {d[r x (r xX B)]-~ Bx (x dl)}. «|. N= 41 {¢d[r x (© x B)] -B x ¢(r x dl)}. But the first term 
is zero (fd(---) = 0), and the second integral is 2a (Eq. 1.107). SOoN=-I(Bxa)=mxB. qed 


Problem 6.3 


According to Eq. 6.2, F = 2rIRBcosé. But B = 


Ho [3(eoy- Rm and Bcos#@ = B-y, so Bcos@ = 
Ho 3, (3(mui -£)(F-¥) - (my - 9]. But m,-y = 0 and 


kf 
fF-y = sing, while m)-f = m,cos@ ., Bcos@ = 
Ho 13m, sin ¢ cos ¢. 


F = 2rIR# 43m sin ¢cos ¢. Now sing = #, cos¢ = Vr? — R?/r, so F = 342m), [R2Yo EE 


3 

But IR?x = m2,s0 F = 389 my mL while for a dipole, R <r, so F= oa a 
(b) F = V(m2- B) = (m2: V)B = (m2 4) [42480 - 2)2 — m))] = $2 mimo 4 (3), 

2m, —34 

* z 
3 
or, Since z=r:|F = - a le 
TT T 


113 


114 CHAPTER 6. MAGNETOSTATIC FIELDS IN MATTER 
Problem 6.4 


dF = I {(dy¥) x B(0,y, 0) + (dzz) x B(0,«, z) — (dyy) x B(0,y, €) — (dzz) x B(0,0,z)} 
= 1{-(dy§) x [B(0,y, €) ~ BO,y, 0)] +(dz2) x [B(@, ¢,z) — BQ, 0, 2)|} 


~ 0B ~ -oB 
\ 6: NC Gy 
0B OB 
2)e = aB ~~ OB aB ~~ 0B 
=> Ie {2 x Oi ~yx =}. [Note that [dy Beloes RE ate and fdz By loo. © € By See | 
x y Zz x y z 
F=mé| 0 0 Tdi 20 1 0 =m {9 ag Ey g oP: 1 
oB, OBy OB,| |aB, OBy 8B, 8 dy dz dz 
by dy dy Oz Oz Oz 
OB OB. ) OB B, 2 
=m E oh +9 Dy +2 5 J (wing V-B = 0 to write By + a = 3 ) 


But m- B = mB, (since m = mx, here), so V(im- B) = mV(B,) =m (Bex + Bay 4 2Bez). 
Therefore F = V(m-B). — qed 
Problem 6.5 


(a) B = po Jozy (Prob. 5.14). 


m-B=0, so Eq. 6.3 says 
() mB = mapa 


(c) Use product rule #4: V(p- E) 
= px(VxE)+Ex(Vxp)+(p V)E+(E-V)p. 
But p does not depend on (z, y, z), so the second 
and fourth terms vanish, and V x E = 0, so the 
first term is zero. Hence V(p-E)=(p-V)E. qed 

This argument does not apply to the magnetic analog, 
since V x B #0. In fact, V(m-B) = (m- V)B + po(m x J). 
(m-V)Bo = mox(B) = mopoJoy, (m+ V)Bs = mo Z (uoJoz¥) = 0. 
Problem 6.6 

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to 
be paramagnetic. The rest (having an even number) should be diamagnetic. 
Problem 6.7 


Jy = VXM=0;K,=Mxni=Mo¢. {M A 
The field is that of a surface current K, = Md, 
but that’s just a solenoid, so the field 


and inside B = po Ky = poM. Moreover, it points upward (in the drawing), so 
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Problem 6.8 
VxM=J,= aC ks*)@ = —(3ks?)% = 3ks%, K,=M x fi= ks?( x 8) = —KkR?2. 
So the bound current flows up the cylinder, and returns down the surface. (Incidentally, the total current should 


be zero... is it? Yes, for fJpda = fo" (ks) (ms ds) = 2xkR3, while [Ky dl = (—kR?)(27R) = —2rkR3] 
Since these currents have cylindrical symmetry, we can get the field by Ampére’s law: 


B-2xs = polenc = no | J, da = Qrkpos® => = poM. 
0 
Outside the cylinder Ienc = 0, so 


Problem 6.9 


[K,=Mx a= M¢.| 
(Essentially a long solenoid) 


B (Essentially a physical dipole) 


B (Intermediate case) 


[The external fields are the same as in the electrical 
case; the internal fields (inside the bar) are completely 
different—in fact, opposite ih direction. ] 


EEE 


Problem 6.10 
K, = M, so the field inside a complete ring would be oM. The field of a square loop, at the center, is 
given by Prob. 5.8: Bsg = V2 pol/aR. Here J = Mw, and R = a/2, so 


2 poM 2V2 
Bigg = 2H = Whol, net field in gap: 
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Problem 6.11 

As in Sec. 4.2.3, we want the average of B = Bout + Bin, where Bout is due to molecules outside a small 
sphere around point P, and Bin is due to molecules inside the sphere. The average of Bout is same as field at 
center (Prob. 5.57b), and for this it is OK to use Eq. 6.10, since the center is “far” from all the molecules in 
question: 


Lo M x4 
An oe 
outside 


Aout = dr 


The average of Bin is 42 (24¢)—Eq. 5.89—where m = $7R°M. Thus the average Bin is 29M/3. But what is 
left out of the integral Aout is the contribution of a uniformly magnetized sphere, to wit: 249M /3 (Eq. 6.16), 
and this is precisely what Bj, puts back in. So we’ll get the correct macroscopic field using Eq. 6.10. qed 


Problem 6.12 


z 
; : RN LR 
(a) M = ksz; J, = VXM = —ko; Kx =M X= KRG. sss, 
B is in the z direction (this is essentially a superposition of solenoids). So 
Use the amperian loop shown (shaded)—inner side at radius s: if : 


§B- dl = Bl = polenc = po [f Joda + Kel] = po [-kI(R — 8) + ERI] = pokls. 


(b) By symmetry, H points in the z direction. That same amperian loop gives $H - dl = HI = piol;.,. = 0, 


since there is no free current here. So (H =o} and hence Outside M = 0, so B = 0; inside 


M = ksz, so B = pioksz. 
Problem 6.13 


(a) The field of a magnetized sphere is 2 9M (Eq. 6.16), so| B = Bo — = 10M, with the sphere removed. 
7 I 
In the cavity, H = 1B, so H = 7 (Bo — 249M) = Hp + M- 3M >/H = Ho + 3M. 


(b) The field inside a long solenoid is 9. Here K = M, so the field of the bound current on 
the inside surface of the cavity is 9M, pointing down. Therefore 


1 1 
1) ~ nM) = By -M = [HEF 


c 
(<) gv —_>) Ky This time the bound currents are small, and far away from the center, so 
while H = 1B) =H), +M=>(H=H)+M_| 


[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the medium; in the 
sphere (intermediate case) both B and H are modified.] 


Ky 


H= 


iv Problem 6.14 
. M: ; B is the same as the field of a short solenoid; H = -B—M. 


Ho 


[| 
—————— ie 
[SSS 


i 


iG 


Problem 6.15 


UI 


a “Potentials”: 
: Win(r,0) = SD Arr'P(cos8), (r < R); 
{ Wout(r, @) Dy FL; P(cos 6), (r>R). 
Boundary Conditions: 
{ (i) Win(R, @) = Wout (R, 8), 


(ii) —Shou| + OMin) = M+ = Mé%-%= Mcosd. 


le In 


(The continuity of W follows from the gradient theorem: W(b) — W(a) = f. P VW -dl= — i H- dl; 


if the two points are infinitesimally separated, this last integral > 0.) 
(ij) => AR= Pan Bp rt A. Lee a ee 
(ii) > YU+1 ) Bt Pi (cos 8) + SAB catia M cos. 
Combining these: 


S21 + 1)R'-1 A) P,(cos6) = Mcos6, so A, =0 (1 #1), and3A,; =M > Ay = ~. 
} 
Thus Win(r, 0) = ses cos§ = 2, and hence Hi, = -VWin = = % = —=M, so 
1 2 
B = po(H + M) = po —gM+M = gHoM. v a 
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Problem 6.16 
poll + xm gd. mi ¢ 
fH-di=I;,. = 1, 50H = 7g. B= nom a Dn lara 


10 f Xm 
J = vxM = 25. (422) a =[6 =(0.] Ky = 


Total enclosed current, for an amperian loop between the cylinders: 


I+ Xm 2na = =(1+xm)I, so fs: ‘d= Hotere = =po(l+xm)I > B= 


Problem 6.17 


From Eq. 6.20: $H - dl = H(2as) =I;.,. = oe ), : - 


— nares. Nae 


r (s >a) 


2s? 


Js = XmJy (Eq. 6.33), and Jy = <a, so (same direction as J). 
a? 
K,=Mxfi=ynH xa <—— | (opposite direction to J). 


Ip = Jp(xa?) + Ky (220) = Xml - XmI = ={6] (as it should be, of course). 


Problem 6.18 
By the method of Prob. 6.15: 
For large r, we want B(r,@) + Bo = Boz, so H = aB > 1 Bo z, and hence W > — 5 Boz = 


1 
te Bor cos @. 


Is HoUltxm)Is ‘ 
Hat gash soB= pH = aie (s <a); 


“Potentials”: 
Wia(r,8) = Arr! P(cos 8), (r < R); 


Wout(r, 9) —1 Bor cos) +S) Air Pi(cos6), (r > R). 
Boundary Conditions: 
{ (i) Win i, 9) = Wour(R, 9), 

(i) py BM + a | = 0. 
(The latter follows from Eq. 6. 56.) 


(ii) > po Pra cos§ + S-( i+ 1) gate (cos 6) | +H ULAR 1 P(cos@) = 0. 


For | £1, (i) > Br = R™*1A), so [po(l + 1) + wl]A:R'! = 0, and hence A; = 0. 
For! = 1, (i) > A\R = —2BoR+B,/R?, and (ii) => Bo + 2u0Bi/R3 + pA; = 0, 80 Ay = ~3Bo/(2u0 +H). 


3Bo 3Boz 3Bo Q 3Bo 
Win(r,0) = —-—-—rcos6 = — Hin = -VWan = St = 
inl) (Quo +p)” (p10 + 1) . i" @uo+H) (po +n) 
3pBo An. 
Papte se (ey 
ee po +B) (85 : 
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By the method of Prob. 4.23: 
Step 1: Bo magnetizes the sphere: Mo = ¥mHo = molten) Bo: This magnetization sets up a field within 
the sphere given by Eq. 6.16: 


2 
B, M 
= gHo o= 


= = Xn_ 
ren Bo = =*Bo (where « = ;f2— ). 


Step 2: B, magnetizes the sphere an additional amount My, = Bi. This sets up an additional field in 
the sphere: 


The total field is: 


B 
B= Bo+ Bi +Bot+-:-- = Bo + (2«/3)Bo + (2x/3)*Bo +-:- = [1 + (2/3) + (2/3)? + | Bo = oR) 
1 3 _  84+3x¥m | 31+. Xm) ojp= (7 2%,)\p 
1—2x/3— 3 — 2Xm/(1+ Xm) 3+ 3Xm — 2Xm 3+Xm ' 7 1+Xm/3 

Problem 6.19 

Am = = 4m = -£77B , where V is the volume per electron. M = ymH (Eq. 6.29) 

e’r 

= nthe B (Eq. 6.30). So Xa = — <> h0. {Note: xm < 1, so I won’t worry about the (1 + ym) 
term; for the same reason we need not distinguish B from Beise, as we did in deriving the Clausius-Mossotti 
equation in Prob. 4.38.] Let’s say V = $mr?. Then xm = —#2% (24). Pll use 1 A= 107! m for r. 


Then Xm = ~(10-7) (agentes) = which is not bad—Table 6.1 says ym = —1 x 10-5. 


However, I used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital 
radius is smaller for the inner electrons, they count for less (Am ~ r?). I have also neglected competing 
paramagnetic effects. But never mind ... this is in the right ball park. 
Probiem 6.20 

Place the object in a region of zero magnetic field, and heat it above the Curie point—or simply drop it on 
a hard surface. If it’s delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it 
back and forth many times; each time you reverse the direction, reduce the field slightly. 


Problem 6.21 


(a) Identical to Prob. 4.7, only starting with Eqs. 6.1 and 6.3 instead of Eqs. 4.4 and 4.5. 
(b) Identical to Prob. 4.8, but starting with Eq. 5.87 instead of 3.104. 


(c) U = —#24,(3cos 6 cos 62 — cos(2 — 4:)|mime. Or, using cos(#2 ~ 6) = cos, cos #2 — sin 6, sin, 
U= ES (sin 6; sin 82 — 2.cos@, cos 42). 


an 


Stable position occurs at minimum energy: oe = ae =0 


% ae = HomH2 (cos 6; sin 2 + 2 sin 6, cos 2) = 0 => 2sin A; cosz = — Cos 6 sin 89; 


oe = = Komi? (sin 0 cos 62 + 2cos@, sin 6) = 0 => 2sin 6; cos@2 = —4 cos 8 sin 62. 
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Either sin 6, = sin@, =0: ee ee 


Thus sin @; cos 62 = sin 62 cos 6; = 0. of “tosh = cos 8, = 0: +t or td 


Which of these is the stable minimum? Certainly not @) or @—for these mz, is not parallel to B,, whereas we 
know mz, will line up along B;. It remains to compare@) (with 6, = 62 = 0) and@ (with 0; = 7/2, 02 = —1/2): 
U, = “ey? (—2); Ue = “Pae2(—1). U; is the lower energy, hence the more stable configuration. 


Conclusion: They line up parallel, along the line joining them: —> —| 


(d) They’d line up the same way: —> —> —> —> —> —> 
Problem 6.22 


P=1faxB=1(fa) x Bo +1 f dl x [(r- Vo)Ba]-1(f al) x [(to- Vo)Bo] = 1 g al x {(r- Vo)Be] 


(because § di = 0). Now 
(dl x Bo); = ee (Bo)k, and (r- Vo) = =n Vo)t, 80 


al 
i 


I we €ijk If TI a,| [(Vo):( Bo) x] hm 1: gn dl; = S > €tjmOm (proof baton). 


Tike 


i 


I S €ijk€ljmam(Vo)i(Bo)x {iene 2: > CigkEljm = b:t0km = Oim Okt (proof non | 


jikjtjm i 


It 


IT © (5:5km — 5imSet) @m(Wo)1(Bo)k = I> [ax(Vo)i(Bo)e ~ a:(Vo)«(Bo)a} 
kl,m k 

I{(Vo)i(a- Bo) — ai(Vo- Bo)]. 

But Vo- Bo = 0 (Eq. 5.48), and m = Ja (Eq. 5.84), so F = Vo(m- Bg) (the subscript just reminds us to take 

the derivatives at the point where m is located). qed 
Proof of Lemma 1: 

a 1.108 says $(c-r)dl =axc=-—c xa. The jth component is xy, fer» dlj = — oy mEipmepam. Pick 
= dp, (ie. 1 for the [th component, zero for the others). Then $7; dl; = — >, €jtm@m = Dom €ljmam- qed 
Pees of Lemma 2: 

€ijk€ljm = O unless 17k and ljm are both permutations of 123. In particular, i must either be l or m, and k 

must be the other, so 


| 


e €ijkeljm = Adudkm + Boimdnt- 


To determine the constant A, pick i =1=1, k =m = 3; the only contribution comes from j = 2: 
€123€123 = 1 = Ady1d33 + Béi3d31 = AS A=1. 
To determine B, picki=m=1,k =1=3: 
€123€321 = —1 = Adj3631 + Bdy 1633 = B > B= — 


So 
» ijkEljm = Oudkm — SimOet. ged 
j 


nee NA 
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Problem 6.23 


(a) The electric field inside a uniformly polarized sphere, E = =o oF (Eq. 4.14) translates to H = — 3p (HoM) = 
—4iM. But B = jo(H+M). So the magnetic field inside a gael magnetized sphere is B = fo (— 3M+M) = 


(same as Eq. 6.16). 


(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = y7,-73Eo 
(Eq. 4.49). Now xe translates to Xm, for then Eq. 4. 30 (P = eoyeE) goes to ugM = pwoYmH, or M = xmH 
(Eq. 6.29). So Eq. 4.49 > H = yp-73Ho. But B = po(1 + Xm)H, and Bo = woHo (Eqs. 6.31 and 6.32), 
so the magnettc field inside a sphere of linear magnetic material in an otherwise uniform magnetic field is 


Bool. Bo es ( lt Xm ) Bo (as in Prob. 6.18). 


o(l+Xm)  (1+Xm/3) 10’ 1+Xm/3 
(c) The average electric field over a sphere, due to charges within, is Eaye = ae fr: Let’s pretend the charges 
are all due to the frozen-in polarization of some medium (whatever p might be, we can Belse Vv: sor = ~—p to find 


the appropriate P). In this case there are no free charges, and p = f[P dr, so Eave = 
translates to 


3 f{P dr, which 


ak 


1 1 1 
Have = -—— = Mdr = -—— 
ae 4m py R3 [vv . 4nF3 
m sii Ho 2m}, 
But B = po(H + M), so Bave = —F2 Re + HoMave, and Mave = Tops? 80 | Bave = tq FB’ in agreement 
3 T 


with Eq. 5.89. (We must assume for this argument that all the currents are bound, but again it doesn’t really 
matter, since we can model any current configuration by an appropriate frozen-in magnetization. See G. H. 
Goedecke, Am. J. Phys. 66, 1010 (1998).) 


Problem 6.24 


Eq. 2.15: E = p {as fag dr \ (for uniform charge density); 
Fq.49: V = P.- {a5 fe gz dr’ } (for uniform polarization); 
Eq. 6.11: A = poeM x {ie {; = dr’ (for uniform magnetization). 
En = p(3er (Prob. 2.12), 
For a uniformly charged sphere (radius R): - cee 
Eout = p a) (Ex. 2.2). 
: : . . Vin = a, (P P r), 
So the scalar potential of a uniformly polarized sphere is: 1° RS 7 
Vout Bey pr (P r), 
An = &(Mxr) 
and the vector potential of a uniformly magnetized sphere is: 2 , 
p y mag p ou = RM x2), 


(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11). 
Problem 6.25 


(a) By = 422883 (Eq. 5.86, with @ = 0). Som)-B, = —#2". F = V(m-B) (Eq. 6.3) > F= 2 [-s225| i= 


Spor 5. This is the magnetic force upward (on the upper magnet); it balances the gravitational force downward 
(—mag2): 
39m? 
Qrz4 


~—~mqg =0> :=| 
2nMag 
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(b) The middle magnet is repelled upward by lower magnet and downward by upper magnet: 
3yigm? _ 3pom? 
Qnx4 Qry* 


— mag = 0. 


The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet: 
3pm? 3p9m? 


ed cap 5a =i), 
Qny* = An(x+y)4 Wag 


ing: 3#om" 1 = 1 2 —— ie 
Subtracting: gz" |, — de ~ de + edgy | -magtmag = 0, of Je— r+ edge = 0,80: 2 = Ee + GyyFit 7s . 
1 


Let a = 2/y; then 2= “7 + Tati? Mathematica gives the numerical solution a = | z/y = 0.850115... | 


Problem 6.26 
At the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parallel component of 


H is continuous (Eq. 6.25 with Ky = 0). So Bt = Bt, H] = Hj. But B = pH (Bq. 6.31), so +B! = 1 pl. 
Now tan, = B!/B, and tan@, = B!/Bt, so 


tandg BIBL Bi py 


tan 0; ~ By Bl nd BI = by 


(the same form, though for different reasons, as Eq. 4.68). 


Problem 6.27 
In view of Eq. 6.33, there is a bound dipole at the center: m, = x,m. So the net dipole moment at the 
center iS Meenter = M+ mp = (1+xXm)mM= im. This produces a field given by Eq. 5.87: 


al EGinvir 
Aa ee 
This accounts for the first term in the field. The remainder must be due to the bound surface current (Ky) at 
r = R (since there can be no volume bound current, according to Eg. 6.33). Let us make an educated guess 
(based either on the answer provided or on the analogous electrical Prob. 4.34) that the field due to the surface 


bound current is (for interior points) of the form Bsurface = Am (i.e. a constant, proportional to m). In that 
current 
case the magnetization will be: 


M = Y¥mH = “2B = “7s B(m- fF =m) + “Am, 


This will produce bound currents J; = VXM = 0, as it should, for 0 < r < R (no need to calculate this 
curl—the second term is constant, and the first is essentially the field of a dipole, which we know is curl-less, 
except at r = 0), and 

Xm 


7 —_ z ay XmA ia oo BN 
Ky = M(R) x t = 7 3( SLs ara (on X 8) = xm ( ay t 2) snd. 


But this is exactly the surface current produced by a spinning sphere: K = ov = owRsind od, with (wR) 4 


Xmm (4 - ie): So the field it produces (for points inside) is (Eq. 5.68): 


2 2 A 1 
Beurtace = gHo(owR) = 3 HoXmm ( oo aa 
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y~ Everything is consistent, therefore, provided A = $0Xm (¢ ~ gs ), or A (a- 42m = —240%9 But 


xm = (4) -1, so A (1-24 242) = ~2=H) or A (1+ tue) = 2608); A= £ gc, and ance 


pte as 2(4o — mn 
B= £ {5 Bom. ae - m+ eer qed 


The exterior field is that of the central dipole plus that of the surface current, which, according to Prob. 5.36, 
is also a perfect dipole field, of dipole moment 


4 3 i 
Meurface = = 7 R? (owR) = anR® (2 - Beara = ses ane Hy #(Ho — pm 
3 Ho eae Gis Ry men) 


current 2Ho current 


So the total dipole moment is: 


BH (uo — B) 3um 
ine (OugaD 


pe 
Meot = —mM te ——, 
mt Ho (2uo+ 4) (2u0 +p) 


and hence the field (for r > R) is 


= & (apg) ABO Ota 


20 + He 


Problem 6.28 
The problem is that the field inside a cavity is not the same as the field in the material itself. 


(a) Ampére type. The field deep inside the magnet is that of a long solenoid, Bo © oM. From Prob. 6.13: 
ie Sphere: B = Bo — 340M = 340M; 
Needle: B= Bo — uoM = 0; 
Wafer: B= poM. 
(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway 
between two distant point charges, Bo + 0. From Prob. 4.16 (with E > B, 1/e9 4 uo, P — M): 
Sphere: B=Bo+ &M = 3p0M; 
Needle: B=Bo =0; 
Wafer: B= Bo+ poM = poM. 
In the cavities, then, the fields are the same for the two models, and this will be no test at all. Fund it 
with $1 M from the Office of Alternative Medicine. 


Chapter 7 


Electrodynamics 


Problem 7.1 
(a) Let @ be the charge on the inner shell. Then E = Tae Sei in the space between them, and (V, — V)) = 
— fPE-de=—-7Q fy dear = gS (4 - 3). 
Qa 4neg(Va — Vs) (Va - Vs) 
I= ][J-da= E-da=o— = ———— = | dno 3... 
je * sal ae & (i/a~1jb) | (1ja—1/b) 


i Vee | Efe 
DER I | 4na € 5): 


(c) For large b (b > a), the second term is negligible, and R = 1/470a. Essentially all of the resistance is in 
the region right around the inner sphere. Successive shells, as you go out, contribute less and less, because the 


cross-sectional area (4mr”) gets larger and larger. For the two submerged spheres, R = hax soa (one R as 


the current leaves the first, one R as it converges on the second). Therefore I = V/R = 


Problem 7.2 
(a) V = Q/C =TIR. Because positive J means the charge on the capacitor is decreasing, 


a Ty ge re 1=-750, so Q(t )= Qe". But Qo= Q(0) = CVo, so [aw = CVoe™ ae | 


Hence I(t) = — = CY amen = 


ee) co V2 oo . 
(b) W = The energy delivered to the resistor is / Pd = i PRadt = a e 2 RC gy 


ie Ca amas one 

#(-He i. = gM: v 
(c) Y = Q/C + IR. This tim sitive I means Q is increasing: ae =I=—(CHh -Q)=> on 
c) Y= ‘ $ € positive ean c eo = = (Wie O- 0-cy” 


— pat: dt > In(Q -—CVo) = ~zatt constant > Q(t) = CVo + ke*#/F°, But Q(0) = 0 > k = —CV,.s80 


_ dQ 1h Vo _ i 
Q(t) =CcV — ea t/RE = =CV, t/RC\ _ t/RC 
ee ( : ) oe dt ° (gee ) Ro 
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oo V2 [oe] V2 
(d) Energy from battery: i, Vol dt = 2 ete oo (-RCe/*°) 
0 


foe) Ve 
= bn = [OF 
R Jo 0 R Y 
Since [(t) is the same as in (a), the energy delivered to the resistor is again The final energy in 
the capacitor is also 5CVG, so | half] the energy from the battery goes to the capacitor, and the other half 


to the resistor. 
Problem 7.3 


ae 


(a) J = f3-da, where the integral is taken over a surface enclosing the positively charged conductor. But 
J = oF, and Gauss’s law says f[E-da = 59, sol =o fE:da= 2Q. But Q = CV, and V = IR, so 


ort _ €o 
f= ZCIR, orla= =| qed 


(b) Q=CV=CIR= @=-Il=-7Q => {Qt) = Qoe/FC], or, since V = Q/C, V(t) = Voe7*/®°. The 


time constant is r= RC =| €o/o. 


Problem 7.4 
I=J(s)2rsL > J(s)=1/2asL. E= Ifo =1/2nsoL =1/2rkL. 
7 vi b-a 
——= ss = _ ‘ = al. 
: / cama Ts ade ca aa 
Problem 7.5 
& : E°R. ap 1 2R 
Le | es ee eee 0S 208 = 
r+ R’ (r+ RR)?’ dR Fesce (r +.R)8 ar roa “must 


Problem 7.6 

E = $E-dl = {zero} for all electrostatic fields. It looks as though € = ¢ E- dl = (a/e9)h, as would indeed 
be the case if the field were really just a/¢9 inside and zero outside. But in fact there is always a “fringing 
field” at the edges (Fig. 4.31), and this is evidently just right to kill off the contribution from the left end of 


the loop. The current is 


Problem 7.7 
Bl 
(a)E = -G= —BIG = -Blv;E = IR > (Never mind the minus sign—it just tells you the 


direction of flow: (v x B) is upward, in the bar, so downward through the resistor.) 


2 
(be JIB = ae to the A, 


d BI? 1 Br? 2)2 
(0) F=ma=m> = $e? GF mse a v= wer mere, 


(d) The energy goes into heat in the resistor. The power delivered to resistor is J? R, so 


272,,2 272 B2)2 dw 
sd a joe ao R= = vee"?! where a = sis amvuze™ 22 
f CO —2at CO | 
The total energy delivered to the resistor is W = amug | e °*dt = amug 77 yr < 


+ 
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— Problem 7.8 


sta 
rT. 
(a) The field of long wire is B = Ee sof = [s -da = — i; -(ads) = 
2778 T 8 


d® pola d sta ds pola 1 ds lds pola?u 
b) €& =-— =~ —| ? d= ) = i a : 
(b) dt Qn dt ba di ° On \stadt sdt 27s8(s + a) 


The field points out of the page, so the force on a charge in the nearby side of the square is to the right. In 
the far side it’s also to the right, but here the field is weaker, so the current flows | counterclockwise. | 


(c) This time the flux is constant, so|€ = 0. 


Problem 7.9 
Since V-B = 0, Theorem 2(c) (Sect. 1.6.2) guarantees that {B-da is the same for all surfaces with a given 
boundary line. 
Problem 7.10 
$= B-a= Ba’ cosé 
Here 0 = wt, so 
= —@ = —-Ba?(-sinuwt)w; 


Problem 7.11 


(view from above) 


E=Blv=I1[R>1= Bly = upward magnetic force = 11B = Btn, This opposes the gravitational force 
downward: 
BI? dv d B2)? R 
fi mg Re = mae F297 Wy where a = —. g au =O m= 2 =| Fa 
du 1 —at 
ce = dt = —— In(g ~ av) =t+ const. > g-—av = Ae; att=0, v=0, soA=gQ. 
g — 


oregtmethy 9a foe = [ane 
a 


At 90% of terminal velocity, v/v, = 0.9 = 1— e7* > e~% =1-—0.9=0.1; In(0.1) = —at; In10 = at; 


t = 41n 10, or | teo% = —¢ In 10. 
9 


Now the numbers: m = 47Al, where 7 is the mass density of aluminum, A is the cross-sectional area, and 
lis the length of a side. R = 4l/Ao, where o is the conductivity of aluminum. So 


p=2.8x 10-8 Qm 


4nAlg4l 16ng 16gnp an oS 9.8 m/s? 
t= Ao B?? ~~ GB? Be? = 2.7 x 10? kg/m? 
B=1T 


3 —8 = 
So y= OSE SETS )(2.8 x 10 ) =(12 cm/s;] toox = nosed 2 In(10) = [2.8 ms. | 


[if the loop were cut, it would fall freely, with acceleration g. | 
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Problem 7.12 


a\? ma? dé = xa? : E Taw 
P=7 (5) B= TZ Bo cos(wt); é= ar = 7 Bow sin(wt). I(t) = R = aR Po sin(wt). 
Problem 7.13 
a a fii) 
e= f Bdrdy = Ke [ az [ paps teed. pee eae 5kta®. 
0 0 4 dt 


Problem 7.14 ; 
Suppose the current (/) in the magnet flows counterclockwise (viewed from 


above), as shown, so its field, near the ends, points upward. A ring of 
pipe below the magnet experiences an increasing upward flux, as the magnet 
approaches, and hence (by Lenz’s law) a current (Jing) will be induced in it 
such as to produce a downward flux. Thus Jing must flow clockwise, which is 
opposite to the current in the magnet. Since opposite currents repel, the force 
on the magnet is upward. Meanwhile, a ring above the magnet experiences 
a decreasing (upward) flux, so its induced current is parallel to I, and it 
attracts the magnet upward. And the flux through rings next to the magnet 
is constant, so no current is induced in them. Conclusion: the delay is due 
to forces exerted on the magnet by induced eddy currents in the pipe. 


pipe—+ 


falling 
magnet 


Problem 7.15 


. : : : IZ, (s <a); 
In the quasistatic approximation, B = { pon 2, {3 <a) 


0, (s >a). 


Inside: for an “amperian loop” of radius s < a, 


d® 7 dhe 
& = Brs? = ponIns*; gE -dl = Elms = ——— = —ponns? c es eulte ee é| 


Outside: for an “amperian loop” of radius s >a: 


& = Bra® = ponIna?, E2ns = — Honma’; 


Problem 7.16 
(a) The magnetic field (in the quasistatic approximation) is “circumferential”. This is analogous to the current 


in a solenoid, and hence the field is | longitudinal. 


(b) Use the “amperian loop” shown. 
Outside, B = 0, so here E = 0 (like B outside a solenoid). 
So fE-dl= El =-=~4 fB.da=—4 f° boli ds! 


F dt ate s 21s’ 
h= — ko In (2). But 4 = —Jowsinut, 
I 
so|E = 208 sin(wt) In (<) Zz. 
20 8 


| 
| 


ws 
f 


sanmaeceemensientet Net Atma hrm teers etn tm Nt 


hp 
) 


~ 
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Problem 7.17 
(a) The field inside the solenoid is B = ponI. So @ = wa?ponl => E = —ra? pon(dI /dt). 
Ta" ponk 
Ro 
B is to the right and increasing, so the field of the loop is to the left, so the current is counterclockwise, or 


In magnitude, then, € = ma? ponk. Now € = I,R, 80 | Tresistor = 


to the right, | through the resistor. 


dQ E 1 d® 1 F ; 27a? pont 
(b) A® = Ira ponl; I = « =e ae => AQ= Rr? in magnitude. So lag = a 
Problem 7.18 
pol - pola [7% ds  olaln2 dQ d® pioa ln 2 dl 
= B.- : B= — oe: = — = ——— = loo = =. = 2 
ie / ae 2a v2 Qn : 8 Qn’ © = hoop dt dt Qn = dt 
pLoaln2 Tpoaln2 
dQ = —- =, 
PO Dt oe gee 


The field of the wire, at the square loop, is out of the page, and decreasing, so the field of the induced 
current must point out of page, within the loop, and hence the induced current flows [ counterclockwise. | 


Problem 7.19 ne 
ae ee fo"-@, (inside toroid); 
Int t B= ans ©? : 
n the quasistatic approximation, { 0, (outside toroid) 


(Eq. 5.58). The flux around the toroid is therefore 


® 


ae as I N 
a | Ly ds = LON Min (1+ 2) = eM, d® _ bo hwdl _ voNhwk 
2x Ja 20 a 27a dt 2na dt 27a 
The electric field is the same as the magnetic field of a circular current (Eq. 5.38): 


_ Hol a 2 


Be oe (a2 + z22)3/2 * 


with (Eq. 7.18) 
1dé = Nhwk _ po Nhwk a ._| Mo Nhwka . 
oF “yg dt ra poe 2 (- Qra ) (a? + 22)8/2 ‘ -|- (a? + 22372 * 


Problem 7.20 
(a) From Eq. 5.38, the field (on the axis) is B = gl et aysret, so the flux through the little loop (area 7a”) 


222 
is|@ = fee : : 
2(b? + -27)8/? 


(b) The field (Eq. 5.86) is B= #4 (2cosd?+sin9 6), where m = Ia?. Integrating over the spherical “cap” 
(bounded by the big loop and centered at the little loop): 


2 T 2 5 
e= [Beda 2 [(20058)(1? sino a8 46) = bron | cos@ sin 6 dé 
7 ) 


73 
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ad 2p {o Tab? 
=f ee a = Holna? sin?@ |) | Homie) 
where r = Vb? + z? and sin@ = b/r. Evidently & = > |y =| QR 42232" 


oe 252 
(c) Dividing off I (®; = Migl2, 82 = Mah): | My2 = Ma, = EEE 


Problem 7.21 


the same as in (a)! 


€ = -—— = —M— =—Mk. 


It’s hard to calculate M using a current in the little loop, so, exploiting the equality of the mutual inductances, 
Y’ll find the flux through the little loop when a current J flows in the big loop: @ = MI. The field of one long 


wire is B= bol — , = Hol f?* Lads = 4g!@ Ind, so the total flux is 


$ = 26, = poleh? > M= = ES pores in magnitude. 
T 


goin? 


Direction: The net flux (through the big loop), due to J in the little loop, is into the page. (Why? Field 
lines point in, for the inside of the little loop, and out everywhere outside the little loop. The big loop encloses 
all of the former, and only part of the latter, so net flux is inward.) This flux is increasing, so the induced 


current in the big loop is such that its field points out of the page: it flows 


Problem 7.22 
B = ponl > %, = ponI7R? (flux through a single turn). In a length | there are nl such turns, so the 
total flux is ® = pon?aR? Il. The self-inductance is given by © = LJ, so the self-inductance per unit length is 


Problem 7.23 


The field of one wire is By = 52; Ho L 


rg? 


d—« 
sod= 2-4 .] f ds = #2 Ip (4=£). The € in the numerator is 
€ 
negligible (compared to d), but in the denominator we cannot let € —- 0, else the flux is infinite. 


L= Hol In(d/e) |. Evidently the size of the wire itself is critical in determining L. 
us 


Problem 7.24 
Pol 


(a) In the quasistatic approximation B = = 5 50 0, = on “thas = = In(d/a). 
a 


LoNh 
This is the flux through one turn; the total flux is N times ®;: 6 = — ae cos(wt). So 


dé poNh (4m x 10~7)(10°)(10~?) 


E= ie In(b/a)Jow sin(wt) = a: In(2)(0.5)(27 60) sin(wt) 


2.61 x 1074 
= | 2.61 x 10~4sin(wt) | (in volts), where w = 27 60 = 377/s. I, = 2 = —— sin(wt) 
= |5.22 x 1077 sin(wt) | (amperes). 


(b) £ = -1o; where (Eq. 7.27) L = #2874 In(b/a) = Gtx107")G0") 007") (2) = 1.39 x 10-3 (henries). 


Therefore €) = —(1.39 x 1073)(5.22 x 1077 w) cos(wt) =| —2.74 x 1077 cos(wt) | (volts). 


oth 


| 


, 
r 
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: : 2.74 x 107-7 3]. HoN*hw 
:-s Ch | LL: —s/ = ——____.. ] é 
Ratio of amplitudes Se 1.05 x 10 oR n(b/a) 


Problem 7.25 


With I positive clockwise, € = -L4¢ = Q/C, where Q is the charge on the capacitor; J = a2 so 
a9 = —75Q = -w?Q, where w = TE The general solution is Q(t) = Acoswt+ Bsinwt. At t = 0, 


Q=CV,s0o A=CV; I(t) = @ = —Awsinwt + Bwsinwt. Att =0,1=0,s0 B =0, and 


, _ Cas t 
I(t) = -—CVwsinwt = -vyf[Esin (ss) , 


If you put in a resistor, the oscillation is “damped”. This time -L¢ = 24IR,s0 Leg + RY + eQ =0. 
For an analysis of this case, see Purcell’s Electricity and Magnetism (Ch. 8) or any book on oscillations and 
waves. 

Problem 7.26 


(a) W = $L1?. L = pon? R?l (Prob. 7.22)|W = suon?a ROL? k 


(b) W = 2 $(A-Ddl. A = (uonI/2)RQ, at the surface (Eq. 5.70 or 5.71). SoW, = $44 RI - 2rR, for one 
turn. There are e ae turns in length 1, so W = $yon?rR7lI?. V 

(c) W = y- fB?dr. B = yonl, inside, and zero outside; fdr = Rl, so W = Rove PnRl = 
$pon? ae "4 


= zl. TO x * dal. s time T= pon l*a — a*)t. Meanwhile, 

d) W = 51. [fB? dr — §(A x B) -da]. This time [B? dr = pn? I?x(R? — a?)I. Meanwhil 

A x B = 0 outside (at s = b). Inside, A = botl a d (at s =a), while B = pon! z. 

A x B= hygn?I?a(¢ x 2) s 
an ca points inward (“out” of the volume) Te a 


. / 
f(A x B)-da= S(Gu6n? T?a8) - {a d@ dz(-8)] = —p pen? I? a?2rl. —|— Zz 
Ww= So [uan? I? x( R? oe a?)l a pan? I? ra? l] an phon? 1? Rr. vA o 
Problem 7.27 


pont 1 , (a ee oe [3 b 1 ahs 
B= : = B dr = — —sh (4 ds = tot is Inj — | =|— I*hl : 
;We= Die / bn dal r do ds n{— q, Hon n(b/a) 


L= enh in (b/a)| (same as Eq. 7.27). 


Problem 7.28 


Is 
‘. -dl= B(2z7s) = Lolenc = pol (s?/R?) >B= eae 
tere 8 poli st, pot 
seh 2 2g 0 2 l ee 2 ee [Pe=-Lyr 
ee rt ah BEE oe im | s(2ns)ids = 7a (| NN, = ion sur. 


So L = =, and £=L/l= independent of R! 


Problem 7.29 
dI dl R 7 &o 
ite . = ae pacar petnae f eae f Rt/L T = 20: ~Rte/L 
(a) Initial current: Ig = &/R. So Ls IR> ai zi > I= Ibe", or | I(t) R° 
2 
(b) P=I?R= (Eo/R)? e 2RtU/L R= ‘ eW2Rty/L — — 


= & as —2Rt/L = &j L —2Rt/L < 2. 
Ww = R 0 € dt = R aR . ; = 


2 : 1 i 
7 (0+ L/2R) =| 5L (Eo/R)°. 
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(c) Wo = ELIZ =} (&/R)?. Vv 
Problem 7.30 
(a) B, = & o 51, [3(ar -4)4 — ay], since m, = Iya;. The flux through loop 2 is then 
sl x ‘i | x a 
Do = B, -ag= Paha +4)(ae +4) —ay: az] = Mi. M= en [3(a1 +4)(ag +4) —-a,: a 


(b) &) = ~M 42, oan =-&\h = MI,& te . (This is the work done per unit time against the mutual emf in 


loop 1—hence the minus sign.) So (since a is constant) W; = MI\Io, where I is the final current in loop 2: 


W = -2_(3(m, -4)(m2 - 4) — mj +m). 


Aras 
Notice that this is opposite in sign to Eq. 6.35. In Prob. 6.21 we assumed that the magnitudes of the dipole 

moments were fited, and we did not worry about the energy necessary to sustain the currents themselves—only 
the energy required to move them into position and rotate them into their final orientations. But in this 
problem we are including it all, and it is a curious fact that this merely changes the sign of the answer. For 
commentary on this subtle issue see R. H. Young, Am. J. Phys. 66, 1043 (1998), and the references cited 
there. 
Problem 7.31 

Fs displacement current density (Sect. 7.3.2) is Jg = eo 2 = 4 = = 7 2. Drawing an “amperian loop” at 
radius 5, 


_ pols? _ Hols ; 
~~ Onsa2’ ~ Qra? 


I ° s? 
$B-dl=B-2ns = pole... = sory m8 = bol 3 > d. 


Problem 7.32 
(a) E= ws, roe Q(t) _ Tt It é 


ma? =a?’ | mega? 


dE s? ae ol > 
= Des 2 _ = be. _| Ho 
(b) Ia.,. = Jats” = €0 Be = 3 -dl = pola.,. > Bas = Hols >B= ana? @. 


(c) A surface current flows radially outward over the left plate; let I(s) be the total current crossing a circle 
of radius s. The charge density (at time t) is 


Since we are told this is independent of s, it must be that J — I(s) = Bs”, for some constant 8. But I(a) = 0, 
so Ba? = I, or 8B = I/a?. Therefore I(s) = I(1 — s*/a”). 


B 20s = polenc = Holl — I(s)] = Ho a B= fos d.| VV 
27a 


Problem 7.33 
(a) Ja = €0 polo cos(wt) In(a/s)Z. But Ig cos(wt) = I. So se ew wa? ini(a/s\s z. 


b) a= [Jada = wocowr tf" In(a/s)(2ms ds) = uoeqw rf (sina — sIns)ds 
a 0 


Hoeow? Ia” 2 
=v | Ghee] 


= poegw?I [(an a) _ ce Ins + £][, = 


(na vende poet nme sessile tence teeta ast et NACE tn AeA 
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la Lig €qw?a? 
(c) |=# = Poco 


1 
I 4 10° 
. 8 
WwW = oe = pores, or w = 0.6 x 10! /s =|6 x 10'°/s;| v = s = 10'°Hz, or 104 megahertz. (This is the 


microwave region, way above radio frequencies.) 
Problem 7.34 : 

Physically, this is the field of a point charge —q at the origin, out to an expanding spherical shell of radius 
ut; outside this shell the field is zero. Evidently the shell carries the opposite charge, +g. Mathematically, 
using product rule #5 and Eq. 1.99: 


Since po€9 = 1/c?, Ia/I = (wa/2c)?. Ifa = 1074 m, and # = qog 80 that $2 = 


a ae a q 3 ie gore, 
V-E= —r)\V- as -VWla(ut — pare O(ut —r) — —— = (8. F) — a 
O(vt —r) ( coe :) Gas fF. V(A(ut —r)] = (r)O(vt — r) Tene (@-f) By hut r). 


But 63(r)@(ut —r) = 6 (r)O(t), and ZO(vt — r) = —d(vt — r) (Prob. 1.45), so 


p=oV-E= [98800 + oa d(vt — n| 


(For t < 0 the field and the charge density are zero everywhere.) 
Clearly V-B =0, and V x E = 0 (since E has only an r component, and it is independent of 6 and ¢). 
There remains only the Ampére/Maxwell law, V x B= 0 = pioJ + uoeo0E/Ot. Evidently 


eng OAS q 9 ee 3 
J=-6 eps { ea OF [A(ut ni} r= | ghavstee =n F. 


(The stationary charge at the origin does not contribute to J, of course; for the expanding shell we have J = pv, 
as expected—Eq. 5.26.) 
Problem 7.35 

From V-B = popm it follows that the field of a point monopole is B = fo den, The force law has the 
form F « gm (B — -xv X E) (see Prob. 5.21—the c* is needed on dimensional grounds). The proportionality 


: 1 | 
constant must be 1 to reproduce “Coulomb’s law” for point charges at rest. So| F = qm (2 aK B) : 
c 


Problem 7.36 


Integrate the “generalized Faraday law” (Eq. 7.43iii), V x E = —poJim — gp over the surface of the loop: 
d ® 
(V xE)-da= f E-dl=£=~1o f Im-da~ 5 f B-da=—polm ee 
dt enc dt 
I 1 d® 1 
But € = Pe ae so oe = it + = orl = FAQ m + zat. where AQ,, is the total magnetic charge 


passing through the surface, and A@ is the change in flux through the surface. If we use the flat surface, then 
AQm = Gm and A® = 0 (when the monopole is far away, = 0; the flux builds up to “ogm/2 just before 
it passes through the loop; then it abruptly drops to —uggm/2, and rises back up to zero as the monopole 
disappears into the distance). If we use a huge balloon-shaped surface, so that gm remains inside it on the far 
side, then AQ,, = 0, but ® rises monotonically from 0 to togm.- In either case, 
> 
H0odm 
— L: 
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Problem 7.37 


V 1 V OD 0 O [Vo cos(2rvt) EVo : 
E=— = os =-_, =—_—_—_— = — = = _ s 7 . 
7 Jo =a as aa Ja yi 5 \e#) as 7 7 [-2rv sin(27vt)} 
The ratio of the amplitudes is therefore: 
Jc Vo ad 1 


= [2n(4 x 108)(81)(8.85 x 107}*)(0.23)}"' = 


Ja - pd 2nveVo = 2NVEP 


Problem 7.38 
The potential and field in this configuration are identical to those in the upper half of Ex. 3.8. Therefore: 


I= [I-da=o [Bde 


where the integral is over the hemispherical surface just outside the sphere. ——- 


But I can with impunity close this surface: 
(because & = 0 down there 
anyway—inside a conductor). 


Sol=o fE-da= =Qene = = {oe da, where o, is the electric charge density on the surface of the hemisphere— 
to wit (Eq. 3.77) oe = 3€0E cos 6. 


af2 
r= 23, B [cosea? sin 6 dO dé = BoBoa2m | sin @ cos 6 d@ = 30Epra’. 
€0 0 


V; 2 
But in this case Eo’= Vo/d, so|I = sere 


Problem 7.39 
Begin with a different problem: two parallel 
wires carrying charges + and —A as shown. 


nf2 


To 


Field of one wire: E = 5-8; potential: V = —;4- In(s/a). 


Potential of combination: V = ;4- In(s_/s4), 


b)? 2 
or V(y,z) = zag in { PAS |. 


Find the locus of points of fixed V (i.e. equipotential surfaces): 


2 2 
etteoV/A = y= Le 5 ==> ply? — 2yb+ 6? + 27) =y? + 2yb +b? + 27; 
a 
+1 
y?(w— 1 +0 (u —1) 4+ 22(u— 1) — Qyb(u + 1) =O => y? +27 4-8 — 2yd8 =0 (s=Ht*), 


(y — 08)? + 2? +0? — 876? = 0 => (y — 66") + 2? = (6? - 1). 


tasers at ttre te ntti nner mane 


cere rt renee trib eA ie 
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‘os . : im var’ +1 . _ =3 24-2u+1)—(4?-2yu41 26 
This is a circle, with center at yo = bB = Grea and radius = b./6? — 1 b,/& be reat w+) ME 

This suggests an image solution to the problem at hand. We want yo = d, radius =a, and V = VW. These 
determine the parameters b, 4, and 4 of the image solution: 


d _ _¥Y _ OGY) _ wt 


a radius 2bJe = Dale 
= 
4e? p= (uw +1)? =p? + 2Qwt+1 => 4 (2- 40°) 4+1=0; 


4a? —2+ \/4(1 — 207)? — 4 ‘ fat, 
B= - ‘ ae = 2a? -14+ 1-40? + dot —1 = 20? ~ 1+ 2aV a? — 1; 


4negV; i” ; F 
ca A Inp =r areo\o That’s the line charge in the image problem. 


= In (2a2 — 1+ 2aVa? — 1) 
1 ; 
T= fa-damo [B-da=0— Qo = 2 Ny. 
€0 €9 


Call ¢ =a. 
a 


The current per unit length is 7 safe ie ene 
it length isi = — = = : 
: PE € In (2a? — 1+ 2av/a? ~ 1) 
the cylinders are far apart, d > a, so that a > 1. 


Which sign do we want? Suppose 


1 1 
= 2 2 — 2 2 
() = 2a* —~1+ 2a°\/1—1/a? = 2a? -142a lt s9 age 
2_92—1/2a?+--- = 4a? i 
Seah ce tee eee fae [20° + a? (+ sign), 
Aq? -1/4a? (— sign). 


The current must surely decrease with increasing a, so evidently the + sign is correct: 


a where a = 


ad In (20? — 1+ 2aVo? — i)’ 


515 


| . 4naVo 


Problem 7.40 
(a) The resistance of one disk (Ex. 7.1) is dR = #2 = ~; dz, where r = (*;*) z+ ais the radius of the 


‘disk. The total resistance is 


Ht ef a ae {esa} 


pL Da)... pl 
m(b—a) \ ab } | mab’ 


(b) In Ex. 7.1 the current was parallel to the axis; here it certainly is not. (Nor is it radial with respect to 
the apex of the cone, since the ends are flat. This is not an easy configuration to solve exactly.) 


(c) This time the flow is radial, and we can add the resistances of nested spherical shells: dR = F dr, where 


6 
A= f[ r? sin 6 d@. dg = 2nr?(— cos@)|} = 2nr?(1 — cos 8). T - 
, ee b 
ee 


L 
pl 7 1 1 
4 5 | brag til 
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Pp 1 pe p To —Ta a _ b eo 
a 27(1 — cos @) [ re dr = Qn(1 — cos @) (: ae ) . Now os sin 6. 
= Dre ont . But sin@ = go a: and cos@ = ee eee 
ue arias T+ (6a) T+ (ba) 


p(b — a)? 1 
anad |. /LF 4 (b= ay? - 1] 


1 
[Note that ifb-a « L, then /£?+(b-—a)? & Lis 


pL F 
ab? #8 in (a).] 
Problem 7.41 


Vin(s,¢) = > s*bysin(kd), (8 <a); 
k=] 
From Prob. 3.23, 


oO 

ye de sin(k¢), (s >a). 

k=1 

(We don’t need the cosine terms, because V is clearly an odd function of ¢.) At s =a, Vin = Vout = Vod/2z. 
ita start with ie . use Epon trick to determine by: 


Soak, sin(k@) = 09 as ye bf sin(k@) sin(k'¢) dé = ef gsin(k'¢) dd. But 


k=1 


3 sin(k@) sin(k’¢) dé = méx,, and 


Vout (S, ¢) 


i‘ . F Q 20 F 20 .f 
" gsin(k'¢) dé = lo sin(k’¢) — 7 COS" al) a cos(k’¢) = rn . So 
Vo [ 2m apo Vocals syt 
alae Named pie ys ae ete epee es 
Ta bp = an | i (-1) , or by ak ( =) , and hence Vin(s, ¢) = > ; ( =) sin(k@). 
Bia Sato Vo 1 y_ayk Sa ae 
Similarly, Vout(s, @) = — Fs » ; ( =) sin(ké). Both sums are of the form S = » zf-?) sin(k@) (with 
x = s/aforr <aand az = gos for r > a). This series can be summed explicitly, using Euler’s formula 
i e = 1 i) * 
(e = cos@ + isin6): sain) i Ree ay ate) . 
1 i ; ie 
But In(1 + w) = w— Sw” + 3u — fu! Seer (-—w)*, so S =~—Im [in (1 + ze**)]. 


Now In (Re) = In R+%0, so S = —6, where 


Im(1+ze#) 2 [(1+aei*)—(1+ze7#)]  a(e#—e*) ——zsing 


~ Re(1+ze#) L((1+ ze) + (14+ ze-#)] ~ i[2+ 2 (ce + e-#)] 1+ 2c08¢" 
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Vin (s, ¢) 


Conclusion: 


Vout (s, ¢) 


OVour _ Vo 1 (-asin ¢) __Vo | asing 
Os sat asing \7| (stacos¢)? { = | (s +.acos¢)? + (asin ¢)? 
1+ (#22845) 
_ _V ( asing ; 
~ “gt \s? + 2ascos¢+a?/}’ 
Vin _ Vo 1 {((a+ scos¢)sing — ssin¢cos¢} | Vo asin ¢ 
Os oat Pa ae (a + scos ¢)? or lic scos ¢)? + cin Bt 
1+ (28%) 


= 


_ asing 
~  @ \s2 + 2ascos¢ + a? } 


OVin 
Os 


=e OVout 
~ Os 


_ Vo sind _ 6M sind _ €oVo 
~ 2na € =) OTe = ma (l+cos¢?) | za ante /2). 


s=a 


Problem 7.42 

(a) Faraday’s law says VXE = ~ 3B, sok=0> oB =0 => B(r) is independent of ¢. 

(b) Faraday’s law in integral form (Eq. 7.18) says § E- dl = —d@/dt. In the wire itself E = 0, so © through 
the loop is constant. 

(c) Ampére-Maxwell> V xB = pod + Hote 2, soE =0,B=0=> J =0, and hence any current must be 
at the surface. 

(d) From Eq. 5.68, a rotating shell produces a uniform magnetic field (inside): B = 2 wowas. So to cancel 


such a field, we need gwa = ie Be, Now K = ov = owasin@ ¢, so| K = a0 sin 6 ¢. 
2 Ho 20 


Problem 7.43 

(a) To make the field parallel to the plane, we need image monopoles of the same sign (compare Figs. 2.13 
and 2.14), so the image dipole points 

(b) From Prob. 6.3 (with r — 2z): 


_ | 30 m? 3g mm? _ 1 3pm? \ */4 
ie Qn (2z)4°| Qn Git ee 2\2nMg/.,- 
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(c) Using Eq. 5.87, and referring to the figure: 


1 es 7 te ate, 
= Ze )3 {[3(m @ - #,) #) — m2] + [3(—mZ - f2) #2 + m2} 
1 

3 
= iat [(@- #1) #1 — (@-f2)f2). But 2-8, = —%-f2 = cosd. 
ee ~ er 005 OF +). Butt, +f. = 2sin0f. 

1 

= 4 UO spank But sin@g = at cos? = oe and r; = Vr? + h2. 

2n(r,)3 a * 

3uomh r ~ 


Qn (r? +h2)8/2 ee 


Now B = pio(K x 2) > 2 x B = pip X (K x 2) = po [K — 2(K-2)] = poK. (I used the BAC-CAB rule, 
and noted that K - 2 = 0, because the surface current is in the zy plane.) 


3mh r 3mh r 


ion “4 s is 
K = —(z x B) = EXE “Sega qed 


Ho On (r? + h2)5/2 


Problem 7.44 z 
Say the angle between the dipole (mj) and the z axis is @ (see diagram). 


The field of the image dipole (mz) is 


jae 


~ an (h+z)3 [3(m2 -2) 2 — mg} 


for points on the z axis (Eq. 5.87). The torque on m, is (Eq. 6.1) 


N=m, x B= opps Bim -2)(m x 2) ~ (mj, x my)}. 
But m, = m(sin@ X + cos 8Z), m, = m(sin@ X — cosZ), so m2-% = —mcos@, m, x = —msinOy, and 
m, X mg = 2m? sin @ cos OF. 
2 
= Zone [3m? sin @ cos 6 ¥ — 2m? sin 6 cos 6 ¥)| = Frans Sin 9 C0883. 


Evidently the torque is zero for 6 = 0, 7/2, or 7. But 0 and a are clearly unstable, since the nearby 
ends of the dipoles (minus, in the figure) dominate, and they repel. The stable configuration is 6 = 2/2: 


parallel to the surface | (contrast Prob. 4.6). 


In this orientation, B(z) = — antes % and the force on m, is (Eq. 6.3): 
F =v el 3uom? , 


_  3pom?_ _ 5 
ca 4n(2hyt ” 


~ An(h + z)3 cen 4m(h+z)4 7 


At equilibrium this force upward balances the weight Mg: 


2 2\ 1/4 
30m Se 1 3pom 
4n(2h)4 2 \4rMg 
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Incidentally, this is (1/2)!/4 = 0.84 times the height it would adopt in the orientation perpendicular to the 
plane (Prob. 7.43b). 


Problem 7.45 4 
f =v x B; v = wasind @; f = waBosin6(¢ X 2). E= ff -dl, and dl = ad0@. 


So E = wa? Bo f*/" sino( x %)-6d0. But 6-(6 x2) =%-(6 x Gd) =%-# = Coss. 
n/ S 1 
E= wa?Bo | sin 6 cos@.d@ = wa? Bo eae if We = (same as the rotating disk in Ex. 7.4). 
0 


Problem 7.46 


(a) In the “square” orientation (0), it falls at terminal pu Usquare = mae (Prob. 7.11). In the 


“diamond” orientation (©), the magnetic force upward is = I Bd (Prob. 5.40). 

The flux is @ = B [I? — (d/2)?], and d/2 =1/V2-y, 

so ® = B [l? — (l/V2-)?]. 

Ea —2 = ~2B (I/V2—y) @. But # = -v. ~~ 

So € = 2Bvu (I/V/2—y) = IR=> I = 2B (i /2-y); F = 2-222 (yv2- y) = mg (at terminal velocity). 
Vdiamond = eee IO Ea (This works for negative y as well as positive, if you replace y by |y].) 


4B? (I/ V3») 


2 
Usquare  __ mgR 4B? (i/ V2 — y) = = : aS «as ” : 
Thus foes (Fr Seg aaa (v2 2y/1) .| At first (y ~ 1/2) the “diamond” falls faster; 


toward the halfway mark (y ~ 0), the “square” falls twice as fast; then the diamond again takes over. The 
total time it takes for the square to fall is: 


uy B73 


ts ee a ee | SEL 
quare 
Usquare mgR 


(assuming it always goes at the terminal velocity, which—as we found in Prob. 7.11—is close to the truth, if 


the field is strong). For the diamond, t is 
0 
dy 8B? 2 8B? [1 31° 8B21 2 2v2 BI 
- = —{l/V2—- dy = —— |= {I/V2- = 
: i ~mgR / (v2 v) u* mgR [5 (uv? v) | 1/Vv3 ~ mgR32/2 | 3 mgR 
So tsquare/tdiamond = 3/2V2 = 1.06. The “square” falls faster, overall. If free to rotate, it would start out 


Udiamond 
t/J2 
in the “diamond” orientation, switch to “square” for the middle portion, and then switch back to diamond, 
always trying to present the minimum chord at the field’s edge. Zz 
(b) F=IBl,@=2B f*, Va? — x? dx (a = radius of circle). 
E= —4 = 2B V/a? — yy? = 2BuV/a? — y? = IR. ie 
ae AGE 1/2 = fa? — 4. So F = 487% (q? ~ y?) = mg. z 


Ucircle = S577 TY 
circle Gr ~y 2)? y 


= dy 4B? ite 2 _ 4B? go oa _ 4B? 4-3, | 16 B?a? 
terce= | -4- 75 | ( —y My oR (a*y 37) = (52°) = : 


soe as 
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Problem 7.47 
(a) In magnetostatics 


V-B=0, VxB=yo3 > B(r) = fof SI" ar 
v9 


For Faraday electric fields (with p = 0), therefore, 


B 
v Hs V epee E(r, t) = - 


ot 4n dt ro 
(with the substitution J + —2 98. 
(b) From Prob. 5.50a, 
B(r', t) _ OA 
A(r,t) = 7p [Pa so E = —~. 
(Check: Vx E=-2(V x A)= — , and we recover Faraday’s law.] 
(c) The Coulomb field is zero inside and z4— § St=_ — 740 5 — okt, ck, # outside. The Faraday field is - 94, 


where A is given (in the quasistatic approximation) by Ey 5. 67, with w ‘a function of time. Letting w = dw/dt, 


poke, rsino d 


E(r, 9, ¢,t) = 


oR? poRtwo sing - 
zt + 
€or 3 


Problem 7.48 


qBR = mv (Eq. 5.3). If R is to stay fixed, then ane = me =maz= F = gE, or E= Ro. But 
d® d® 1 d® dB 1 1 : 
fea Se so B2xnR= re so — mR de Rae or B= os (6) + constant. If at time t = 0 


i 
the field is off, then the constant is zero, and B(R) = ee D ®) (in magnitude). Evidently the field at R 


must be half the average field over the cross-section of ae orbit. qed 
Problem 7.49 


Initially, = = ihe @ => T = hmv? =}, — 12 After the magnetic field is on, the electron circles in a 
new orbit, of radius rj and velocity vy: 
2 
mv} 1 qQ 11 aQ 
— = mae B>T= ne = + =qur,B. 
r}  Anég re +a aa ie 2 4x€ T1 5! ae 


But r) =rtdr,so(r)7) =r} (1+ dr =r-}(1— ), while vy, = v + dv, B = dB. To first order, then, 


1 qQ dr 1 ad 1 1 qQ 
= = _- h =, d a d: 
Th oe « (1 =) + gy(er) dB, and hence dT = T, -T = B one 2 
Now, the induced electric field is E = iat (Ex. 7.7), so mt = =qE= 1B or mdu = £dB. The increase in 


kinetic energy is therefore dT’ = d(Smv? )=mvdu= we dB. Comparing the two expressions, I conclude that 
dr=0. qed 


f 
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Problem 7.50 


d® 
€ = ——— = —a. So the current in Ri and Ro is I = eee by Lenz’s law, it flows counterclockwise. Now 
dt Ri + Re 
the voltage across R, (which voltmeter #1 measures) is Vj = IR, =. poe (V, is the higher potential), 
1 2 
—aR? 
d V2 = —IR2 =| =——— | (V is | ‘ 
and V2 2 Ricks (V, is lower) 


Problem 7.51 


dI dv du hBdI AB (hB d’y hB 
— = —j,—: —-ThB= =O TS — eee ee 1 =_—_, 
ES vBh: Lai F ma ap Fi ( L )e 77 wv, | with | w Ef 


Problem 7.52 
A point on the upper loop: re = (acos ¢2, asin $2, z); a point on the lower loop: r; = (bcos ¢y, bsin ¢, 0). 


a? = (ro — 11)” = (acos ¢2 — bcos ¢1)* + (asin de — bsin¢,)? + 2” 
= a’ cos” $2 — 2abcos ¢2 cos ¢, + b? cos? ¢; + a” sin? do — 2absin ¢, sin da + b sin? gd) + 2? 
=a? +b? + z* — 2ab(cos d2 cos d; + sin dg sin ¢1) =a? +b? + z? — 2abcos(d2 — ¢1) 


(a? + b? + z”)[1 — 28 cos($2 — ¢1)] = al ~ 28 cos(¢2 — $1)]. 


dl, = bd; $, = bdd;[—- sind; X + cos $1 J]; dlp = add bo = adg2[— sin dg X + cos Pz ¥], so 
dl; - dlp = abd¢ d¢o[sin ¢) sin ¢2 + cos ¢) cos ¢2] = abcos(¢2 — $1) dd, dda. 


Ho dl; - dlz _ Ho ab cos( $2 1) 
rs 2 ds a ~ 4 ./ab/B He (do — ay 


Both integrals run from 0 to 27. Do the ¢ integral first, letting u = ¢2 — 41: 


2-9, Qa 
Cos U cos U 


= du 
V1 — 26 cosu V1l—- V1 — 26 cosu aia 


—$1 


(since the integral runs over a complete cycle of cosu, we may as well change the limits to 0 > 27): Then the 
¢, integral is just 27, and 


Qn 
0 COS U =" cos u 
M= b V ab d 
ann an 0 jistecea e af V1 — 26 cosu " 
(a) If a is small, then 8 < 1, so (using the binomial theorem) 


2a 


1 
J1 — 2B cosu 


COS U. 


2a 
cos u du +6f cos” udu = 0.+ Br, 
agen 0 


: 2a 
=1+fcosu, and i 
0 


poma2b* 


ax ~ 2 2 ~ 
and hence M = (pio7/2),/abG3. Moreover, 6 & ab/(b? + z*), so M& 50 a2 


(same as in Prob. 7.20). 
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(b) More generally, 


1 3 5) 1 . 3 5) 
W2_ ys er ee es eee Se ~ B? cos? = B3 cos aie > 
(1 +€)7 1 aft gé i6¢ +> Tote + Bcosut 5B cos ut 5B cossut:--, 


sO 


2x Qn 2n Qa 
3 
m=" fats | cosudu + 6 [ cost udu + 56° | cos? udu + 30° | cost udu +---} 
2 0 0 2° Jo 2° Jo 
15 
sv ab? (1+ Bot vost -).| qed 


_ Ho 3 ee eee 
= Babi [o-+ A(n) + 56°C) + 50°; )+ |= 


Problem 7.53 
Let ® be the flux of B through a single loop of either coil, so that ®; = N,® and ®2 = N2®. Then 


d® db fy Ng 
E=-Ma, &=—M—=, so z = a ged 


Problem 7.54 
{a) Suppose current J, flows in coil 1, and Jz in coil 2. Then (if @ is the flux through one turn): 


Ly M DL» M 
$, =hL MIn=N,®, 8) =InoIn + MI, = No® G$=] J. =f I : 
1 v4, + 2 12; 2 2hb2+ 1 2’, or +. 2, aay ENG 


In case I; = 0, we have i = Fe if In = 0, we have = = fe. Dividing: i = = #2 or LiLo = M*. qed 
(b) -Q = B= 1,4 MB =V, cos(wt); -E. = 2 = 1,42 + Mh = Loe as 
(c) Multiply the first equation by D2: Ly [24h + [242M = LeV, coswt. Plug in Ly 4 =-hR M2. 


LeVy 
M? 2h -~ MRI, - Meth = [2V, coswt > io ae cos wt. |i +M iaaade. V, coswt. 


L 4 
a = 7 (cosw# = Fre sin wt] > 50 = ;: (Janae + cont), 


Vout IR ~ 113 coswt R I No . : 7 No 
d = a = —— = ——. The ratio of th litudes is —. d 
(d) Vin Teac ViGeui M N, e ratio of the amplitudes is MN, qe 
Viet ve Vi)? {1 £ 
(e) Pn = Vinh = (MY coswt)(F~) (+ sin wt + m cos. = (2 sinwt coswt + a cos” wt) : 
2 (221)? og Bae ci ayes 
Pout = Vourlg = Ue) R= MER cos* wt. | Average of cos* wt is 1/2; average of sin wt coswt is zero. 


Ly 


= 1 ‘ a 1 (L2)? _ 1 2 (Ly)? : yy a (Vi)? Le 
0 (Pin) = 5 (4) (=) > (Pout) = Bay Saal = 3%) Fon >| (Pin) = (Pout) = ts | 
Problem 7.55 


(a) The continuity equation says § = = ~ V-J. Here the right side is independent of t, so we can integrate: 
p(t) = (— V- J)t+ constant. The “constant” may be a function of r-——it’s only constant with respect to t. So, 
putting in the r dependence explicitly, and noting that V-J = —p(r,0), e(r,t) = 6(r,0)¢ + p(r,0). qed 
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(b) Suppose B = gq, J dr and B = 


oe pus dr. We want to show that V-B = 0, VXB = jiod +u0€0 2; 
V-E= ao Ps and VxE= ~ , provided that J is independent of t. 

We know from Ch. 2 that Coulomb’s law { E = ro fe dr) satisfies V-B = oP and VxE = 0. Since B is 
constant (in time), the V-E and V xE equations are satisfied. From Chapter 5 (specifically, Eqs. 5.45-5.48) we 
know that the Biot-Savart law satisfies V-B = 0. It remains only to check VB. The argument in Sect. 5.3.2 
carries ee until the equation following Eq. 5.52, where I invoked V'-J = 0. In its place we now put 
V'-J=—p: 


Lo ”% 
Avs = | me ties J-V)— 
xB Lo i ( )3 dt 


e~_ -—_’ 


(Eqs. 5.49-5.51) 


~—p). So: 


Integration by parts yields two terms, one of which becomes a surface integral, and goes to zero. The other is 
ay a 
ta J= —=( 


VXB = pod ~ [5 


6) pr OE 
mle Pdr = 103 + woea's: { oa f ar} = woS + wooo aE 


qed 
Problem 7.56 


—- sin @ 
4meég 0? 
: —Zz 
sin@ = —;2= V2? + s? 
2 


E.= A i" zdz - A -1 
rf 7 deg J (2? + ~_ 4nég | V2? + 8? 
A 


1 
~ 4n€ | 7S vt—ets? (tp aaa} 


ut 


————>- 7 


vt—~e 


(b) 
» a 1 A a 
a 21s ds = —— vt — €)2 + 52 — t)2 + s2 
B me, | perches aes} Ses | Wwe = 6) Vt)? + 5"]| 
=. ~ [Vera ra - a/ (ut)? +a? — (e — ut) + (vt)]. 
€9 
(c) Ig =€ oa ceme u(ut — €) u(vt) 
eine ee am et Jat-e2 +a? Gear + a2 
As €-4 0, ut < € also + 0, so Ig - 4 


$(2v) = Av = I. With an infinitesimal gap we attribute the magnetic field 
to displacement current, instead of teal current, but we get the same answer. qed 
Problem 7.57 


ty Of OH) OG 24 (at d (df ff ; 
(a) WV = 8. sae + Woe eee eas Sey es Sas wee S75 = A (aconstant) > 
A& = df = f =Aln(s/so) (so another constant). But (ii) > f(b) = 0, so oe = 0, so 59 = 6, and 
8 
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: Ip 1 Tpz \n(s/b) 
V(s,z) = Az|n(s/b). But (i) + AzIn(a/b) = —(Ipz)/(ma”), so A= ~ Fa? In(a/by' V(s,z) = = at ata 
=. cn JOM OV 3. Pe J . Ip In(s/b) Ip De SN 
ES NaS ds Oz na? sIn(a/b) ogee In(a/b) oa In(a/b) e ee Go) i) ; 
(c) o(z) = € [E,(at) — B,(a~)] =e =e (=) -0} = ee 
vee . ° | za? In(a/b) \a ma? In(a/b) 
Problem 7.58 5 ] ie 
/’s 
h 
t T 
dese ; _ 1 ; ae 1 2, Q Equi €gw 
(a) Parallel-plate capacitor: B = ae V=Eh= Bh ole >C V cs C ae 


I i 
(b) B= poK =po—; = BAl = a 
Ww 


(c) = (4m x 10-7)(8.85 x 10722) = [1.112 x 1071" $2 /m?. 


(Propagation speed 1/VLC = 1/,/fio€o = 2.999 x 108 m/s = c.) 
(d) D=o, E=D/e=<a/e, so just replace eg by €; eee a 
HE Be Gade etna ee [v= 1/vai.| 
Problem 7.59 


(a) J=o0(E+v XB); J finite, co = 00 > E+(v x B) = 0. Take the curl: VKE+ Vx(v x B) =0. But 
OB OB 
Faraday’s law says VXE = ava So ae Vx(v x B). qed 
(b) V-B =0 => $B-da = 0 for any closed surface. Apply this at time (t + dt) to the surface consisting of 


S,S', and R: 


Hola pp ei HON oe toe 
Ww Ww 


B(t+de)-da+ [ B(t+ at) -da— [ B(e+ dt) - da =0 
S! R Ss 
(the sign change in the third term comes from switching outward da to inward da). 
as = / Be +d))-da— [2 (t) « da= | [BI (t + dt) — B(t)] - da— | B(t-+dt)-da 
a dt (for infinitesimal dt) 


dd = i Sr aa} dt — [30 + dt) + [(dl x v) dt] (Figure 7.13). 


Since the second term is already first order in dt, we can replace B(t + dt) by B(t) (the distinction would be 
second order): 


B 
ao =ar [ da- arg B-(aixv)=arf [ (Sz) aa [ext xB) aah. 


(v x B)-dl 
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d@ OB 
—_~_ = eo B . = Q. 
7 he E VxX(v xX B)j -da=0. ged 


Problem 7.60 


(a) 


VxE' 


V xB’ 


(b) 


FE’ 


1 
(V -E)cosa+c(V-B)sina = —p,. cosa + cugpm sina 
€0 


1 . 1 1 : 1, 
~ (be cos a + Ciig€oPm Sina) = —(pe cosa + 7 Pm sin a)= = Pe" v 
-€9 0 


€0 

1 1 
(V -B) cosa — —-(V- E) sina = popm cosa — —p, sina 

Cc CE 

1 : F 
Ho(Pm COS @ — ——pe Sin @) = fig (Pm COSA — Cpe Sina) = pop), V 

CHO eo 
OB E 
(V x E)cosa+c(V x B)sina = (~1o0Im - a) cosa+c (vod. + poco} sin a 
OB’ 


0 1 
—po(JIm cosa — cJ, sina) — on (Beosa~ {Esina) = —poJi, - aE ¥ 


1 B 
(V x B) cosa — -(V x E)sina = Fy aes Seo a, eee sina 
Cc ot c ot 


1 rs) OE’ 
Lo(S. cosa + im sin a) + Hoto7, (Ecosa+cBsina) = pod, + Hoto~ae- Y 


1 
q.(E'+v x B’) + q,,(B’ — av x E’) 
1 ; , ee 
Je COS + ~Gm Sin (Ecosa+cBsina)+v x { Bcosa — —Esinae 
Cc 
; 1 1 ; 
+ (qm cosa — cge sina) || Bcosa — —~Esina} ~ ->v x (Ecosa + cBsina) 
Cc c 
qe | (Ecos a + cB sin cosa — cB sinacosa + Esin® a) 
2 ds 1 ‘ -2 
+v x | Bcos* a — —Esinacosa + —Esinacosa + Bsin* a 
Cc c 
1 : - 2 2 1 . 
+4m | -Esinacosa+ Bsin* a + Bcos* a — —Esinacosa 
Cc c 
I. A ae 1 a ae 
+v x ( -Bsinacosa — --Esin“ a — ~Ecos* a — -Bsinacosa 
Cc c2 ce Cc 


ge (E+vV x B)+ am (B- 5vxe) =F. qed 


Chapter 8 


Conservation Laws 


Problem 8.1 
Example 7.13. 
E= a ~8s 
Eg S 
i S=—(ExB)= - ae 
pol 1 . 0 4n €9 § 
Qn s 
i MI hr MI 
Pa | 8: da= | Stnsds = Ineo [ea= Be 
a a 
f d hy A 
: But V = }/ E-dl= —~ }] -ds = ——1 = IV. 
fi u / d =z [5% See n(b/a), so[P = IV.] 
Problem 7.58. es 
E=-—-z 
€0 
Ss @yn = 2 e 
_ bol Ho cow 
B =puKr= =o 


P= [8-da=Swh="—, bat V= [ B-dl= “A, so[P = IV. 
0 0 


Problem 8.2 
It 
(a)E= fa 0= ee Q(t) =It > E(t) =|— 2. 
€0 7a TEga 
OE Ins? Ts « 
B 2x8 = potoz-78" = 00 ——> => B(s,t) = eae p. 
at Tega? Qna? 


l 1 1 It : 1 lols 2 Lol? 
b) tem = 5 | ok” + —B? ) = 5 Belg gent nian a ee acne ra 9)2) . 
Sg (« iv Ho ) 2 E (<r) . Ho eS oneat [(ct)? + (s/2)?] 
J 1 (_It \ (uols\, . Pt. 
= —(E B) = — Me poe ees : 
ae Gas) (se) oe 
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Bem _ pol? - » It Pt 7 Pt OUem 
4 = = — : nd . <= = ot: 
ot nat w€gas’ ¥ a eT (s8) megat ot 
b 
TTY ee inde rs Low! per: ¢ tet 
nm = m = t 2 — — eee 
(c) Vey i w2ns ds aug [(ct)* + (s/2)*]s ds ney (ct) aa ; 
Howl? b? Bee Ur mae = az. - I? wtb? 
ar a (ct)* + g .| Over a surface at radius b: BR, =~ | S-da= Pyare [bS - (27bw 8)] = eae 


27,2 2 b2 
Wem 2 Howl" 2c?t = ou = Py. ¥ (Set b= a for total.) 
dt 27ra4 mwega4 


Problem 8.3 


cad d 
P= $T-da— peo [ Sar 


The fields are constant, so the second term is zero. The force is clearly in the z direction, so we need 


1 1 
(T -da)z = Ty2da, +Tzy da, +T,, daz aT (2.2. da, + B,B,day, + B,B, da, — ao aa. 
0 


1 
as B,(B- da) — 5a da,| ; 


e 4 
Now B = Hoo Rust (inside) and B = ro (2cos@f + sin6@) (outside), where m = 37 RP (owR). (From 


Eq. 5.68, Prob. 5.36, and Eq. 5.86.) We want a surface that encloses the entire upper hemisphere—say a 
f hemispherical cap just outside r = R plus the equatorial circular disk. 


Hemisphere: 
_ Hom : A _ Hom Hom 2 
By = rar [2 cos (F )z + sin 6 (6), | Fone [2cos* 6 — sin? 6] = rs) (3cos” 6 — 1). 
da = Rsin0d@ddé; B-da= a (2.cos 6) R? sin 6. d0.d¢; da, = : sin 6 d0 d@ cos 6; 
2 _ {Hom ‘ _ {bom \? 2 
Bt = (4) (4cos? 6 + sin? 6) = (5) (3cos? 6 +1). 
2 
(T-da), = = aber) (eos? a — 1) 2cosOR? sin 6 dé do — : (3cos? 6 + 1) Risin cos 6 dd 
1 
= mo (22) [5 * sin 8 cos ad dd (12 cos” 6 — 4 — 3cos* @ — 1) 
= ins a (9 cos? 6 — 5) sin @ cos 6 dé dd. 
n/2 2 nr /2 
2 2 
Ciena: = o (a i: — (9 cos" 6 — 5 cos 6) sin 6 d@ = pom ea ) [= Foost a + > cos" 7 
0 


= 7 owR? rem _ _ Hom owR? 
ce 3 4°92 4 3 
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Disk: 
B, = 5 Hoo Ru da = rdrd¢ ¢@ = —rdrd¢z; 
2 2 7 
B-da = ~ Hoo Rur dr do; B= (Fu0o Ru) ; da, = —rdrd¢. 
e 1 (2 : 1 a © . 
(T-da), = —{=pooRw}| |-rdrdé+ =rdrdd| = -——— | =pooRw) rdrdd. 
owR\? ri owR?\? 
(Faisk), = ~2Ho ( 3 ) an f rade = 279 ( 3 ) : 
0 
Total: 
2\ 2 2. 2 
F = —my9 (= ) (2 + i) Z=1-7Ty0 (= ) z | (agrees with Prob. 5.42). 
Problem 8.4 
(a) (T- da), = Tez day + Try day + Trz day. 


But for the ry plane daz = da, = 0, and da, = 
—r dr dd (I'll calculate the force on the upper charge). 


(T da), =« (ze, es 58°) (—r dr d@). 


1 
Now E = 2+ cosd#, and cos@ = a so BE, = 
4reg 2? a 


2 2 
0, B= (4) —"_.. Therefore 
TEQ 


(r? + a?)3 
efty foe) 
1 ev i; r3 dr g if udu : 
Fo = = 2 —_—_—; = — | >——- _~s(ietti = 
z 5¢0 (54) Ls Pia treo? J (ut a3 (letting u =r”) 
as, ME es ne a Mg oe 
~ Aneg 2 (u+a?)  2(u+a?)? : ~ Amey 2 a2 2a4\ ~ | 4e9 (2a)? "| ~ 
(b) In this case E = eee sin@Z, and sin@ = =: so 
2 
4té9 2 vy 


BE? = B= ( y" ere 
° Qmeo/) (r? +.a2)*” 


tof da. \ { vdr qa? | 1 1 - q?a? 1 g@ 1 
| ee Di eee le ie Ss ee 
2 \ 2re9 (r2 + a?) 4nég | 4(r? + a?) : Are 4a4 4r€g (2a)? 
0 


dh + da), = —2 { 2 rdrdd Theref 
and hence (T - a)e => oF aay erefore 


f 
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Problem 8.5 
(a) BE, = Ey, = 0, E, = —o/e€9. Therefore 
Ei ene ye VR ps igh Ey Geek eS SP pt 
zy ~ 422 ~ 4tyz = my zz —~ tyy — 2 os 2€0" zz — €0 z 2 —) a ae 


(b) F= gi -da (S = 0, since B = 0); integrate over the zy plane: da = —drdyZ (negative because 


outward with respect to a surface enclosing the upper plate). Therefore 


2 
F 

F,= ee da, = aaa and the force per unit area is f = — =| —-—— 2. 
2€0 A 


(c) —-Tr, =|o*/2e9| is the momentum in the z direction crossing a surface perpendicular to z, per unit 


area, per unit time (Eq. 8.31). 
(d) The recoil force is the momentum delivered per unit time, so the force per unit area on the top plate is 


2 


Oo 
f= arr z| (same as (b)). 


Problem 8.6 
(8) em = 6e(E x B)=eEBY; Ppem =|HBAdY. 
(b) i=, Fdt= q. I(1 x B) dt al IBd(% x X)dt = (Bay) | (-) dt 
0 0 


) 0 
= —(Bd¥y)[Q(oo) — Q(0)]} = BQdy. But the original field was EF = o/eo = Q/eoA, so Q = eg EA, and hence 
I = |e EBAd¥;\ as expected, the momentum originally stored in the fields (a) is delivered as a kick to the 
capacitor. 


(c) ge -dl = -= = -Fd (for a length J in the y direction). —lE(d) + 1E(0) = 14 > 
dB : - . dB. va 
E(d) — E(0) = a F = -cAE(d)¥ + cAE(0)¥ = -cA[E(d) — E(0)] ¥ = —oAd— yo Le Fdt = 
0 


° dB or 
—- y —dt=- y)[B —B = 0AdBY. But BE =*— I= BAdy fore. 
(Aas) | Ai dt (a Ad ¥)[B(co) (0)| =o y. Bu me so é9#BAd¥, | as before 


Problem 8.7 
B = ponlz (fora <r < R; outside the solenoid B = 0). The force on a segment dr of spoke is 


dF = I'dlx B= I'ponl dr(# x 2) = —I'ponl dr ¢. 


The torque on the spoke is 


R 
a 1 : 
N= J: x dF = pont f rde(—i x d) = Tponls (R? - a’) (-2). 
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Therefore the angular momentum of the cylinders is L = [ra = — Suonl(R? —a’)i i, I'dt. But f I‘dt = Q, 


sO 


(in agreement with Eq. 8.35). 


E = — Shon IQ(r? ~a’)z 


Problem 8.8 
(a) 
0, (r < R) 2 19 M 3, (r< R) 
1qQ. ; Lo m dang fn Aa 
eon > A [2cos# + sinb6 , (r>R) 


(where m = en RM): 9 = (Ex B)= as! Qm x 6) sin, and (# x 6) = @, so 


Pease ONS pesca: 


(47)? r4 
But (# x ¢) = —6, and only the z component. will survive integration, so (since (6), = ~ sin 6): 
21 T fore) 
pomQ . f sin’ @ : che _ 3 4 Lo. i oa 
emt es —<a7 (r* sin 6 dr d8 dé) . [= 20 [om 6d0 = =; ae . . =F 
0 ) R 
LomQ . 4 1 2 Bis 
L= an) (=) (=) = |opMQR?*s. 
exp 2 (5) (B) = [juameon’s 
z 
(b) Apply Faraday’s law to the ring shown: 
cl 
ge ie omens oe Gaia)? (oe Op 
-dl= T =--—=-T = [49 —— 
r sin di r 3/ 0 dt > 
M 
>/E ~ fo A (rsind) d | 
The force on a patch of surface (da) is dF = oEda = ahem. sin@)dadé {a= g . 
3. dt 4n R? 
dM . . P 
The torque on the patch is dN = r x dF = are (r? sin 6) da({# x #). But (fF x ¢) = —O, and we want 
only the z component (6, = ~ sin@): 
N= me a z | r? sin’ 6 (r® sind dO d¢) . 
i op dM 4 2 dM 
=R; | sin? 9d0=-; | dp =2n, 50 N= — OO eR! ( =| (an) =| - or’? =s. 
Here r R; sin 6 dé si | 1, SO 3 ae 5 (21) 9 @ re 
0 0 


0 
y 
L= [a= - ants | am =|—-MQR’z| (same as (a)). 
M 
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_ a(t) 
inf?’ The charge below 


(c) Let the charge on the sphere at time t be q(t); the charge density is o = 
(“south of”) the ring in the figure is 
2 ‘ t a q fy) 7 q 
qs = 0 (27R ) [sine ay = - (—cos6")|, = 5(t + cos 6). 


0 
1 
a9 4 +cos@), and hence 


So the total current crossing the ring (flowing “north”) is I(t) = rr 
3 I = 1 dq(1+cosé) « 
K(t) = 57 Rand | 8) = cane ia 6. The force on a patch of area da is dF = (K x B)da. 
2 . Ho s7R3M ie facta email an M 
Baye’= [fuoM 2 + tn FB (2cos@# + sin 6 @) ao (22+ 2cosd#+ sind 6}; 
1 dguohf (1+ cos@),.. ania) 
x iP de 6 and [2(@ x Z) + 2cos@(@ x F)] 
—$ 
M 1 * 4 
ae (2) EROS ai: Ssh eel” ce ebab aca in an addd 
eet 


sin @ ed 
6(@ - 2) — 2(f- 8) =e 
2 
uals (2) (1 + cos8)R? [cos 6 6 + cos@ 6|d@ dd = poe (2) (1 + cos 6) cos 8 do dg 6. 
W 


N = 7 = 
d Rr x dF ER err 


12x \ dt 
7 
The x and y components integrate to zero; (0), = — sin@, so (using | dé = 21) 
0 
N po M R? dq (on an f i scone) eee Skea = LoM R? (dq sin?@ cos? @\ |" 
z = = in 
67 di 3 dt 2 3 5 
LoM R? (4) 2H0 249 2Ho Ay p24 5 
= - =-—MR*—. |N=--—MR 
3 dt 3 9 dt 9 dt” 


Therefore 
2 
b= [Na =~ “fe MRe fo 7 —~M R?Q | (same as (a)). 


(I used the average field at the Hie es a is the correct thing to do—but in this case you’d get the 


same answer using either the inside field or the outside field.) 


Problem 8.9 
1 8 
ae @ = 7a’B: B=ponl,; € =1,R. Soll, =-= (uoTa?n) al 
R dt 
I, b? 
Ho & (Eq. 5.38). 


oe 
(a) rr 
d® a | ee OT | Pane 
(b) ge -d= ae => E(2na) = HOME TS >E= Sg Oet ae: Q. B= 5 (2 in pF 
etl 1 Loan dl, Lol; b > | 1.» dl, ab?n 7 
S= —(E x B) Lo ( 9 dt ) ( 9 (b? oe 22)? (bx x 2) = gol dt (02 4 z2)3/? r. 
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Power: 


as) 
i 


00 it. <hr ioe f 
7 _ 272 s 
[S-ae : [ (10r0) is Fhe aie | a ape 
—0Co =o 
z 
2 


re Gey ee Game 
b2/22 +B? lc ey Be 
dl ; 
— (noa?n S$ } iS (RG TAR. “ed 


The integral is 


lI 


Problem 8.10 
According to Eqs. 3.104, 4.14, 5.87, and 6.16, the fields are 


1 
ra (r < R), gHoM, (r < R) 
E= B= | 
iat, : a) fom ae 
An€o pe FF pl, ed): aq ps im Fr — mi], (r > R), 


where p = (4/3)7R?P, and m = (4/3)7R°M. Now p = €9 f(E x B)dr, and there are two contributions, one 
from inside the sphere and one from outside. 


Inside: 
1 2 2 2 4 8 
Pin = | (-35") x (From) dr = 7 gHolP x M) [a = ~ Hol x M)anR° = gyhow RY (M x P). 
Outside: 
Se eee ene eee ee eee 
“0 are 4n J 8 


Now § x (pxm) = p(f-m)—m(f-p), sof x [fF x (px m)] = (F-m) (fx ae (f-p)(# xm), whereas me the BAC- 
CAB rule directly gives ? x [7 x (p x m)] = ¢[7:(px m)]—(pxm)(#-7). So {[3(p- fF) # — p] x [3(m-f) fF — mj} = 
~3(p-f)(f xm) +3(m-f)(Fx p)+(pxm) = 3 {f[F - (p x m)] — (p x m)}+(pxm) = —2(px m) +37[f-(pxm)]. 


of MO TD ale 2 si 
Pout = ifs | at 2(p x m) + 3f[f-(p x m)]}r° sin @ dr dé dd. 


To evaluate the integral, set the z axis along (p x m); then f- (p x m) = |p x m{cos@. Meanwhile, ? = 
sin@cos¢x+sin@sin¢gy+coséz. But sind and cos ¢ integrate to zero, so the X and ¥ terms drop out, leaving 


po i = ar -2(p x m) [ sinea#ap + 3jp x mlz [ cos’ asin @ d8 de 
1677 0 r4 


Lo 1a bea ¥ 4n Lg 
as a 2 An +3 a (eee 
fs ( sa) (avian (xm) Tanne PX ™) 


= Ho € rBP) x (GrAem) = Ho R(M x P). 


Pout 


~ 127 R3 


8 4 4 
Ptot = (= + =) Lio R3(M x P) = guokt(M x P). 


| 
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Problem 8.11 
(a) From Eq. 5.68 and Prob. 5.36, 
2 7 : e 
r<R: E=0, B= =pooRw2, with o = ——; 
a 3 2. An R? 4 
r>R: E=7_ Gi, B= Fras (2cosF + sind 6), with m = yrowR’. 
The energy stored in the electric field is (Ex. 2.8): 
1 é 
Wee. 
= 8rég R 
The energy density of the internal magnetic field is: 
Ly Le fi2 € 2 pow e? Lqwe? 4 poe*w?R 
= —B? = — {| -~)Rw—- } = —— Wp. = -7R3 = 
eae 20 (Guo 25a) 72m? Re? °O Bin = 7972 RF 3" 54a 
The energy density in the external magnetic field is: 
1 pw m? . ; ew Ri pio 1 
= — (4 6 2 = oo > 2 
up iene (4 cos* 6 + sin? @) Ta(16n2) 76 (3cos*@ +1), so 
fis. ee ee fie dr | (3.cos® 6 + 1) sin 6 d0 [as uy MOET (hyper tte 
Bow ~~ (18) (16) m2 J ré ~ (18)(16)n2 \3R3 ~ 1087 
R 0 0 
2,2 2, 42 2 2,42 
poe*w"R poewR 1 e poe*w*R 
Wee We A, SS eS See Wee an 
pe Bin + Woo = “Togg (2 +) = “ae, BO Gee abe 


2 
(b) Same as Prob. 8.8(a), with Q > e and m > souk? L= mee z. 
ris 
2 —34 
poe h Orh (9)(7)(1.05 x 107-**) 
=--> R i = 2. . 
UM igg hd To a el ee 1 OO 
1 e 2 (wR\” ‘ 2 (wR? 2 (9.23 x 10!°\? 
eee roy pesca Ba) Pe Ya pe na (ine re ees (scien ey 4. 
aah [+3 (4) met Juv 3 (8) +3 ( 3 x 108 ) pears 
= ER CI year ~ 2am) w= Se 
Hm Smee Kl 12) Gli KAO RID el Son pst ee 
Since wR, the speed of a point on the equator, is 300 times the speed of light, this “classical” model is clearly 


unrealistic. 
Problem 8.12 


pee 
4rr€o r3! 
B= Hodm ae. = Hodm (r a dz) 
4n l3 4n (r?2 + d? — 2rdcos6)3/2° 
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Momentum density (Eq. 8.33): 


Hodegm (—d)(r x 2) 


=ea(ExB : 
ph y= (4m)? r3 (r2 + d? — 2rdcos6)*”” 


Angular momentum density (Eq. 8.34): 


HoYe Ima rx (r x z) 


l=(rxp)=- . Z 
(4m)? 73 (p2 + d? — 2rdcos6)>” 


But r x (r x 2) =r(r-2)— 1? % =r? cosdf — 174. 


The x and y components will integrate to zero; using (fF), = cos@, we have: 


d ?(cos? 6-1 
ee —Hetetne | Es ) aa? sinOdr dod. Let u= cosd: 
(47) r3 (r? + d? — 2rdcos6) 
1 
_ HodeImd on | | r (1-1?) J 
= u dr. 
(47)? ¥ (r? + d? — 2rdu)?!” 


Do the r integral first: 


i rdr 2 (ru — d) u d st ERAS 1 
‘ (r2 + d? — 2rdu)*/? d(1 — u?)Vr? + d? — 2rduly 


di) dive @€a=w) da) 


Then 


al 1 
1 
HodeImd . 1 f (1 —u?) H04eGmn 2 | H0%eIm » u 
LS eS i da eee a 
a ae ee ae 


Problem 8.13 
(a) The rotating shell at radius b produces a solenoidal magnetic field: 


B = poK Z, where K = o4ub, and o4 = ae So B= _ How 


Onbl SS arp ee ee): 


The shell at a also produces a magnetic field (fioweQ/2zl) Z, in the region s < a, so the total field inside the 
inner shell is 
_ HoQ 


ee (wa — wp) Z, (¢ <a). 
Meanwhile, the electric field is 
pie ee 3 (a<s<b) 
neg s  Amegls ° ; 
iS = Q _ bouQ ee _ pow Q? 
Beats By 2 - ~Qnl ears An?[25 "° a cas 4n2|? oxo) 


Now rx @ = (s8 +22) x @ = 8% — 28, and the & term integrates to zero, so 
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(b) The extra electric field induced by the changing magnetic field due to the rotating shells is given by 


Ens = -& >E= - S64, and in the regiona<s <b 
HoQ 2 HoQus 2 2 LoQ 2 2 1 0Q 9 dW gdw,\ = 
= a fo) ae eep a Sar: a a ; E ee Pe ms errs . 
Sal ee ge gp ee ee) ES Soe ae cae) 


_ _HoQa (dug — dwy _ _4oQ [ pdwa po dun\ 5 
BAG ea (S at) 4 eh? aaa) 8 (caer Tamer Ta 


The torque on a shell is N =r x gE = qsEZ, so 


_ HoQa\ (dw,  duy\ ee _  HoQ?a? H 
Ne Qa ( = ) ( ~. =) a La= f Nadt=—ME™ (o, un) 2. 
=, pp FAS | fee ee Ve. al _oQ? > yey 
Ny = a ( ee | (« di b di z Ly= f N, dt = Ani (a We —b Wp) Z. 
Lo Q? -_|_ HoQ?we E 
Le = La + Lp = ro (a?wa — b?wy — a?w_ + 07w,) % = re (b? ~ a”) z. 


Thus the reduction in the final mechanical angular momentum (b) is equal to the residual angular momentum 
in the fields (a). ¥ 


Problem 8.14 4 


B= ponliz, (s< R); E= a where 4 = (x — a,y, 2). 


p= @(B x B) = co(uont) (4 ) ae a) = HOWl yx (@ a) 9} 


Are€g 


Linear Momentum. 


T “~ pen = na 
p = i dt = ae Cane ae e dz dy dz. The X term is odd in y; it integrates to zero. 
_ _togl . (x ~ a) 
at eae y (Goa ey eee dz dydz. Do the z integral first : 
z ae 2 


[(c - 0)? +] ae oo [(e—ayP +7} 


Yn, 
Z em sf Sitka (CeO) dzdy. Switch to polar coordinates : 
rap 


en Jaya or > sdsd¢; [(z —a)? + y*] = s* +a” — 2sacos¢. 


7 — Hoan (s cos ¢ — ___(scosd—a) 
- 9 | ape ee (s? + a? — 2sacos aces 


N Pr stad = ay fe dp _ On 
°" Jo (A+Bcosd) B VA?—B?)' Jo (A+Bcosd) VA?— B? 
Here A? — B? = (s? +. a7)? — 4s?a? = s‘* + 2870? + a4 — 45a” = (s” — a?)?; VA? — B? =a? — 8?, 


R 2 
_ poqnl . _(e+s? 2a? pei bognl i foe -poqnl R? | 
Qa off. (S25 ¥ (a — 84) reer age oe - scaeae Qa? 
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Angular Momentum. 


I I 

€@ = rxp= — rx ([y&—(z-a)¥] = af {2(a - a) & + 2yF — {x(a ~ a) + y"J2}. 

The X and ¥ terms are odd in z, and Ride to zero, so 
I 2 
| ae z i (eo trav dx dy dz. The z integral is the same as before. 
— Hea x? + vay ca — za boqnl . / $— acos¢ 2 
= dx dy = — 8’ ds id 

[(z - a)? + y?] y i (s? +a? — 2sacosd) ee 


s ~ a? + 5? of a? See 
= ee ree BP ga 8 ds = [zer0.] 


Problem 8.15 
(a) If we’re only interested in the work done on free charges and currents, Eq. 8.6 becomes 


D 
on 2 (E-Jy)dr. But i272 (Eq. 7.55), $0 B32 8-19 KH) Bs From product 
dt v Ot Ot 
B 
rule #6, V- (Ex H) = H(V x E)-E-(V x H), while Vx E=-2, 50 
OB ap” aD 
E-(V xH)=—-H-7-—V-(ExH). Therefore E- Jy = -H- 7 —E- 3 — V-(E x H), and hence 


dw dD OB 
pee [( at +H- Sr) ar = f (Bx Hd. 


This is Poynting’s theorem for the fields in matter. Evidently the Poynting vector, representing the power per 
unit area transported by the fields, is S = E x H, and the rate of change of the electromagnetic energy density 


OUem _ oD 
Ot a “Ot ree Ot 


1 
For linear media, D = cE and H = —B, with ¢ and p constant (in time); then 
m 


OB 
B= = 


a) 


Oem _ OE 1 
3a 


1 
Aig ne a 


E) +5 <(B- B) = <(E-D+B-H), 


ul 
2 dt 
SO Uem = (E- D+B-H). qed 

(b) If we’re only interested in the force on free charges and currents, Eq. 8. 15 becomes f = ppE + J, x B. 


Hi ae age Cage cogs x B. Now 
8D 0B OB aD ) 
S(D x B) = ax B+Dx (SF), and —— = -V x E,so >> x B= 7 (Dx B)+Dx (V x E), and 


hence f = E(V-D) -Dx (V x E)-Bx(V x H) - <(D x B). As before, we can with impunity add the 
term H(V - B), so 


f = {((V-D) - Dx (V x B)] + [H(V -B) -B x (Vv x H)]} - 2(D xB). 


The term in curly brackets can be written as the divergence of a stress tensor (as in Eq. 8.21), and the last 
term is (minus) the rate of change of the momentum density, ¢ = D x B. 


Chapter 9 


Electromagnetic Waves 


Problem 9.1 
» 
oh = -2Ab(z— vt)e~ (2-7, zn fi = —2Ab ie ga — 2b(z — vt)?e— 8-4) A 
oh = 2Abu(z — vt)e~o=-)". 1 = 2Abv [- ye O(2— vt)? 2bv(z — vt)?e~o(=-¥4) [ae om 
z 
2 
os = Abcos[b(z — vt)]; C fr = — Ab’ sin[b(z — vt)]}; 
z 
Of oe? . Oo? 
ar = —Abvcos[b(z — vt)]; vi = —Ab?v” sin[b(z — vt)] = v? ae Vv 
Ofs _  _—2Ab(z — vt) fs _ —2Ab Fs 8Ab*(z — vy ; 
Oz ——s [b(z — vt)? +1)?’ Az? ~ [b(z — vt)? +1]? © [b(z — vt)? +18’ 
Ofs _  — 2Abv(z—vt) — Pfs _ —2Abv? " 8Ab?v?(z— vt)? 0” fa / 
dt ~ [bz—vt)? +1" Od? ~ fo(z2—vt)?+12 [bev +iP dz?” 
os = —2Ab? ze~b(b2" +04). sae = —2Ab? [e-tow" +ut) _ 2b? 22 @7 bbz ey : 
z z 
cfs ae —~ Abve2(" +0). oh = Ab2y2e7o(bz? +t) f wh 
Oz 
2 
os = Abcos(bz) cos(bvt)?; cot = = — Ab’ sin(bz) cos(but)°; fs = —3Ab? v3 t? sin(bz) sin(but)?: 
O° fi are : 3 6,644 ¢: 3 ,20°f5 
= -6Ab°v"tsin(bz) sin(but)” — 9Ab*’v°t* sin(bz) cos(but)” 4 v* ——. 
Ot? Oz? 
Problem 9.2 
of & f 2 : 
a Ak cos(kz) cos(kvt); a2 = = —Ak* sin(kz) cos(kvt); 
Of _ Of 2,2 oi _ 20°f 
ane —Akv sin(kz) sin(kvt); on = —Ak*v* sin(kz) cos(kut) = v re Vv 


Use the trig identity sinacos 8 = 


3[sin(a + @) + sin(a — 8)] to write 


re “ {sin[k(z + vt)] + sin[k(z — vt)]}, 
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poh y 


a 
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which is of the form 9.6, with g = (A/2) sin[k(z — vt)}] and h = (A/2) sin[k(z + vt)]. 
Problem 9.3 
(As)? = (Age**) (Aze7*) = (Are! + Ape?) (Ae + Are?) 
= (Ax)? + (Ag)? + Ar Ae (et e7"? + eM 682) = (Aj)? + (Aa)? + Ay A22 cos(61 ~ 52); 


Az | (A,)? + (Az)? + 241 A cos(d) — 5). 


Aze®s = A3(cosd3 +isind3) = A, (cosé, +isind,) + A2(cos dz + isin d2) 

: : - A3 sin 63 Ay sin 6; + Ao sin de 
(A; cos 6; + Ag cos d2) + 7(A; sin 6, + Az sin d2) an 63 We Aes Aas 
& = tan”? A, sin 6, + Ag sin d9 
ae A; cos 6; + Az cos dy f° 


Problem 9.4 52 92 
The wave oe (Eq. 9.2) says De ca — ane Look for solutions of the form f(z,t) = Z(z)T(t). Plug 
v 
d?Z gtt 1d?Z Lae 

this in: T—> age ap Divide by ZT: Zde PT de The left side depends only on z, and the 
right side only on 4 so both must be constant. Call the constant ~k?. 

2 

a = -k?Z => Z(z) = Ae? + Be, 

dz? 

ar : ; 

n= —(kvPT => Tit) = Cet + Det, 


(Note that k must be real, else Z and T blow up; with no 1088 of generality we can assume k is positive.) 
f(z,t= = (Ae** + Be **) (Cet + Det) = = Ayetethe) + Aes Seago kz+kvt) + Agei- kz—kut) 
The general linear combination of separable solutions is therefore 


f(z,t) =| [Ar (a) eter + Ao(k)eil*e—w?) f-Ag(hyeto hte) + Ag (bjel(—t-08)] dk, 
8) 


where w = kv. But we can combine the third term with the first, by allowing k to run negative (w = |k\v 
remains positive); likewise the second and the fourth: 


ieo= ye [An(k)eiHHY + Ao Rye] dh, 


Because (in the end) we shall only want the the real part of f, it suffices to keep only one of these terms (since 
k goes negative, both terms include waves traveling in both directions); the second is traditional (though either 
would do). Specifically, 


Re(f) = i [Re(A,) cos(kz + wt) — Im(A1) sin(kz + wt) + Re(A2) cos(kz — wt) — Im(A2) sin(kz — wt)] dk. 
The first term, cos(kz + wt) = cos(—kz — wt), combines with the third, cos(kz — wt), since the negative k is 
picked up in the other half of the range of integration, and the second, sin(kz+wt) = ~ sin(—kz—wt), combines 


with the fourth for the same reason. So the general solution, for our purposes, can be written in the form 


Loe) 
f(z,t)= / A(k)e*?-“) dk qed (the tildes remind us that we want the real part). 
—oo 
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a Problem 9.5 
Ogr _ 199; Ohr _ 1 Ohp Ogr 1 Ogr 


E i PS — = —vot). N = = pei 
quation 9.26 > g;(—v)t) + hra(vit) = gr(—vet). Now Dz a Oh Oe OF be a 
; 1 Ogr(—vit) 1 OhR(uit) 1 Ogr(—vet) : Vv] 
t py ata EN AED ia, SPE ok (ag EN, om on Pi ay aes 
Equation 9.27 > ey + no és Ot => g1(—u1t) — Ar(vit) i gr (—v2t) eg 
(where « is a constant). 


2 
Adding these equations, we get 29;(—vit) = (: + ») gr(—vet)+K, or gr(—vet) = ( 7 ) gr(—uyt)+e' 
v2 U1 + U2 
(where x’ = =e . ). Now g7(z,t), gr(z,t), and hp(z,t) are each functions of a single variable u (in the 
1 1 U2 


first case u = z — vy t, in the second u = z — vet, and in the third u = z+u,t). Thus 
2u2 ! 
u= Vjyus/va)+K. 
or )= (E-) ar(oru/e) | 


Multiplying the first equation by v,/v2 and subtracting, (1 “) gr(—vyt) (1 + “) Arg(ut)=K > 
2 v2 


hr(ut) = (2=*) Gh Se (=). or |ha(u) = (2 = *) gi(—u) +r! 


v1 + ve vy + V2 


[The notation is tricky, so here’s an example: for a sinusoidal wave, 


gr = Arxcos(k,z — wt) = Arcos[k)(z— vj ¢)] => g1(u) = Aycos(k,u). 
gr = Arcos(kgz — wt) = Arcosl{ko(z— vet)] => gr(u) = Arcos(keu). 
hae = Aprcos(-kjz-wt) = Apgcos[—k(z+uit)] > hr(u) = Arcos(—kyu). 


oe A 2u A vg —-U 
Here «’ ='0, and the boundary conditions say bt ae E : eo : 
Ar vp +uq) Az vy + v2 


same as Eq. 9.32), and an = ky 
2 
v 
(consistent with Eq. 9.24).] 
Problem 9.6 


: . = of of OF 
(a) Tsind4 —-Tsind_ =ma> r (3 eo es ae 7 


~ ~ vf A A A A A A ; 4 
(b) Ar + Ag = Ar; TlikeAp — iky(Ar — Ap)] = m(-w? Ar), or ky(Ar — Ag) = (# FE ) a 


os 2\ LC ~ 2 s 
Multiply first equation by ky and add: 2k, Ar = (x + ko Sod im) Ar, or Ar = (eo Ay. 
7 7 : 2ky =e (ky + ke ma imu? /T) z ky = ko +imw?/T - 
= = = eA = | . 
AR AE OA ky + ko — imw2/T TS ki + kp —imw?/T ) 


é 2 e 
If the second string is massless, so v2 = \/T'/pe2 = 00, then ko/k; = 0, and we have Ar = (5) Ar, 
—i 


~ 14+if8\ - mu m(k,v,)? mk, T ky. 1+78 E ; 
Arp= w = es =m—.IN =_ id h 
R € +) A,;, where B= at kT Tat or|@ =m : ow ar Ae’? , wit 


_ (1+iB\ (1-i8\ _ z io. (+86 14218 - 8? 
Ata (FE) (igig) =I 2 Aad anae = (ad eis) eee 


28 ib id 4. i8 = -1 26 


2 ; 2 2 4 » 2 
eee = id 2 _ a A=. 
soa), (3) ner (5) (3) 1+ 6? = 1+ P 


ha 
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2 


; 2(1 +78) 2(1 + if) ? . 
Se aa =p. ir _ nib pir 
Ae = Gipd+® ~ Ut) => tang = B. So Are™ oR Are 
2 
r Jia ht {jor = 6; + tan~ 6 
Problem 9.7 
af _ Of _ a? f Of af of 
(NST ght I gy ht UNE gas Tae hon oe 


s bs : . @F ae oS 
(b) Let f(z,t) = F(z)e~™*; then Te 5 = p(-w?) Fe! + y(—-iw) Fe"! > 
2 - @F re ; 
a = -—w(pw +iy)F, 2 = —k°F, where k? = (uw +iy). Solution: F(z) = eft 4 Bethe 
Resolve & into its real and imaginary parts: k =k +ix > k? = k? — x? + 2ikk = om +7y). 
24 Ww? 
2kk = = >K= oer k? — 5? = k? - (=) as rior k 4 — k? (ww? /T) — (wy/2T)? =0> 


1 2 
P= = 5 |(uw?/T) )+ VS (uw? /T)? + qo /2T?| = oF e + J/1+ ee) But k is real, so k? is positive, so 


-1/2 
we need the plus sign: k= w/o + 1+ y/o). = = [1 + 1+ (7/pw)?| ; 


Plugging this in, F = Ae*+**)? + Betk+in)2 — ge-*eik? 4 BeX*e-** But the B term gives an expo- 
nentially increasing function, which we don’t want (I assume the waves are propagating in the +z direction), 


so B = 0, and the solution is} f(z,t) = Ae~*“e'(*#—“). | (The actual displacement of the string is the real part 


of this, of course.) 
(c) The wave is attenuated by the factor e 


aba] ATs Vice 


(d) This is the same as before, except that kg + k+ix. From Eq. 9.29, Arg = distal le Ar: 
ky tk+t+ikr 


Ar\* _ (ky —k-in\ (ki—k+in\ — (ky —k)? +4? ago fase y 

Ar)  \k+ktic/ \k+k—ik] (ki tk? +n2 |° "7 

(where ky = w/v, = w/u1/T, while k and « are defined in part b). Meanwhile 

(2 —k =) = (ky k —ik)(ky +k+ix) be (k,)? = k? == Ke aoa 2iKk, we ie = fant (x oe ) 


~**, which becomes 1/e when 


this is the characteristic penetration depth. 


(ki +k)? +x? 


ky +k+ik (ky +k)? +5? ~ (ky +k)? +? 1)? — k? — K2 
Problem 9.8 r 
(a) fy(z,t) = Acos(kz — wt) %; f_(z,t) = Acos(kz -— wt + . i a t=0 
90°) ¥ = —Asin(kz — wt) ¥. Since f? + f? = A?, the vector BE Dia a 


sum f = f, + f, lies on a circle of radius A. At time t = 
0, f = Acos(kz)% — Asin(kz)¥. At time t = w/2w, f = 
Acos(kz—90°) X— A sin(kz—90°) ¥ = Asin(kz) X+A cos(kz) ¥. 


Evidently it circles | counterclockwise |. To make a wave circling 


the other way, use dn, = —90°. 


(b) Ho 
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(c) Shake it around in a circle, instead of up and down. 
Problem 9.9 


Ei 
rt wt 2; B(z,t)= = cos (=: + wt) y. 


E(z,t) = Eo cos (= 


{a) 
w f{xX+¥+t+zZ . &-Z . i é - 7 
(b) {k= — ae ;h= 5 (Since fi is parallel to the x z plane, it must have the form ax+ (2; 


c 
since i-k = 0,6 = —a; and since it is a unit vector, a = 1/V2.) 
Ww Ww 1 iy 2 1 
k-r= —(%+94+2Z)-(eX¥+yy¥+22) = —(cxt+yt+z),;kxfh=—]1 1 1 |=e(-*%+2y-2 
Jac! ¥+%)-(cX+y¥ +22) Fic! y +2) Bh a Te y —2) 


E(z, y, z, t) 


B(z, y, z,t) 


Problem 9.10 


TF .13103 
Ps=-= ae =|4.3 x 10-° N/m”. | For a perfect reflector the pressure is twice as great: 
c 


8.6 x 10-8 N/m?. | Atmospheric pressure is 1.03 x 10° N/m’, so the pressure of light on a reflector is 


(8.6 x 10~§)/(1.03 x 105) =| 8.3 x 107! atmospheres. 
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Problem 9.11 


(fg) 


1/7 
7 | acos(k-r — wt + 6,)bcos(k -r —wt + 6) dt 
ie) 
e Ob fcost2k- — But +4 PGi cel dee as aT ab eosle =e 
= orf, Ww a +65) + cos(dq b = pp 008 a — 6b) mine cos(da — 6p). 


Meanwhile, in the complex notation: f = ae rt), g= ae where @ = ae®*, 6 = bei. So 
1 


dees ae ee is eee Le 1 
ahr yt eerie i(k-r—wt) p+ —i{k-r—wt) _ [ape = 1(6, —-dy) 2 fee) = = = 
5f9 5 ae € 5b jave ,; Re (570 ) 50d cos(é, — 64) = (fg). qed 


Problem 9.12 ; 
1 1 
Ti; = €0 (2.8; = 56x") + i (2.8, - ou") . 


With the fields in Eq. 9.48, E has only an x component, and B only a y component. So all the “off-diagonal” 
(t # j) terms are zero. As for the “diagonal” elements: 


1 ii 1 1 
Trr = € (eB. - 55° +—(--B*?)=-— Lape aap? =0. 
2 Lo 2 2 140 
1 
2 


(-cor? + +5) = 0. 
Ho 


| 
«e 

lI 

S 

I 

{ 

by 

& 
Ne 
+ 
ro) Jo 
0oo™ 
b& 
o 

& 
e 

{ 

lr 
o 
NN” 
\| 


wd 

R 

I 

& 

| 
Ni 
by 

& 
NN” 
+ 
B[- 5 

| 
Nie 
& 

no 
2 
i 

l 

e 


So [Tez = —€oB} cos*(kz — wt + 6)| (all other elements zero). 
The momentum of these fields is in the z direction, and 
it is being transported in the z direction, so yes, it does make 
sense that T,, should be the only nonzero element in Tj;. Ac- 
cording to Sect. 8.2.3, — . da is the rate at which momentum 
crosses an area da. Here we have no momentum crossing areas 
oriented in the z or y direction; the momentum per unit time BAR 
per unit area flowing across a surface oriented in the z direc- 
tion is -T,, = u = gc (Eq. 9.59), so Ap = gcAAt, and hence 
Ap/At = gcA = momentum per unit time crossing area A. 


Evidently |momentum flux density = energy density. | V 


Problem 9.13 


EB : 1-8 2 H1iV1 €2U2 Eo 4 
R= { 2) (Fa. 9.86 +|Rr= (74) Eq. 9.82), where @ = 2}. p= 2 ( =| Eq. 9.87 
() 7 1+ 8 Ba ee [2v2 eu. \ Eo, Eq ) 


2 €QU: v: v q Vv v 
> T=8(725) (Eq. 9.82). [Note that 22 = PL 2P2™ _ ma (2) 2 A 2B] 
1+ 28 €1U1 an 1p Vr ag. (V2 V1. Pade 


(48-+1~ 28 +B) = aa (1 + 28+ 6%) = 1. "A 


PER Sash [aps (top) 


1 
(1+ 6)? ~ (+6) 


att en 
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Problem 9.14 
_ Equation 9.78 is replaced by Eo, + Eon BR = Eo, fir, and Eq. 9.80 becomes Eo,¥ - Eon (@ x fig) = 

BEo,(% X ir). The y component of the first equation is Eo, sin@?r = Eo, sin@r; the x component of the 
second is Eor sinOg = —GEo,sin@r. Comparing these two, we conclude that sin@z = sin@r = 0, and hence 
Or =O6r =0. qed 
Problem 9.15 

Ae + Be® = Ce** for all z, so (using r= 0), A+ B=C. 

Differentiate: iaAe’** + ibBe®* = icCe**, so (using c = 0), aA +bB =cC. 

Differentiate again: —a? Ae’** — 6? Be®”* = —c?Ce*™, so (using z = 0), a7A+0?B=C. 
a’?A+b?B =c(cC) = c(aA + bB); (A+ B)(a?A+b?B) = (A+ B)c(aA + bB) = cC(aA + dB); 
a? A? + 6°AB+0°AB+0°B? = (aA +bB) = a? A* + 2abAB + b?B?, or (a? +B — 2ab)AB = 0, or 
(a ~ b)?AB = 0. But A and B are nonzero, so a = b. Therefore (A+ B)e’** = Ce**. 
a(A + B) =cC, or aC = cC, so (since C £0) a=c. Conclusion:a=b=c. ged 


Problem 9.16 


Ey = Ep,err-eny, 
B; = = Bip, eft") (— c088, + sind, z); 
ie Se iy, eflkn reg, 
Br = , Hone *** #9 (cos 6 & + sin b: #); 
By = Bogelters oy, 
Br = — Egg elke ¥8)(— cos 62 X + sin 6; 2); 


(i) at =e2Ex, (iii) EB} = Eb, 
Boundary conditions: 

(i) BL =Bt, (iv) LB = AB. 
= 7 {Note: ky-r—wt=kpr-r—wt=ky-r—vwt, at z = 0, so we can drop all 
exponential factors in applying the boundary conditions.]} 


Boundary condition (i): 0 = 0 (trivial). Boundary condition (iii): [Zo, + Eon = Eoy- 


: ces alee ls. 1 . - = in @: . 
Boundary condition (ii): — Eo, sin@; + — Eo, sin@; = —Epo, sin 82 >. Eo, + Eon = (Sa) Bor: 
Vy Vy v2 v2 51n cal 


Law of refraction: 


But the term in parentheses is 1, by the law of refraction, so this is the same as (ii). 


1j/1-; 1 - Tos 
Boundary condition (iv): i |= Bas (- cos 6,) + o noR COs | = mee cos 62) => 
fo, ~ Bon = (ae) = eae B= Oe 
Eo, — Eon = (| —————— } £o,.  Letla = —=; B = —.)| Then! Eo, — Eo, = afEoy. 
Or OR (ee a Or eu | cos 6 B gv en | £40; Or af Or 
5 i = E = 2 = 
Solving for For and Boy: 2Eo, = (1 + ap) Eo, => Lor = (<3) For; 


7 ~ ~ 2 l+aP\ - ~ 1-af\ = 

ao a a (a _ tS) HOE ys (; =) mae 
Since @ and # are positive, it follows that 2/(1+ a) is positive, and hence the transmitted wave is in phase 
2” 

1+aB 


with the incident wave, and the (real) amplitudes are related by | Eo, = ( ) Eo,-| The reflected wave is 
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, where @ is the angle of incidence, 


1-af8 
fear 


in phase if af < 1 and 180° out of phase if a@ < 1; the (real) amplitudes are related by Le, = 


These are the Fresnel equations for polarization perpendicular to the plane of incidence. 
\/ 1 —- sin? 6/6? B? — sin? 6 


To construct the graphs, note that af = 
eee oS 2 cos@ cos@ 


V 2.25 — sin? 6 


so, for 6 = 1.5, af = ae 


. R 
- EO pt 


2 y 


}aewarud Gaia! ewenee: Lewenee Semen B ii... 


0° 10 20 30 40 50 60 70 80 90 8; 


Is there a Brewster’s angle? Well, £y, = 0 would mean that a@ = 1, and hence that 


1 — (v2 /v,)? sin? @ 1 2 2 
V ees pe or 1— (2) sin? 9 = (22) cos” 6, so 
cos @ Bo my vy 1Uy 


2 
a4 (sin? 6 + (12/ p11)” cos? 6]. Since i * 12, this means 1 * (v2/v;)?, which is only true for optically 
V1 


indistinguishable media, in which case there is of course no reflection—but that would be true at any angle, 
not just at a special “Brewster’s angle”. [If u2 were substantially different from jy, and the relative velocities 
were just right, it would be possible to get a Brewster’s angle for this case, at 


v2 


2 2 2 
a eee Ha 2 ag — (vifva)?=1 _ (yaee/mier)—1 _ (€2/er) — (1 /p2) 
( ) Fae a+ ( ) een Gn harae eel. Gala) 


Ly 


But the media would be very peculiar.| 
By the same token, dp is either always 0, or always 7, for a given interface—it does not switch over as you 
change 6, the way it does for polarization in the plane of incidence. In particular, if @ = 3/2, then af > 1, for 


2.25 ~ sin? 6 
ap = vane > Lif 2.25 — sin? @ > cos? @, or 2.25 > sin?@ + cos? =1. ¥ 
cos 
In general, for 8 > 1, a8 > 1, and hence 6g = 7. For 8 <1, af <1, and dp =0. 
‘ 2 1- 
At normal incidence, a = 1, so Fresnel’s equations reduce to Eo, = ix 5) Eo,; Eon = Few, Eo;, 


consistent with Eq. 9.82. 


Fo, \’-_ (1-a8\? 
Reflection and Transmission coefficients: | R = ( on) = ( = .| Referring to Eq. 9.116, 
Eo, 1 + ap 
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= 2a(Be) =|0 (ta) 

~ Pre Eo, as 1+af8 ; 
2 p — = 08)? +408 _ 1-208 + 0°6* +408 _ (1+ a6)” _ 
ieee 7 | aaa (i+ ap)? ~ (+08) 


Problem 9 
Paton yr 106 > 6 = 2.42; Eq. 9.110 > 


1 — (sin 9/2.42)? 


a= 
cos @ a 3 

— = 1. Ea. 9. R ee = 
(a) @ 0> a 1 a 9.109 > (2) ate 


1 — 2.42 1.42 
= ——— =} -0.415; 
1+ 2.42 3.42 
fox 2 2 
=— = = [0.585. | 585 
Gs a+B 3.42 lc aoe aah ls A 8 


(b) Equation 9.112 => 6g = tan~!(2.42) = 0° 20° 30° 40° 50" 6970" 80" 
(c) Fo, = Bop > A-B=2;3a=84+2= 4.42; Bo 
(4.42)? cos” @ = 1 — sin? 9/(2.42)?; 
(4.42)?(1 — sin? @) = (4.42)? — (4.42)? sin? 6 
= 1—0.171sin? 6; 19.5 — 1 = (19.5 — 0.17) sin? 4; 
18.5 = 19.3sin? 6; sin? @ = 18.5/19.3 = 0.959; 
sin 0 = 0.979; 
Problem 9.18 
(a) Equation 9.120 > 7 = e/a. Now € = ee, (Eq. 4.34), €, & n? (Eq. 9.70), and for glass the index of 
refraction is typically around 1.5, so € = (1.5)? x 8.85 x 107! = 2x 1071! C?/N m?, while o = 1/p + 107}? Om 
(Table 7.1). Then 7 = (2 x 10711)/107!? = (But the resistivity of glass varies enormously from one 
type to another, so this answer could be off by a factor of 100 in either direction.) 
(b) For silver, p = 1.59 x 10-8 (Table 7.1), and € © €9, sO we = 2m x 10!° x 8.85 x 107? = 0.56. 
Since o = 1/p = 6.25 x 10” >> we, the skin depth (Eq. 9.128) is 


1 5 3 
ed — = ncn nnanmemermememmmnn I §) 1 =f = 4 A e 
tn aS nga Ve RID MOOsS (Ohare? ee 


I’d plate silver to a depth of about | 0.001 mm; there’s no point in making it any thicker, since the fields don’t 
penetrate much beyond this anyway. 
(c) For copper, Table 7.1 gives o = aM. 68 x 107 8) = 6x10, weg = (27 x 108) x (8.85 x 107!) = 6x 107°. 


Since o > we, Eq. 9.126 > kx ,/ 28 - , so (Eq. 9.129) 


2 2 
= a) renin gem ip a 1 ae =[0.4mm. | . 
aay) WO Lo "\ Sn x 10° x 6 x 10? x 4m x 10-7 ile ees ee 


iFrom Eq. 9.129, the propagation speed is v = ; a =A =AWv= (4 x 1074) x 10° =|400m/s.| In vacuum, 


A= <= = 2 x10" = [500m] = [300m; | v=c=|3~x |3 x 108 m/s. |3 x 108 m/s. (But really, in a good conductor the skin depth is so small, 


compared to the wavelength, that the notions of “wavelength” and “propagation speed” lose their meaning.) 


166 CHAPTER 9. ELECTROMAGNETIC WAVES 


Problem 9.19 
(a) Use the binomial expansion for the square root in Eq. 9.126: 


Fee are ae ery oe eee ae 
2 2 \ew ~ 2f2w 2Ve 
1 2 
So (Eq. 9.128) d=-~=,/£. ged 
K oVp 


€=€,€) = 80.le (Table 4.2), 
For pure water, ¢ “= fo(1+ xm) = uo(1 — 9.0 x 1078) & wo «(Table 6.1), 
og =1/(2.5x 10°) (Table 7.1). 


(80.1)(8.85 x 10-? 
So d= (2)(25 x 108) / CODE 10°") pean we) = [it9 x 10%. 


- In this case (¢/ew)” dominates, so (Eq. 9.126) k & «, and hence (Eqs. 9.128 and 9.129) 


ya ew ~ ond, ord= A. qed 
k 2a 


K 
15 7 
Meanwhile kK & w pla = 2 foe) ier — “)(10") = 8x10" d= = = 
V2 We él ay KR 8x sa 


1.3x 107% = =[13nm. | So the fields do not oe far into a putea is what accounts for their opacity. 


(c) Since k = «, as we found in (b), Eq. 9.134 ia = tan-!(1) = 45°. qed 


7 =7 
‘Meanwhile, Eq. 9.137 says 5 —= eu— = .| For a typical metal, then, Bo = (oe - 
€wW En 1gQ15 


10-7 s/m. | (In vacuum, the ratio is 1/e = 1/(3 x ea = 3 x 107° s/m, so the magnetic field is comparatively 


about 100 times larger in a metal.) 
Problem one ; 
(ajus= = (<z" +—B? 
2 Lb 


1 1 
= se [ez cos’(kz — wt + dg) + 7 Bo cos*(kz ~wt + dp + 6). Averaging 


over a full cycle, using (cos”) = 5 and Eq. 9.137: 


1 _onz | € 1 eee 1 | a \2 Tepe 
(u) = 5e vee [Sad + 5-8 = 50 a ees + heen +(Z) |= is 2 «EG 


o\? 2k? 1 2 | BR 
But Eq. 9.126 > 144/14 (=) = cue so (u) = qe eh =|-~— Ee~?** | So the ratio of the 
w 


€u) 
magnetic contribution to the electric contribution is 


(mag) Be /p 1 a \2 a \2 
= HOF. Aye f1+ (2) = \/1+(2) >1. aed 
(telec) Ee ne * ae t=} - ) ae 


1 ; 
(b)S= 1 ExB) = 1 Boe?" cos(kz—wt+6g) cos(kz—-wtt+de+¢) 2; (8) = 3 oBoe*™* cos @z. [The 
in Lt 


7 1 as 
average of the product of the cosines is (1/27) ie cos 6 cos(@+¢) dé = (1/2) cos¢.] Sol = 3 ho Boe ah? cos @ = 


K k 
Es aes (= cos 6) , while, from Eqs. 9.133 and 9.134, K cos¢ = k, so ged 
2p w 2 pw 
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Problem 9.21 ? 
| 1-g 


1-8 _ Re 
—~| = Lee ee , where § = ELM 5, 
Eo, ~ 1148 14+8 1+ 8 paw 
Hivy 


= —~ (ke +12) (Eqs. 9.125 and 9.146). Since silver is a good conductor (o > ew), Eq. 9.126 reduces to 


w/e | —, a = — (ay = ae, oe Zep + i). 
3, | (6 x 10°)(4a x 7 = 
Let y = 41u1,/>—— ve oO Cy aa x 10 »/ (2)(4 x 1015) = 29. Then 


1-y- l—-y+ty (1- En 7 . : : 
R= tex rier a) ( ce i) = AS Rs [0.93. | Evidently 93% of the light is reflected. 


Problem 9.22 
(a) We are told that v = aV), where a is a seats But ve = te oe v= et so 


w= aky/2r/k = aV2rk. From Eq. 9.150, vy = —- =av2 73s ste savi = =, or 


i(pr — Et) D a. p hk? w EF Dp hk 
= i(ke —wt) > k= === ==, Th SSeS ee 
(b) i i(kx ~ wt) A? Ww eee rok Therefore | v ; 5D ae 


dw 2hk hk D 1 : . ; ; : 
Ue oe So}ju= 59: Since p = mu, (where v,; is the classical speed of the particle), it 
follows that | Ug (not uv) corresponds to the classical veloctity. | 


Problem 9.23 


According to Eq. 9.147, R= 


q? 


4tregmas” 


1 qd Lig 
= Ge 5 > F=-gk = ~(¢ 2 TS hep = —mwex (Eq. 9.151).. So }wo = 


oo. ae is is [ultravi 
Mi 5e Oa aq (BBE X10 12)G.1L x 10-2 0e x 10s 


zFrom Eqs. 9.173 and 9.174, 


| ng f { N = #of molecules per unit volume = Avgeadro's # — 6.02x10% _ 9 Gg x 1975, 
2megwe’ | f = # of electrons per molecule = 2 (for Ho). 
(2.69 x 1075)(1.6 x 10719)? PEPaCad 
SS a ae i 2 h 1 
(5.11 x 10-51)(8.85 x 10- eG 5 x iol)? =(4.2 x 10-5] (which is about 1/3 the actual value); 
27c 2m x 3 x 108 —15 2 Sed 
B= (2) = ae) = (which is about 1/4 the actual value). 


So even this extremely crude model is in the right ball park. 
Problem 9.24 
Equation 9.170 > n=1+ 


Nq? (w2 — w*) 
2meo [(we — w?)? + y2w?] 
dn _ Ng’ [= _ (wo-w’) ae 2 $5 ae 2 

2 


(we —w?)? +.y?w? = 2(w2 —w?)? — 7? (we —w*), or (W3 —w?)? = 7? (Ww? +0) —w?) = 7?w2 = (we —w?) = £097; 


Let the denominator =D. Then 
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w? = we Fwoy, w= wWoVl F 7/wo & wo (1 F ¥/2wo) = wo F ¥/2. Sow. = wo + ¥/2, wi = wo — ¥/2, and the 
width of the anomalous region is 


Nqw? : Ng? 
From Eq. 9.171, a= 2 5 me x75» SO at the maximum (w = wo), Gmax = oe 
meoc (wi — w?)? + 7?2w MEQCY 
2, ,2 2 
qu Y aw 
At w, and wo, w? = we Fwoy, soa = =a ———; }. But 
1 2 0 + WoY mee we + yw? Mar | oeceoe 


. i 1(1 1 1 1 
a WOOO (1# y/o) 1 Prete A er ee =i (zsh ak 
wrtwi WwWeFwoy 2(1LFy/2w0) 2 Wg 2wo 2 2wo 2 
So a@ = Samax at w; and we. qed 

Problem 9.25 


dk N@ fi -(-2w) | 1 N@? (wF +) 
ee hs Beg (Hw) YLT = “6 [b+ Sa amp | 


—-1 
Nq w? + w? 
Uyg=Cc f + Ess ae ) nes .| Since the second term in square brackets is positive, it follows that 
0 j 


-1 
2 . 
whereas v = saan cjl+ does is greater than c or less than c, depending on w. 
k 2még (wi —w?) | 
Problem 9.26 


(a) From Eqs. 9.176 and 9.177, V x E= -3 = iwBoe**-#9). Vx B= 55 = ~ SpE gets), 
In the terminology of Eq. 9.178: 
= OE, OE OE), = i(k ay OB 4 ; 
E = z Ui Bel i(kz—wt) ; z = B.. 
(V xE), Oy rey ( By iba, € So (ii) oy ikE, = iwB, 
i | ORg OB: f., OEo, \ i(nz—wt) be whi OE. _. 
(V x Bis As a (ins, sie e So (iii) izkE, ~ an iwB, 
= OB, OE OEo, OEo,\ ; dE, OE 
VxE),= y a vo iz i(kz—we) : Ye Zs B,. 
ON Ele gas aa, ( Be Ou oon Og 
: dB, OB OBo a OB, iw 
B). = ye : _ikB i(kz—wt) pcina, dieee ge, 
(V x B)z reer ( ae | e So (v) a, Bu =— a 
= OB, OB, an es OBo, i(kz—wt) ay ce OB. = tw 
(V x B), = ae Ae Ga kes e€ . So (vi) ikB, — ore Eu. 
2. OBy OB. [ OBs,< OBy. V seein _, OB, OB, iw 
(V xB). = Ge in = ( ae Or é . So (iv) ee Sa 
E B 
This confirms Eq. 9.179. Now multiply (iii) by k, (v) by w, and subtract: ik? BE, — ee a +iwkBy = 
; iw? Pe ae ee OE, OB, : i _{, OE, OB, 
— -s = k— — i ecere ere ae Oe : 
tkwBy + 2 B. = i(k 5) Es k— ae on) S mice Aa ay 
OE, . . ‘OB, .. iw” fw 
Multiply (ii) by k, (vi) by w, and add: bp ik By tikBs wa = iwkBy— “By >i (3 = i) Ey = 


anne eer ee” 


) 
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1 +o, or (ii) Ey = aire (kG -u), 
Multiply (ii) by w/c, (vi) by k, and add: oe ite, + ik’ B, ~ 6: = iw Be _ ie, > 
i(w-S) = - SS of (il) Be= EB ee" _ (422: -35). 
Multiply (iii) by w/c?, (v) by k, and subtract: ite, = oe ~h +ik?B, is B, + we => 
i(# - “ By oe +h, or (iv) By = ES ( = +o) 
This completes the confirmation of Eq. 9.180. 
(b) V-E= = be + = = = + Oot ani, ethene) oO se + Ou + ike, =0 
Using Eq. 9.180, gic igre 3 (#5 +5) + warre ( a ~ uF) +ikE, =0, 
or ae + aa + [(w/c)? — k*] E, =0. 
Likewise, V-B =0> Oe Oden ches 
i 2B w Be is i OB, w OE, 
pare (set - Banay) * ora (Mage + Baap) += 0 
obs oD. + [(w/c)? — k?] B, =0. 


This confirms Eqs. 9.181. [You can also do it by putting Eq. 9.180 into Eq. 9.179 (i) and (iv).] 


Problem 9.27 
Here E, = 0 (TE) and w/c = k (n = m = 0), so Eq. 9.179(ii) > Ey = —cBz, Eq. 9.179(iii) > Ey, = cBy, 


B, ‘ wW : wW = ‘ OB, eae WwW = 
Eq. 9.179( ay 7 (kB, = Es) =i G i= = By) = 0, Eq. 9.179( a i (kB. a. “Ey) = 
z B, . . . . . = . 
i (kB. - ~ Bz) = 0. So oe = g = 0, and since B, is a function only of x and y, this says B, is in fact 
Cc Oz Oy 


B 
a constant (as Eq. 9.186 also suggests). Now Faraday’s law (in integral form) says $ E-dli= — i = - da, 
B 

and Eq. 9.176 > = ~—iwB, so §{ E-dl = iw f B- da. Applied to a cross-section of the waveguide this gives 
ge «dl = iweilhe-wb) | B, da = iwB,e'\**-“ (ab) (since B, is constant, it comes outside the integral). But 
if the boundary is just inside the metal, where E = 0, it follows that So this would be a TEM mode, 
which we already know cannot exist for this guide. 

Problem 9.28 


1 
Here a = 2.28cm and b = 1.01cm, so 49 = —wio = < = 0.66 x 10 Hz; v29 = 2— = 1.32 x 10" Hz; 
Qa 2a 2a 


39 = 3—— = 1.97 x 10! Hz: vy, = — = 1.49 x 10! Hz; vg = 2— = 2.97 x 10! Hz; 4, = 24/245 = 
2a 2b 2b a? 


1.62 x 10'° Hz. Evidently just four modes occur: | 10, 20, 01, and 11. 


To get. only one mode you must drive the waveguide at a frequency between 9 and v9: 


0.66 x 10!° <» < 1.32 x 10!°Hz.} A= <, so Aig = 2a; Avg =. «1 2.28cm <A < 4.56cm. 
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Problem 9.29 P 
From Prob. 9.11, (S) = rr x B*). Here (Eq. 9.176) E = Ege*(*?-#, Bt = Bre i*#-“) | and, for the 
0 
TEmn mode (Eqs. 9.180 and 9.186) 


a b 
By = are (=F) Bocos (ME) sin (4); 
Bp = Bo cos ( =) cos (=) 
Be = Tyger (“F2) Bocos (M2) sin (FE) 
Ey = Sgt (22) Bo sin ( =) cos (“*) 
| ane 0 
So 
(s) = an {BE (2) sin (2) cos (ME) cos? (EY) 
Tet ag (F) cost (MEE) sin ("E2) cos (82) 


n? Be n 2(MMZ\ . 9 (nT m\?2 | 4 (maz 2 (nt a 
+e oo |(F)° cos? (2) sin? (AEH) + (2) sin? (=) cos (4) a}. 
wkn? Be 2 n\2 
[ -da = amar (2) + (3) |. [In the last step I used 


Jo sin?(mmx/a) dx = ff cos?(mmzx/a) dr = a/2; ah sin?(nay/b) dy = ai cos*(ny/b) dy = b/2.} 
Similarly, 


uy) = 7 («8-8 + 3-3) 
4 Ho 

_  €o9 wn? BG (2) cos? (22 

A [(w/c)? — HY NO a 


+ a {8 cos? (==) cos? ~*) 


+ REE (EY cos (BEE) sit (SRL) + (B) sin? (EE) cos (2). 


{§ w? 7? B2 B21 k?n? B2 


Ae [(w/e)? — k?)? iJ io Ayo * 4)10 [(w/c)? — ke]? 
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These results can be simplified, using Eq. 9.190 to write [(w/c)? — k?] = (wmn/c)?, €oo = 1/c? to eliminate €o, 
and Eq. 9.188 to write [(m/a)? + (n/b)?] = (wmn/mc)?: 


[S)-aa= 2 hae Bi ft) dex baa - BE. 


Evidently 


. . _ 2 
energy per unit time _ J (S)-da oe ROE AG: Baas ip (Res aston) ea 
energy per unit length =f (u)da nn) 


Problem 9.30 

Following Sect. 9.5.2, the problem is to solve Eq. 9.181 with E, #4 0,B, = 0, subject to the boundary 
conditions 9.175. Let E,(z,y) = X(z)¥(y); as before, we obtain X(xz) = Asin(k,r) + Bcos(kzxr). But the 
boundary condition requires &, = 0 (and hence X = 0) when z = 0 and x = a, so B = 0 and k, = mm/a. 
But this time m = 1,2,3,..., but not zero, since m = 0 would kill X entirely. The same goes for Y(y). Thus 


E, = Ep sin (=) sin (=) with n,m = 1,2,3,.... 


The rest is the same as for TE waves: |Wmn = cm/(m/a)? + (n/b)?| is the cutoff frequency, the wave 


velocity is v = c/V/1 — (wmn/w)?, and the group velocity is ug = c\/1 ~ (Wmn/w)?. The lowest TM mode is 


11, with cutoff frequency wy; = cm/(1/a)? + (1/5)?. So the ratio of the lowest TM frequency to the lowest 


CT +/ (1/a)? + (1/6)? = V/1 + (a/b)? 


TE frequency is (cmja) 


Problem 9.31 


(a) VB = 12 (sB,) =0V;V- B= 2 3 (Ba) = 0M; VxE=2 = b~ 1 DBs 5 =. eonsin(he = 0t) 
s Os s 0¢ 8 
OB Equwsin(kz - wt) ; : 7 ; 7 _OBe « r wo , _ Eoksin(kz — wt). 7 
Sen ee ov eae 3, st SDs (sBg)Z= — : §= 


10E _ Ew sin(kz — wt) 
Cot 8 


(b) To determine 4, use Gauss’s law for a cylinder of radius s and length dz: 


~ wt 1 1 
gE = Ginban ps SOO oy te =Qene = —Adz = [= 2meoK cos(kz — wt). 
s 0 0 


To determine J, use Ampére’s law for a circle of radius s (note that the displacement current through this 


Ei kz-—wt anki 
loop is zero, since E is in the § direction): Bal - Ho Oe ons) = Holenc >| I= oo cos(kz — wt). 
oe Loc 


The charge and current on the outer conductor are precisely the of these, since E = B = 0 inside 
the metal, and hence the total enclosed charge and current must, be zero. 


Problem 9.32 
f(z,0) = fx A(k)e*** dk > f(z,0)* =| A(k)*e7**? dk. Let l= —k; then f(z,0)" = 


§ Y. Boundary conditions: El = FE, =0V;B+=B,=0V. 


/ A(-1)*e*(—dl) = q A(—1)*e"? di = a A(—k)*el* dk (renaming the dummy variable | - k). 
ss 2 


foe) 


f(z,0) =Re [f(2,0)| = 1 Fite) + F(z,0)"| = ie : [A (k) + A(—k)* Je ite dk. Therefore 
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5 [AC [Ac k) + A(- k)*| xf f(z, 0)e7**? dz. 


Meanwhile, F( vA ,t) sae A(k)( —iw)e i(kz—wt) dk > F(z, 0) = =f [—iwA(k)]e"** dk. 


(Note that w = |k/v, here, so it does not come outside the integral.) 


f(z,0)* 


/ fiw A(k)*]e7* dk = /  Tilielu A()*]e~™* de = i ~ taldlwA(—1)"Jet* (—dl) 


fe (i|k|vA(—k)*]et*? dk = ye {iw A(—k) "Jet? dk. 


—-oo 


i 


f(z,0) = Re[f(z,0)] = ; [f.0) + f2,0)"] = ie 1 


5 [—iwA(k) + iw A(—k)*}e*** dk. 


=e [Aw - Ate] =f feye ae, of 5 [AG - Am] = 5 [ [Eie.0)] et ae. 


e 1 sf” * 
Adding these two results, we get a = al [/te.0) + = jte9) eve es qed 


Problem 9.33 


f ; ; pt OBE 
(a) (i) Gauss’s law: WES Fag Ob =0.v 
(ii) Faraday’s law: 
OB 1. @,. . 12d 
Be = Vx EB = ppg sin Oba) — =a (rBs) @ 
7 29 é 
cr = eo [a= (cos ~ psinu)| f- ig E sin 6 (cos — esinu)| é. 
6) : Oo, 
But —cosu = —ksinu; —sinu = kcosu. 
Or Or 
= : #5 ipeoee ees Sings Si) pane So eee een 6. 
rsing r kr r kr? r 


1 1 
Integrating with respect to ¢, and noting that [ coswat ee sinu and [sinuat ae cosu, we obtain 


2 Eosin@ n 
B= ayo Per ap aeere F r pea les —kcosu+ Beas Seg é. 
wr? kr wT kr? Tr 


(iii) Divergence of B: 


V-B 


tI 


(r?B,) ST 1 aie 2 ai 6Be) 


or 

fs) eee 1 1 @ [Eosin’@ 1 1. 
= SS sinu + —cosu + ——_—- —kcosu + —s cosu+ —sinu 

Or Ww kr kr? r 


rsin@ 06 wr 


1 Le, 
= FASE (heosu ~ hp cosu~ *sinu) 
1 2£Eosiné@cosé 

rsin6@ wr 


(-* cosu + —> 


1 1 ) 
cos u + — ; sin u 
kr? 


2Eo.cos 8 ( k 


wr? kr? 


(iv) Ampére/Mazwell: 


1 1 1 
cos u — ae 7 sinu — keosu + Jp Osu + * sin) =0.¥ 


cosu + = sinw @ [2Eqcos@ Bae 1 
: ~ 06 wr? kr ck 


r2 kr3 


P 2 1 i k ?) 2 ‘ 
= ——|{k’*s sinu — 73 cosu— 5 sinu— 5 sinu + — cosut > sinu + 7-5 cosu ) 


k Eo sin 6 in p 
a — (ksinu+ 2 cosu) o=- - = sine (ksinu + + cost ¢ 
T 


1/0 OB, 
VxB = * | tre) - | 4 
1f 0 [Eogsin#@ 1 
= Fal az (- kcosu + 75 
Eo sin@ 
wr r3 
Ww 
1 GE 1 Egsind ; Ww e 
aa (wsinu+ = cosu) 6 
a pean? (isinu + Scosu) = 
c of r 


(b) Poynting Vector: 


lwk g i 
= aS osin (‘sin + * cost) @ 

CHRO 8F r 
VxBov 


2E 6 1 » 
u) ess ( inu + su) 7 
wr k 


Eo sin@ 
S = ZB xB) = BSE (cosu~ Zsin 
Lo bor kr 
Eo sin@ 1 1 
4+ HOM ( -kcosu+ —> cosu + —sinu (-f) 
wr kr? r 


ER sind {2cosé [ . 1 7 
4 sinucosu + (cos 


Lqwr? r 


; 2 1 2 L~*. 1. 
— sin@ { —kcos*u+ eo u+—sinucosu+ —sinucosu — 
rT T T 


EG sin@ { 2cosé ; 1 
powr? Tr ker? 
+4ine a2 pe Gi 

sin ~ + gaa } sin 


Averaging over a full cycle, using (sin u cos u) 


i 


I= (8) = ae 


It points in the # direction, and falls off as 1/r?, 


sin? 6 i) RR 
@ ~ 
(c) P= [rua =a = f arf sin dd dp = 5 


u — sin? u) — sin U COs u 6 


1 
kr? 


Lex 1 12 
sin ucosu — —= sin’ u 
k2r3 kr? 


1 A 
) sin ucosu + Foo” u— sin? 3) 6 
T 


1 
ucosu + kcos? u + Fa sin’ u — cos? w) i}. 
r 


= 0, (sin? u) = (cos? u) = +, we get the intensity: 


FE? 7 2 te 2 
9 sin @ K ind i £ sin a 
2 2pocr? 


as we would expect for a spherical wave. 


dn E? 
3 = 0 
f sin’ 6d@ = ne 
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Problem 9.34 


Pair E r(z, t) = Byetlhz—-#t) g B;(z, t)= mt 4 Byeilhi2— wt) ¥ 
: Ea(z, th= Ere- kiz—wt) % Br(z, t) = ~1 Bae mano) 9 


O<z<d: E,(z,t) — Bpeae v8 x, B, (z,t) = a LE, eilkaz—wt) 5 
: E, (z,t) — E,eil—k22-#t) x, B,(z, t) = =-1 1 Beil kazcul) & . 


z>d: { Er(z,t) = Ereil*s?-#) %,  Br(z,t) = 2 Epeilks2—wt) yj. 
Boundary conditions: El! = EI, Bl = Bi, at each boundary (assuming p41 = fe = 3 = po): 
Er+ Er = E, + Ey; 


CDOS a, Ai. ay 1 
—E,-—Erp= —E, ~ hi > Er — Ex = BE, - E,), where 8 = u,/v2. 
V1 Vi v2 
E, et*24 + Eye7 ik24 = Eret*s4. 
z= d: 1 1 a = ‘ 
we etkad _ Ei ye kad — — Breit => B,etk24 — Bye 88 = = aBre'*s4, where a = v2/v3. 
2 


We have ae four equations; the seca is to eliminate Ep, E,, and E;, to obtain a single equation for 
Ey in terms of Ey. 


Add the first two to eliminate Ep : 2Ey =(1+ B)E, (i - B)Et; 
Add the last two to eliminate £; : 2E,e*24 = (1+ a) Ere*s4, 


Subtract the last two to eliminate E,: 2Eye7‘#24 = (1 — a) ET etks¢, 
Plug the last two of these into the first: 


(1+ B)5e 41 + a)Bre'*s4 + (1 — Asem — a)Erei*s4 

(1 + @)(1 + Bem 4 + (1a) - aye Betts 

et 4 af) (e (e —ikod + etk24) 43 (a + 8) (e —tked _ etk2d)) Evetks4 
2((1 + af) cos(ked) — i(a + 8) sin(kd)] Ere***. 


2E; 
4E, 


i 


tt 


a 


7 
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Now the transmission coefficient is JT = 


u3e3E7, _ vg (#22) Er? ow |Br? Aza 


— = = as = as so 
neE;, vu \Hoe/ |r|? v3 |B? \E1|?’ 


2 


a ena (1 + a8) cos(kd) — i(a + GB) sin(ked)] e*54 


Problem 9.35 
T=1>sinkd=0=> kd =0,7,27.... The minimum (nonzero) thickness is d = a/k. But k = w/v = 
2nv/v = 2nvnfc, and n= \/e4/€oHo (Eq. 9.69), where (presumably) pp = po. Son = Ve/eo = Ver, and hence 
8 


TC c 3 x 10 
= = = 9.49 x 1073 mm, or (9.5mm. | mm. 
amyVjer Bw Yer 2(10 x 109) 2.5 


Problem 9.36 


From Eq. 9.199, 
= eae 2 , ((16/9) ~ (9/4)]f1 - (9/4)] 2/5, 
T = Fay {((4/3) +1)° + (9/4) sin*(3 a/2)} 
_ 3 [49 | (~17/36)(—5/4) .. 2 _ 49 8 
= ae oa sin (3ud/2e)| oT + (48)(36) sin? (3wd/2c). 
T = 48 


49 + (85/36) sin?(3wd/2c) 


48 4 
Since sin? (3wd/2c) ranges from 0 to 1, Tmin = 49 + (85/36) = 10.935; Tmax = x = [0.980.} Not much 
variation, and the transmission is good (over 90%) for all frequencies. Since Eq. 9.199 is unchanged when you 


switch 1 and 3, the transmission is the same either direction, and the | fish sees you just as well as you see it. 


Problem 9.37 ~ 
(a) Equation 9.91 => Er(r,t) = Ep, ek t-#9; kp -r = kr(sinOp% + cosbpé) - (xR + yf + 2%) = 


kr(xsin Op + zcos@r) = xkr sin Or + izkry/ sin 267 -1=kx+ixz, where 


oo 
Hy 


Wwne\ N41 Wy 
kr sin@r = (= dn Op = = sin OF; 


Ww 
= ~lJ= 26 -l=- 26 ss # 
K ky sin? 67 ~1= ev (ny /n2)? sin* 07 ~ Vm sin’ @;—73. So 


Er(r;t) = By,e7*7e'* 9. ca 
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~ 42 ‘ 
(b) R= a = co . Here @ is real (Eq. 9.106) and a is purely imaginary (Eq. 9.108); write a = ia, 
Or : 
wy p (ta-B\ (-ia-B\ a +f? | 
with areal: R= (35) (255) = 4 BR =(1] 
1—af 1-afl? 1-iaZ 2 (1 — iaB)(1 + iaZ) 
FF Prob. 9.16, Eo, = |} £o,; R= = : = : : = {1. 
acy Brom Ero y i +ah|° bi l+af 1+iaB (1 + ia8)(1 — iag) 


(d) From the solution to Prob. 9.16, the transmitted wave is 


2 See a 5 er 
K(r,t) = Eo,e**t*-“) 9, Bir, t) = — Egger cos Op X + sin Oz 2). 
}9 


‘ . : : ck . CK 
Using the results in (a): ky -r = kx + inxz —wt, sine = ——, cosézy = i——: 
WN wns 
r 7 —Kz i(kz—-wt) o > Lie ~—Kz pi(kr—wt) _ CK ck . 
B(r,t) = Eo,e “*e y, B(r,t) = —£o,e “*e -i—— K+ — Zz}. 
v2 wn wn 


We may as well choose the phase constant so that Eo, is real. Then 
E(r, t) 
Bar, t) 


Ege” "* cos(kx — wt) F; 


tt 


li 


1 ‘ 
— Eye"? Re {[cos(kx — wt) + isin(ka — wt)} [ix & + ka}} 
v2 wn 
1 
= 5 Boe ™* [ksin(kx — wt) X + kcos(kz — wt) 2]. qed 


(I used v2 = c/n2 to simplfy B.) 


(e) (i) V-E = = [Ege ** cos(kz —wt)| =0. Vv 
y 
? say Oe celta Sef te On exe so 
Gi) V-B = an lu ° asin(kz ws) + EF E e “*kcos(kx — wt) 
= = [e~**«k cos(kz — wt) ~ Ke “*k cos(kx — wt)} = 0. ¥ 
x yj z 
(ii) Vx E = | 0/8x @/dy 8/dz\= ~ eee z 
0 Ey 0 @ a 
= KEpe “* cos(kx — wt) X — Ege’ k sin(kaz — wt) Z. 
= = _ 0 o-nz [—Kw cos(kz — wt) X + kwsin(kx — wt) 2] 
ey] 
= KEje** cos(kz — wt)k -—kEje** sin(kz —wt)t =VxE. ¥ 
x y Zz 
(iv) VxB = | 8/82 d/dy 8/82 | = & a =) j 
Be 0 B; ? 


= [-SBate sin(kz — wt) + se sin(kz — 7) y= (kh? - ee) Benn sin(kz — wt) ¥. 


2 2 
Eq. 9.202 = k?— x2 = (=) [n? sin? 0, — (ny sin 8x)? + (n2)?] = (=) i? Gala: 


Cc 


ee 


+S 


aaa es 
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= €2powEge “* sin(kz — wt) ¥. 
OE = : 7 
Meza = botaEge “*wsin(kx —wt)¥=VxBY. 
f 1 1 BE * y 2 
@ S = —(ExB)=—-—%e7?* 0 cos(ka ~ wt) 0 
He Pax Ksin(kr — wt) 6 kcos(kz — wt) 


TO 4 2Kz i 


k cos” (kx -- wt) & — wsin(kx — wt) cos(kx — wt) 2] . 


_ Egk 
— yaw 
then, no energy is transmitted in the z direction, only in the x direction (parallel to the interface). qed 
Problem 9.38 
Look for solutions of the form E = Eo(z,y,z)e~**, B = Bo(z,y,z)e™®, subject to the boundary condi- 
tions EB! = 0, B+ = 0 at all surfaces. Maxwell’s equations, in the form of Eq. 9.177, give 
V-E=0 3V-E)=0; VxE=-98 >V x Ep = iwBg; 
V-B=0 3=>V-Bo=0; VxB= 42 => V x Bo = ~ $Eo. 
From now on I'll leave off the subscript (0). The problem is to solve the (time independent) equations 
{ V-E=0; VxE=iwB; 
V-B=0; VxB=-%E. 
From V x E = iwB it follows that I can get B once I know E, so I’ll concentrate on the latter for the moment. 


‘ 2 
V x (Vx E)=V(V-E)- VE =-V°E = V x (iwB) = iw (-S8) - SE. So 


Averaging over a complete cycle, using (cos?) = 1/2 and (sin cos) = 0, (S) e~?*? &. On average, 


2 2 2 
VE, =— (=) BV By == (=) Bye VE (¢) E,. Solve each of these by separation of variables: 
c 


d? xX ay PZ Ww 2 Pex Vey. aes 
E,(2,y,z) =X Z(z Go Yel) Aor ee eS 
Cee NE) kaa Pe tak as @ EDO ae dye Dae 
d? hg a 
~(w/c)”. Each term must be a constant, so ss = —k2X, a = —kY, “s = —k?Z, with 


ko + ki +k? = —(w/c)’. The solution is 
E,(z,y,z) = {Asin(kzz) + Bcos(kzx)|[C sin(kyy) + D cos(kyy)|[E sin(k,z) + F cos(k,z)]. 


But Ell = 0 at the boundaries > E, = 0 at y=Oandz=0,soD=F =0, and E, =Oaty =band z =d, s0 
ky =nr/b and k, =In/d, where n and | are integers. A similar argument applies to Ey and E,. Conclusion: 


E,(z,y,z) = [Asin(ker) + Bcos(k,z)}sin(kyy) sin(kzz), 
E,(z,y,z) = sin(kzx)[Csin(kyy) + Dcos(kyy)] sin(k,z), 
E.(z,y,z) = sin(k,x)sin(kyy)[E sin(k,z) + F cos(k,z)], 


where k, = ma/a. (Actually, there is no reason at this stage to assume that kz, ky, and k, are the same for 
all three components, and I should really affix a second subscript (x for Ez, y for Ey, and z for E,), but ina 
moment we shall see that in fact they do have to be the same, so to avoid cumbersome notation I'll assume 
they are from the start.) 

Now V-E = 0 = k,[Acos(k,x)—B sin(k,x)] sin(kyy) sin(k,z)+ky sin(kzx)[C cos(kyy)—D sin(kyy)] sin(k,z)+ 
k, sin(k,2) sin(kyy)[E cos(k,z) — Fsin(k,z)] = 0. In particular, putting in x = 0, kzAsin(kyy) sin(k,z) = 0, 
and hence A = 0. Likewisey = 0 > C = 0 and z=0 > E = 0. (Moreover, if the k’s were not equal for different 
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components, then by Fourier analysis this equation could not be satisfied (for all z, y, and z) unless the other 
three constants were also zero, and we’d be left with no field at all.) It follows that —(Bkz + Dky + Fk.) =0 
{in order that V -E = 0), and we are left with 


E = Bcos(kz2) sin(kyy) sin(k,z) X + Dsin(k,z) cos(kyy) sin(k,z) ¥ + F sin(k,2) sin(kyy) cos(k,z) 2, 
with kz = (mm/a), ky = (nx/b), kz = (la /d) (1, m, n all integers), and Bk; + Dky + Fk, =0. 


The corresponding magnetic field is given by B = —(i/w)V x E: 


B, = -+ (= _ =) = -+ [Fky sin(k,2) cos(kyy) cos(k,z) — Dk, sin(kzx) cos(kyy) cos(kzz)], 
By oS -* (= ~ =) = -* [Bk, cos(k,z) sin(kyy) cos(k,z) — Fk, cos(kzz) sin(kyy) cos(k,z)}, 
Bes 2B : (= - =) = -* [Dk, cos(k,z) cos(kyy) sin(k,z) — Bky cos(kz2) cos(kyy) sin(k,z)}. 
Or: 
B= (Fy — Dk,) sin(k,x) cos(kyy) cos(k,z) X — “ (Bk, — Fk,) cos(k, 2) sin(kyy) cos(kzz) ¥ 


= ~ (Dk ~ Bky) cos(kzx) cos(kyy) sin(kez) 2. 


These automatically satisfy the boundary condition B+ = 0 (B, = 0 at x = 0 and z =a, By, =0 at y =0 and 
y =b, and B, =0 at z=0 and z=d). 
As a check, let’s see if V-B=0: 


V-B 


-~—(Fky — Dk, )kz cos(kz x) cos(kyy) cos(k,z) — ~ (Bk; — Fkz)ky cos(kzx) cos(kyy) cos(k,z) 


= “(Dkz — Bky)k, cos(kzx) cos(kyy) cos(kzz) 


-~(Fkeky — Dkk, + Bkzky — Fkeky + Dkzk, — Bkykz) cos(kzz) cos(kyy) cos(k,z) = 0. ¥ 
The boxed equations satisfy all of Maxwell’s equations, and they meet the boundary conditions. For TE 
modes, we pick &, = 0, so F = 0 (and hence Bk, + Dk, = 0, leaving only the overall amplitude undetermined, 
for given 1, m, and n); for TM modes we want B, = 0 (so Dk, — Bky = 0, again leaving only one amplitude 
undetermined, since Bk, + Dky + Fk, = 0). In either case (TEjmn or TMimn), the frequency is given by 


w? = c7(k2 + ke + k2) =? [(ma/a)? + (nw/b)? + (ln/d)’], or [w= emy/(m/a)? + (n/b)? + 7a. 


Chapter 10 


Potentials and Fields 


Problem 10.1 


OL OV 0 6] 1 
Ov+— = VV- 2 he ws 
+ BE V°V — potos 2 + as —(V- A) + poeo > o =V°V + a lY A) ef Y 
5 > PA 
OYA-VIL = V*A- Loto 57 BYD V-At+ mee vs = —LoJ ¥ 


Problem 10.2 


1 1 
(a) W= 6 i («8 + 8 | dr. At ty =d/c, x >d=ct,,soE=0, B=0, and hence} W(t,) = 0. 
) 
At Ty = (d + h)/c, ctg =d+h: 


B= -2o(d+h-2)2, B= Me d+h—2)5, 


so B? = aE, and 


1 1 
(oe? + ~ 3°) = €0 (2 + es 5 *) = Qe E?. 


5 


Lo Ho€o C? 
Therefore 
. tern) dth 
1 pra? 1 7 eouzatlw f (d+h—=x)§ eo a*lwh3 
to) = = d+h— dz (lw) = - =| ——-_——-.. 
W(tr) = 5(2e0) MP f (a+ h— 2)? dr (Iw) = HOE |. a 
d 
1 2 
(b) S(x) = “(Bx B) = al 2 x (£9)| = t— EPR = + (ct — fal)? 
Lo 


(plus sign for x > 0, as ie For |z| > ct, S=0. 
So the energy per unit time entering the box in this time interval is 


Note that no energy flows out the top, since S(d +h) = 0. 
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te (d+h)/c 
2 2 37 (dth)/c 2 3 
poa*lw 2 Loa’lw | (ct — d) Loa’ lwh 
em : ¢ 4c ‘e Meat 4c 3c ale 12c?2 
ty 


d/x 


Since 1/c? = oeo, this agrees with the answer to (a). 


Problem 10.3 


This is a funny set of potentials for a} stationary point charge|q at the origin. (V = 7 : q, A = 0 would, of 
TEQ 
course, be the customary choice.) Evidently | p = gd°(r); J = 0. 


Problem 10.4 
OA : 7 
E = -VWV- ae —Apg cos(kx — wt) ¥(—w) = | Aow cos(kz — wt) y,| 
B 


VxA=2 £ [Ao sin(kx — wt)] =| Agk cos(kx — wt) Z. 


Hence V-E=0vV, V-B=0vV. 


B 
VxE=2z 2. [Aw cos(kx — wt)] = —Aowk sin(kz — wt) Z, 3 = —Aowksin(kz — wt) 2, 


so Ges v. 
Ot 


VxB=-y¥ x [Aok cos(kx ~ wt)}] = Aok sin(ka — wt) f, ~ = Aw” sin(kx — wt) ¥. 


OE ‘ 
So VxB= Hoey provided or, since c* = 1/jo€0, 


Problem 10.5 


OX lq ‘liq 1 qt. 1 1. 
Vi=zV—-—=0-[(- t)-— 2.1} Al = te qe ns, t _t = 
Ot o ( Ate€Q 1) eeu 4m €p r2 ee dneg r2 r 


This gauge function transforms the “funny” potentials of Prob. 10.3 into the “ordinary” potentials of a sta- 
tionary point charge. 


Problem 10.6 


Ex. 10.1: V-A = 0; ae = 0. [Both Coulomb and Lorentz. | 
Prob. 10.3: V-A = - Vv: (3) = £532), ad =0. 
0 
V 
Prob. 10.4: V-A = 0; Ae =0. 


Nate erent ete tte 
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._Problem 10.7 


Suppose V-A #4 —H060 5 (Let V-A + po€o = @—some known function.) We want to pick A such 
ov' 


that A‘ and V’ (Eq. 10.7) do obey V-A’ = —p€0 a 


2 
pci =$4+07.. 


ovVv' OV 
V-A! + poeo—e = VA + V7A 4 poeo—— — 5p 


Ot Ot 

This will be zero provided we pick for \ the solution to 0? = —4%, which by hypothesis (and in fact) we know 
how to solve. 

We could always find a gauge in which V’ = 0, simply by picking \ = fs V dt'. We cannot in general pick 
A = 0—this would make B = 0. [Finding such a gauge function would amount to expressing A as —VA, and 
we know that vector functions cannot in general be written as gradients—only if they happen to have curl 
zero, which A (ordinarily) does not.} 
Problem 10.8 

From the product rule: 


Vv: (=) = *(v-J) aTe (v2) , Ws (2) = ~(V'.J) +5: (v's). 


1 1 
But ve = Wie since =r—r’. So 


v: (5) ==(V-J)-J (v5) = (VJ) + (VJ) - V (5) . 


But 
_ OJ, . OSy | OJ, _— OSe Otr | Ody Oty | Oz Oty 
Vr Ox Tae Oz ~—s Ot, Ox ‘ Ot, Oy * Ot, Oz? 
d 
~ Ot. 102 Ot, 10 dt 1h 
Qn cox’ Oy cdy’ Oz cdz’ 
sO 
OJ, Or  OJy On OJ, H 1 03 
J= =_ |= V2). 
vas -|F Ox Ot, Oy = Ot, Oz Cc Ot, AY?) 
Similarly, s A 
' p_1 / 
J=-— -—-=~ (V2). 
baler a 
[The first term arises when we differentiate with respect to the explicit r', and use the continuity equation.] 
thus 
J 1{ 109 ; 1{ Op 109 ; J 10p J 
BS a ifoaens. Ea, eee ada rc trlage 297 (po) Sek yas 
™ (=) | c Ot, (v'a)] += | Oot cdt, (v')| (=) 2” Ot x a 
(the other two terms cancel, since V2 = —V‘2). Therefore: 
afl fp Ho f J 
A= - ca ie = —|— |] - ——  —-da. 
ve 2-5 ae or fv G )a | woos lame | S4r| 4n Jon" 
. ae ae OV 
The last term is over the suface at “infinity”, where J = 0, so it’s zero. Therefore V-A = —pp€o-———. ¥ 


Ot 
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Problem 10.9 
(a) As in Ex. 10.2, fort <r/c, A =0; fort >r/c, 


(ct)?-r? oy (ct)? -r? vy (ct)?-r? 
A(r,t) = (a2)2 / ida Ae 2 Pa ase / ee 7 d 
Bo, ON Vr? + 22 on a ee 7 
0 
k F / Dt ged. 
= (a i) es Gace ae (ct)? — 7] . Accordingly, 
20 T c 
. OA yok, ct + (ct)? — r? 
E(r, t) = Fe titi (a2v@rcr + 
Tr (<) 1 2c7t 1 2c2t 
a earn neers ag) 1 rae oe ems | eens 
ct+ VJ(ct)? -—r?} \r 2 (ct)? — r? 2c \/(ct)? — r? 
bok . ct + \/(ct)? — r? ct ct 
= —- p24 in|; ——————_ ] + = 
20 T J(ctye— 1? — fe ~ S(t)? — 1? a) 
t / 2 2 
= Hoy, (ve) z (or zero, for t < r/c). 
fe 
Bet) = -2 =e 
1 (—2r) a es 2 el 
= ee Ir vy (ct)?—r? a (ct) e t (-2r) 
: (; at ara 7 26 ea 
tok —ct? > _ bok (-e 242 4 7? 8 Lok z 
= rc) — Rene ct)? —r2 g. 
Aah r/ (ct)? arial eV (ce aes} Qn re (ct)? eae 4) ¢ 


co 
é(t — 
(b) A(r,t) = ~ a | ino) dz. But 2 = Vr? + z*, so the integrand is even in z: 
7 —0o 


2 


A(r,t) = (He a)2 [So as 


| 
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Now 6 (t ~2/c) = cd(2 — ct) (Ex. 1.15); therefore A = = Zc gle os = dh, s 


a sae 
A(r,t) = Oe GS z (or zero, if ct <r); 
dA pogoc (1 2c*t P Hogocst 
Ben = ae = SE (-2) pera * = [pape svat] (Ora fre < fe) 
OA, >  —_ Hogoc (_1 —2r —Hogoer 
B(r,t) = —- ar ? Hone ( 5) ara o= Malay? — 77? (or zero, for t < r/c). 


Problem 10.10 
— bo f Mtr) ay Hee [Saag Es a2 fat. 


~ ar 4 4 a 4n 4% ¢ 
kt 1 > da 
But for the complete loop, fdl = 0, so A = o {i [as 5 fa+2x f “|, Here if dl = 2aX (inner 
ts 1 2 a 


circle), f, dl = —2bx (outer circle), so 


_ pokt [1 Ts Z _ pokt - __ OA _ _ bok 7 
A= aa [520 + 5 | 2b) +2in(6/0) x>|A= "oR In(b/a)xX,} E= el rs n(b/a) X. 


The changing magnetic field induces the electric field. Since we only know A at one point (the center), we 
can’t compute V x A to get B. 
Problem 10.11 ; 

In this case p(r,t) = p(r,0) and J(r, t) = 0, so Eq. 10.29 > 


t it f L U 
na ae i LS al ca a ee ee * (Bq. 10.18), s0 
4rr€o 2 cr 
=. 2h p(r',0) + Ar’, O)t Ale’, O)/e) A(r’,0) Zt / p(r',t). ,, 
~~ Ameo / 22 42 fora ade 4re€q a2 SO 


Problem 10.12 ; . 
In this approximation we’re dropping the higher derivatives of J, so J(t,) = J(t), and Eq. 10.31 > 


B(r,t) = ff - 1 = [3 (r',t) + (ty -t)J0r',t) + 25,0] x Adr', butt, - t= —= (Eq. 10.18), so 
= ta [3d yy qed 
4n Pe 


Problem 10.13 
At time t the charge is at r(t) = afcos(wt) X + sin(wt) ¥], so v(t) = wa{-sin(wt) X + cos(wt) 9]. Therefore 
a= 2% ~alcos(wt,) & + sin(wt,) 9], and hence 2? = z? + a? (of course), and 2 = Vz? + a?. 


Aev= “(a ‘v)= - {-—wa?[— sin(wt,) cos(wt,) + sin(wt,) cos(wt,)}} =6, sO (1 - ~~) =1. 
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Therefore 


1 q qwa . s : Vz? +a? 
Viz; t) = ==} z,t) =| -————_—=|- sin(wt, ) k + cos(wt ,| where} t¢, = t — ————.. 
(2,t) | 4re€g Vz? + a? ae) 4rege? Vz? + al a (ute) 9) 


Problem 10.14 
Term under square root in (Eq. 9.98) is: 


I = cit? -%t(r-v) + (r-v)? + c2r? — ct? — v2? + v2? t? 
(r-v)? + (c? — v?)r? + c? (ut)? — 2c?2(r- vt). put in vt =r—R?. 


but 
(r-v)? —r?v? = ((R4+vt)-v)? —(R+vt)?v? 

= (R-v)?+vtt? + 2(R-v)v2t — Rv? — 2(R- v)tu? — v?t?v? 
= (R-v)? — R’v? = Rv? cos’ 6 — R’v” = —R?v? (1 — cos’ 6) 
= —R?v? sin? 6. 

Therefore 2 

I = —R?v? sin? 64 c? RR? = c? R? (1 _- ~ sin? 0) F 
C * 
Hence 


1 


i d 
in ae 
™O Ry/1 — 4 sin? 4 


V(r,t) = 


Problem 10.15 

Once seen, from a given point 
x, the particle will forever remain 
in view—to disappear it would 
have to travel faster than light. 


Light rays in + 2 direction 


A person at point 
«x first sees the 

particle when this point is reached 
ie. at © = -ct, or 
t= -2/e 


Region below wavy line represents space-time 
points from which the particle is invisible 


(r-v)? + (c? — v?)r? + c2(r? + R? — Qr-R) — 2c?(r? —r- R) = (r- v)? — 120? +c? R?. 
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Problem 10.16 
First calculate t,: t- = t — |r — w(t,)|/e > 
—c(tp -th =2-VJVbP+2 > ct,-th+o= VP +2; a 
0 See 
ct? ~ 2c7t,.t + c?t? + Qact, — act + 2? = b? +c? t?; | w(t,) p 


Qct, (az — ct) + (2? — Qzct + c*t?) = b; £ 
b? —- (x — ct)? 
_— = 2 = — 2 = OO 
2ct,(x — ct) = b* — (x —ct)*, ort, ae 
Now V( fee ee and 2c -—2-v = 2( ); = c(t -t,) 
LZ, Sar rarer rery c v=2c—v); += c(t -t,). 
ch 1 1 Se Cl, _ et, Mipsans Ct-+ce(c—ct)—ct,  c(r—ct) _ 
2 Je +e  "  ctp-tht+a ct, +(x—ct)' ~ ct, + (x — ct) ~ ety + (x — ct)’ 
c(t—t,-)e(x—ct)  c(t—t,)(z — ct) b? — (x — ct)? b? + (x — ct)? 
—-A-V= = > ct, - = —_ = 
iets ct, + (x - ct) ct, +(z—ct) ’ Spt e = Ct) 2(z — ct) TG) 2(x — ct) 
2ct(x — ct) -—b? +(x —ct)? (x~—ct)(v +ct)-—b? (x? — c?t? — b?) 
tte = = 
2c(z — ct) 2c(x — ct) 2c(z — ct) TAgIOr 
Ti ees. [- + (x - an 1 2c(zx — ct) _ b? + (x — ct)? 
Mav 2(z — ct) c?(z — ct) [2ct(z — ct) — b? + (x — ct)?] ~ e(x — et) [2ct(x — ct) ~ b? + (x — ct)?] 


The term in square brackets simplifies to (2ct + x — ct)(x — ct) — b = (x + ct)(zx —ct)—-BP = 2? -— ct? — 0. 


q b? + (x — ct)? 
VieEn= 
SoIM(t 0 = 72 ct ee 


Meanwhile 


V ct, v. [- —(r- = W%e-—ct) q b? + (x — ct)? F 
ake . 


a ct, + (x —ct)e 2c(x — ct) | b? + (x — ct)? 4neo (x — ct) (x? — ct? — b?) 
q b? — (x — ct)? 2 
4mege (x — ct)(z? — c?t? — b?) 


Problem 10.17 
From Eq. 10.33, c(t — t-) =27 > &(t —t,)? =2? =a-4. Differentiate with respect to t: 


ot On ot Or 
2 moe pH eye a ye =r— 
Qc*(t — t,) (1 x) wn re Or Cr (1 5 ) a ve Now 4=r— wi(t,), so 


II 


On Ow Ow Ot, Ote Oty \ Ote _ Oty _ Ote 

ok OCS = vs oo (1 = SE) = nw a= De a v)= ae u) (Eq. 10.64), 
Oty 

and hence OE = Peet qed 
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Now Eq. 10.40 says A(r,t) = a t), so 


OA _ 1 (vy, OV) _ 1 (Ov Ory, OV 
Ot at Ot Ot, Ot Ot 

ty SL Ot Ae a -qce 0 

~~ [5 Aneg2-u V ages oul? OE »v)| 

_ Lite [a dev (0 _& | | bv 

~ C2 4reg |a2-u Ot (a-u)? “at at” Ot} | - 

On Ot, = On Ot, 
But 2 =c(t—-t,) > — oy =e(1- $2), a=1-w(n) > $= Nay (as above), and 


Ov _ Ov Ot, _ | tr 
at dt, Ot Ot 


ot, 2 Ot, 2 Ote ot, 
a(t-u) — vie BE +u ae ae 


= ona {-cv4 [(2-u)a+ (c? —v? +4-a)v| =} 


ot 


Paap eee {- 2 ; a oe =) 
= Goa + [(2-u)at (c? —v? +4-a)v] oo 
Fs ena [—c?v(a-u) + o(2- u)a t+ or(c? — v? +4-a)v] 
clr - 
qc 1 


= BRO YY Se a hil = eee 
ne Geos [@e< a v) ( vt ca) + =(c uta a)y] . qed 


| ta Problem apne 


Oe en Yee 
ae Amey (2: u)3 [(ec v Ju+4x (uxa)]. Here v 


vxX, a = ax, and, for points to the right,2 = &%. Sou 
(c—v)%&, uxa=0, and2z-u=2(c—v). 


q a 5. #5 -@ Tietvj(e-2). q 1 fectv\. 
E = —-—— _ cS NN he ey ES A 
Ane€g 273(c — v)3 ee ~ Arey 2 (c — v)? i A4r€g 2? = 


II 
& 

§ > 
2 


B 


“4x E=0. qed 


For field points to the left, 4 = —xk and u = —(c+ v)X, so%-u=2(c+v), and 


-q 1 fe-v 
4neg 2? \e+u 


a. @ ks DF 9 — 
oe Grip eeu” a ae 


Problem 10. Ad 


(a) B= 7 (1 - 0?/e?) [% 
R? (1 - ae sin? 6] fi @/aranol 
The saaer eae cancel; le vertical com- y 
ponent of R is sin@ (see diagram). Here d= Rsin@, so 
1 sin?@ d RY ld 
a, = 3; -5 = cotd, so de = —d(- csc? 6) dd = —S— db; Ge 
Fi = gr) Ty = 0088, 80 (— csc’ 6) an? 6 a x 


fe ee 
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1 d_ sin?6 dé 
R? in? d? ~ Sd omer 
E = i aytie) (5) / Sin? _ aa. Let z =cos@, so sin? @ = 1 — z?. 
Ameo d/ Jo [1 ~ (u/c)? sin? 6] 


A(1 — v?/c?) ¥ 1 
~ 4regd [, (1 — (u/c)? + (v/c)2z2}°”? si 


_ AL =v? /c?)¥ 1 z igs 
~ 4regd (v/o)3 (c2 /v? — ee —1l+2z7j]_, 
_ AL—v?/c?)c 1 2 1 2A 
ase SRT ges a aap’ a5 ee —— = J = rene y | (same as for a line charge at rest). 
(b) B= atv x E) for each segment dg = Adz. Since v is constant, it comes outside the integral, and the 
same formula cholde for the total field: 
1 Se oe 1 2d. fo 2, 
ies ga © 4neg a pa day qd 4nd 


aI - 
But Av = J, so|B= ee | (the same as we got in magnetostatics, Eq. 5.36 and Ex. 5.7). 


Problem 10.20 


w(t) = R{cos(wt) x + sin(wt) ¥]; y 

v(t) = Ruw[- sin(wt) X + cos(wt) ¥]; 

a(t) = —Rw?(cos(wt) x + sin(wt) ¥] = —w* w(t); q 

a= —w(t,); z 
a= R; 

tr =t— Rc; 


4 = —[cos(wt,) X + sin(wt,) ¥}; 


ch — v(t) = —c{cos(wt,) & + sin(wt,) ¥] — wR[- sin(wt,) & + cos(wt,) 7] 


u= 
= ~— {[ccos(wt,) — wRsin(wt,)}]X + [csin(wt,) + wRcos(wt,)] ¥}; 
ax(uxa) = (2-a)u—(2-uj)a; 2-a = —w: (—-w?w) = wR’; 
a-u = R[ccos*(wt,) — wRsin(wt,) cos(wt,) + csin’(wt,) + wRsin(wt,) cos(wt,)] = Re; 


= (wR)*. So (Eq. 10.65): 


= pL fa(e-aPR? 2 _ al Ro) = 2 Ua Ra 
E = ae Ce [u (c? —w*R”) + u(wR)? — a(Re)] = Tneo (Ro? 
ae a 


>) ae Ts} Ro? {-[c? cos(wt,) — wResin(wt,)}] X — [c” sin(wt,) + wRecos(wt,)] ¥ 


+ Rw? oil K+ Rw? sin(wt,) 9} 


a Ro? {[{(w?R? — c*) cos(wt,) + wResin(wt,)] X + [(w?R? — c*) sin(wies) —wRecos(wt,)] ¥}. 


4reo Th 
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1. er 5 
- = ~ (4, EB, —4,E,z) z 
tx E ~ fy ~AyE) 2 


w 
I! 


~ E {cos(wt,) [(w?R? — c”) sin(wt,) — wRecos(wt,)] 
0 


~ sin(wt,) [(w?R? — c*) cos(wt,) + wResin(wt,)]}@ 


1 q ew 


q 1 2 in? a ne 
= = ty ne tr a 
[-wRecos? (wt,) — wResin?(wt,)] 2 4né) Ree” 4req Re? 


~ deg R2c3 


Notice that B is constant in time. 


To obtain the field at the center of a circular ring of charge, let g -> \(27R); for this ring to carry current 
I, we need I = \v = AWR, so A = I/wR, and hence q -+ (I/wR)(2xR) = 2nI/w. Thus B = Gud Z 


4req Re? a 
I 
since 1/c? = €ofo,|B = on z,} the same as Eq. 5.38, in the case z = 0. 


Problem 10.21 


or, 


A(¢, t) = Ao] sin(@/2)|, where 6 = ¢— wt. So the (retarded) scalar potential at the center is (Eq. 10.19) 


2a ; y 
6 re Ao |sin{( ~ wtr)/2N 5 ay t 
A4n€y J 2 Are Jo a 
“a _ Anes i sin(@/2) dé = Ae 0 Ey x 
_ Ao =| 20. 
~ drr€g eaieds TEQ” = 


(Note: at fixed t,, dg = d8, and it goes through one full cycle of ¢ or 0.) 


Meanwhile I(¢, t) = Av = Agwa|sin{(¢ — wt)/2}} @. From Eq. 10.19 (again) 


Ho [1 1 po [°* Aqwa|sin{(d ~ wt,)/2]| d 
t) = — | -dli=— i ae . 
AG) 4n j 2 4n A a aoe 
But t, = t—a/c is again constant, for the ¢ integration, and o = —singx& + cos¢y. 


2a 
= pero i lsin{(¢ — wt,)/2]|(—sindX +cos¢y) dd. Again, switch variables to 0 = ¢ — wt,, 
0 


and integrate from 8 = 0 to @ = 27 (so we don’t have to worry about the absolute value). 


an 
= poco i sin(@/2) [— sin(@ + wt,) X + cos(@ + wt,) ¥] dé. Now 
0 


Qn 2n 
| sin (0/2)sin(@+wt,)d? = 5 [ [cos (9/2 + wt,) — cos (36/2 + wt,)] dé 
0 
i 1 2 2n 
= S [2sin 6/2 +t.) = 3 sin (39/2-+ wt) 
0 


ess 1, 
= sin(r+wt,) — sin(wt,) — 3 sin(3a + wt,) + 3 sin(wt,) 


2 4 
= —2sin(wt,) + 3 sin(wt,) = = sin(wt,). 


2n 1 Qn 
i, sin (8/2) cos(@ +wt,)d? = 3 : {[— sin (6/2 + wt,) + sin (36/2 + wt,)] dé 
0 ) : Ke 
aa [2.05 (6/2 + ut) — 3 008 (96/2-+ut,)| 
0 


1 1 
= cos(r + wt,) — cos(wt,) — 5 cos(3m + wt,) + 3 Cos(wtr) 


2 4 
= —2cos(wt,) + 3 cos(wt,) = -3 cos(wt,). 


So 


Lo AQwa 
is 


A(t) = Lo Aqwa € 


re 5) {sin(wt,) X — cos(wt,) ¥] = one {sin[w(t — a/c)| x — cos[w(t — a/c)| ¥}. 
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Problem 10.22 


SOURCES 
p.J 


a 
(V-3=-5P) 


[ ] =sevaluate at the retarded 
time, 4 


POTENTIALS 
VA 


(v-B =) 


FIELDS 
E.B 


aA 
E=~VV- ;B=VxA 
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Problem 10.23 
Using Product Rule #5, Eq. 10.43 > 


V-A = Fe qev VW [(et—4-v)? + (c? — v?)(r? - apy? 
= aay . \-3 [(c?t —r-v)? + (c? —v*)(r? — ery)? V [(c?t'—r-v)? + (c? — v?)(r? — ey} 
eee es [(c?t —r-v)? + (c? — v?)(r? — ¢7t?)] ane {-2(c?t —r-v)V(r-v) + (c? —v*)V(r?)}. 


“8x 
Product Rule #4 > 


Vir-v) = vx(Vxr)+(v-V)r, but Vxr=0, 


a) ) (6) 
(v-V)r = (v. 2 5p +5 +5, ) Rb YF +28) = vty Ita Ay, and 


V(r?) = Vi(r-r) =2rx(V xr)4+2(r- V)r = 2r. So 


VA = area [(c2t — r-v)? +(e? — v?)(r? — eye v- [-2(c?t —r-v)v + (c? — v*)2r] 
= ae [(c2t — rev)? + (c? —v?)(r? — 2?) 7°? {(2t —v- v)u? - (c? — v*)(r-v)}. 
ane the term in curly brackets is : c2tv? — v?(r-v) — 2(r-v) + u2(r- v) =c?(v*t—r-v). 


Hoge? (v?t—r-v) 
4m [(c2t —r-v)? + (2 — v2)(r? — 242) 5? 


a Meanwhile, from Eq. 10.42, 
Hoe = Hato 40 (-5) [(c?t —r-v)? + (c? —v?)(r? — ct”)] eS 
z [(c?t — r-v)? + (c? — v?)(r? — c7t?)| 
= WERE [tt — rev)? + (Pu)? — oP) [a(t —r- vc? + (2 — v°)(-20%)] 
_ we per aoneie ere ech Cie) 


4m [(c2t —r-v)? + (c2 — v?)(r? — c242))°/? 


Problem 10.24 


+7 x 
se P= erat . : 


Amey (b? + €7t?) 
(This is just Coulomb’s law, since q; is at rest.) 


(b) Ig = an i paneer su li tan7! (t/0) q ey [tan7*(oo) — tan7*(—00)] 


4reg J_oo (b? + c?t?) Areg | bc Ameobc 
[oe] 

_— ge fm (_ i 142 7 

~ Anmegbe ( | Amey be 
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An €o x2 \e+u 
and v are to be evaluated at the retarded time t,, which is 
given by c(t -t,) = 2(t,) = /b? + ct? = c?t? —Qctt, +t? = 
242 __ p2 
ct’ —b 
+72 >t. = Sree Note: As we found in Prcb. 10.15, 
c 
qo first “comes into view” (for q,) at time t = 0. Before that it 
can exert no force on q,, and there is no retarded time. From 
the graph of t, versus t we see that t, ranges all the way from 
—oo to oo while t > 0. 


(c)'Beom:Piob: toda ee € = *) %. Here x 


2071? — c*t? + b? b? +672? 1 2c?t et 
Haat f= Se . eee 
x(t,) = ef ) OE 5a (fort >0). u(t) 3 UP Ter 7 80 
c2t? — b? 2Qct ct? — 
tr) = =c{ =>—~ ; 
u(t,) ( 5 ) € Ee aa} c (Sh = 7) (fort >0). Therefore 
cv (c*t? +6?) — (c?t? — 67) 28? i qe 4c74? an 


= so NN Se = sz (fort > 0). E= 


= ==35 - e  t O 
c+u  (c?t2 +b?) + (c?t? -b?) Ac®t?_ 24? Amey (b? + c7t?)? c?t? 


0, 
Fi = 9192 4b? 


~ Ameo (b2 + 0242)? 


(d) i = — 22 4e eo aoe gt The dateerals 
,=-- 5 (Bb? + ey? < e integral 1S 


aL worrep =a (ae) lesa 


: +f (OLE: 2] a| rs sai ea = 


(e) F) 4 —Fe2, so Newton’s third law is not obeyed. On the other hand, 1; = —Jg in this instance, which 
suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered 
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general, the fields might 
carry off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present 
case.) 


Problem 10.25 


S= Lig xB); B= <(v x E) (Eq. 10.69). E 
Ho c R 


So § = 5 [Ex (v x B)] = 6 [B*v — (v- BYE]. a 


The power crossing the plane is P = [ S-da, 
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and da = 2zxr dr x (see diagram). So 


P= © [ee ~— E2v)2ar dr; E, = Ecos6, so E? — E? = E* sin? @. 


: q 1 R 1 
= 2mEqu i" E? sin? @r dr. From Eq. 10.68, E = >=; where ¥ = — =. 
Ameo ¥° Re [1 — (u/c)? sin? e}°/? V1 — v?/c? 
2 fore) +2 

1 8 0 

= 2m€ov (4) =f ely Now r =atan8 = dr =a—+> 6. Da 
4neg) y¥? Jo RA [1 — (u/c)? sin? 6] cos? 6 R a 
v gi st? sin? @ cos 


= oy Ss ee: Let u = sin? 6, so du = 2sin@cos6 dé. 
2y" 4me9 a" Jo [1 — (u/c)? sin? 6] 


- vg? i. u get vg’ ae _| vq? 
16 me9a?74 Jo {1 — (v/c)2u}* ~ 16mega2y4 \ 2] | 32m€9a?" 
Problem 10.26 
1 qige . 
{Se ee 
(a) | Pio(?) 4meg (ut)? : 


(b) From Eq. 10.68, with @ = 180°, R = vt, and R = ~2: 


1 qage(1 — v?/c?) 
Ane (ut)? 


Newton’s third law does not hold: Fy. # Fai, 


because of the extra factor (1 — v?/c”). 


Z. 


Foi (t) = — 


(c) From Eq. 8.29, p = eo f(ExB) dr. Here E = E,+Ee, whereas B = Bo, soExB = (E, x Be)+(E2 xBo). 
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part: 


1 
p(t) = € [e@ x B,) dr. Now E; = ot fF, while, from Eq. 10.69, Bz = —>(v x Eg), and (Eq. 10.68) 
4n€y r? c? 
_ @ (1 — v?/c?) R _ a Sweat SP SING 
EO are ean eee Re Re =r* +t ~~ 2rvtcos 9; sin’ = . So 
—~y2/c —vt 5 
= Aaa a ne ( ~ ) Finally, noting that v x (r — vt) =v x r=ursin0 @, we get 
4n€0 [1 ~ (ur sin 8/Rc)?] mn oR 
1 —v?/c? ur sin 8 ; 1—v?/c?)v f 1 rsind (fx @ 
Bo = g2(1 ~ v' /e*} i Ms tes 3/2 @. So p(t) = €0 n mil —v jeu / ) fan ?) 3/2" 
4megc (R? — (ur sin 8/c)?] 4neq — 4€0¢ r° [R? — (ur sin 6/c)?: 
But fx d= —-O= —(cos@cos #X + cos@sin dF — sin@Z), and the z and y components integrate to zero, so: 


sy = qigeu(1 — v?/c?)% | sin? 0 
(Anc)?€0 r [r? + (vt)? — 2rutcos6.— (vr sin 6/c)2)°/? 
qiqev(1 — v?/c?) 2 rsin® 0 
8xc7€9 / [r2 + (ut)? — 2rut cos 4 — (ur sin 8/c)?}°/? 


r? sin6 dr dO dd 


dr dé. 


a 


| Veneer 
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I’ll do the r integral first. According to the CRC Tables, 


o x Pie 2(bx + 2a) 
o (a+ bx + cx?)3/2 (4ac — b?)Va + br + cx? |g 
2 


Sita 2 b=. 2a 
4ac—B | Ve Va 


a 2 @vac—b) 
= ating yy Oo” eae) Cac) al 


In this case x = r, a = (vt)?, b = —2vtcos6, and c= 1 —(v/c)? sin”. So the r integral is 
2 1 


1 — (u/c)? sin? 6 [20 1 — (u/c)? sin? 6 — 2utcos6] - vty/1— (u/c)? sin? 6 vi — (v/c)? sin? 6 — cos8] 
[V1 = /e)? sin? 6+ cos es = it 
vty/1— (u/c)? sin? 6 [1 — (u/c)? sin? 6 — cos? 6] ~ vtsin? rao 1 = 08/2) I" 4/1 — (v/c)? sin? =| 


— 2 2\ 4 i) 
p(t) = = area ae 5 | arg [1 +} | sin oa 
8rc7€q vt(1 — v?/c?) Jo sin’ é 1 — (u/c)? sin? 6 


ine [Csnoas+ © [° 2ostsne cos 6 sin 8 
mereot | Jo : 4/ (c/v)? ~ sin 9 
But {> sin@ dé = 2. In the second ae let u = cos, so du = — sin dé: 
[ =. cos 6 sin 8 o= ff 
» Tey ae: lV Jee 
. Ho0g142 5 
Conclusion: [Pp = cage 4 (plus a term constant in time). 


(d) 


2Vac + b) . 


So 


— === du = 0 (the integrand is odd, and the interval is even). 


- = Hod 92 z 
Aree? t? “Ant? 


> 


Z= 
4reég vt? 4r€9 vt? A4regu?t? 


dp = Hong - 
dt Ant? 


1 i 2 [p2 2 
1 ng, ng(l-v*/c’), ne (1-14+5)2- n 92 
c 


= Fy + Fo. qed 


Since q; is at rest, and g2 is moving at constant velocity, there must be another force (Fmech) acting on 
them, to balance Fz. + Fo1; what we have found is that Fmech = @Pem/dt, which means that the impulse 
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of 
this problem see J. J. G. Scanio, Am. J. Phys. 43, 258 (1975).] 


Chapter 11 


Radiation : 


Problem 11.1 ; 
From Eq. 11.17, A = Sane sin(w(t — r/c)|(cos@# — sin @ 8), so 


V-A = ~ ae ai le sin|[w(t — r/c)] cos + mang E sin? 6- sin[w(t — r/o) } 
ae ~ bern. {3 (sinfw(t ~r/c)] - — cos[w(t — r/c)]) cos 6 —- aepecose sin{u(t — rre)} 
=e (pe (= sinlw(t — r/c)} + = cos{(t — r/o) cos} 
Meanwhile, from Eq. 11.12, 
Ad = moe ‘- cos(w(t — r/c)] — ~ sinfi(t ™ r/o) 


aS pw fl. _ w _ yee OV 
= Re {3 sin[w(t — r/c)] + = cos[w(t r/o} cos6. SoV-A= Hocom- qed 


Problem 11.2 


Eq. 11.14: | V(r, t) = oa Pe Z sin[w(t — r/c)].| Eq. 11.17: ks a — Hee PE sin [u(t —r/c)]. 


Now po X # = posin@@ and & x (po x #) = po sin O(é x é) = —posin6 6, so 


Eq. 11.18: Eo - bose (po *F) cos(w(t — r/c)]. | Eq. 11.19: ae, t)= Hebe (Po X) cos{w(t — r/c)]. | 


How* (po x f)? 
3272c r2 


f. 


Eq. 11.21: | (S) = 


Problem 11.3 ; 
P= PR= gw? sin? (wt)R (Eq. 11.15) > (P) = Aoiu? R. Equate this to Eq. 11.22: 


1 2 2p _ woG du _ bod? w? 7 2nc 
910" R= ar =>iR= Gre i {0m since w = ——, 
pod? 4n?c?_— 2 d a 9 a d oe . d\? 7 
R= eae 37 Hoc ce ee qti4n x 1077)(3 x 108) ets 807 x 2 =|789.6(d/d)? 2. 
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For the wires in an ordinary radio, with d = 5 x 107? m and (say) \ = 10° m, R = 790(5 x 1075)? = 2x 107®Q, 
which is negligible compared to the Ohmic resistance. 


Problem 11.4 
By the superposition principle, we can add the potentials of the two dipoles. Let’s first express V (Eq. 11.14) 


: w z F ite : 
in Cartesian coordinates: V(z,y,z,t) = -— ( Tighe 7) sin[w(t—r/c)]. That’s for an oscillating dipole 
megce \ x z 


along the z axis. For one along z or y, we just change z to z or y. In the present case, 


P = Po[cos(wt) X + cos(wt — 1/2) ¥], so the one along y is delayed by a phase angle 7/2: 


sin{w(t ~ r/c)] — sin[w(t — r/c) — 7/2] = — cos[w(t — r/e)] Gust let wt > wt — 7/2). Thus 


V= eae {z ri Fie 5 sin[w(t — r/c)] — ae cos[w(t — r/o) 
= a me {cos ¢ sin[w(t — r/c)] — sin ¢ cos[w(t — r/c)]}} . | Similarly, 
A = 2 asl ae MEP. {sin[w(t — r/c)] X — cosfw(t — r/c)] 9}. 


We could get the fields by differentiating these potentials, but I prefer to work with Eqs. 11.18 and 11.19, 
using superposition. Since 2 = cos@rf — sin@ 6, and cos@ = z/r, Eq. 11.18 can be written 
z 


LoPow” 
E= i cos[w(t — r/c)] (2 a ?). In the case of the rotating dipole, therefore, 
Ur 


E = E= {cosfw(e —r/o)] (x Z = ?) + sinu(t — r/o)] (9 = “#) | 


-(f x E). 


w 
r 
alr 


2 
S= 4 tg x B) = LF lex (f x E)] = + [g# - (B-#)E] = Ee (notice that E-# = 0). Now 
Lo Hoc Loc Loc 


B= (eee) {a? cos?{w(t — r/c)] +b sin’{w(t — r/c)] + 2(a- b) sin[w(t — r/c)] cos[w(t — r/c)]} , 


where a = X — (z/r)f and b= ¥ — (y/r)f. Noting that K-r =a and ¥-r=y, we have 


a 2 2 2 2 
; GREER Cre e Se tg eg ee ae a 
r2 r2 rroorr. or r2 


EP = (wore) (1 - =) cos? [w(t — r/c)] + (1 - ") sin? [w(t — r/c} 


{1 _- 5 (x cos[w(t — r/c)] + ysinfw(t — rley*} 
nécos@ and y =rsin@sin ¢. 


{ 


1 — sin? 4 (cos pcos{w(t — r/c)] + singsin[w(t — r/c)))"} 


1 ~ (sin 8 cosfix(t — r/c) — 9)”. 


C is) = Ho (Poet) [1-3 sit = 


2 
ae / _ Ho Pow? 1 = 1 . 2 2: 
P= [s) da = = (= ) [a (1 5 sin 6) r* sin 6 d6 do 


2,4 1 1. 2,44 
HoPow Hae of sin? pap) = Eto fob 2) 2 
20 ff sin 6 d@ a sin aas| re (2 5°S)= 
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1 ~ Hy (2° cos*fult~ r/e)] + Ray sinfolt ~ r/o)]cosle(t ~ r/e)] +9" sin*[o(t ~r/e)))} 


This is twice the power radiated by either oscillating dipole alone (Eq. 11.22). In general, S = toe xB)= 
Ho 


1 1 
te (Ey + E2) x (By + B2)| = ((E; x B) + (EB, x Bo) + (Ey x B2) + (E2 x B,)} = S, + S2+ cross terms. 
0 0 


In this particular case, the fields of 1 and 2 are 90° out of phase, so the cross terms go to zero in the time 


averaging, and the total power radiated is just the sum of the two individual powers. 


Problem 11.5 
Go back to Eq. 11.33: 


a = Homo (=) { Fcoslu(t ~r/)] - © sinluo(t - rie) Es 


4n rT 
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Since V = 0 here, 


B= - FR = Ha (SE) fu) sin ~ r/o} - Se coshe(t-rfe)]} 6 
2 ae (=) {2 sinko(t ~ r/o) + © coslu(t - r/o é. 
B= vxA=—+ 58 (aysing) e129 (r4,) 6 
es Horne ‘ts zante E esseoriors = sinfu(t = 7.) i 
_ Sin [-Seostece = r/o)) + = sinu(t ~r/e)] - = (-*) cosfu(t - 7] a} 


Lo™Mo { 2cos@ 


- - cos{w(t — r/c)} - = sin[u(é = 7) 5 


ae: cos[w(t — r/c)] + ~ sin{w(t — r/c)| + (2) cos[w(t — r/a)] 6}. 


2 
These are precisely the fields we studied in Prob. 9.33, with A a. The Poynting vector (quoting 
1c 


the solution to that problem) is 


243 fai 2 
Lomogw” {sind {2eos? c : c S aa A 
Ss = —— j{1- sin ucosu + — {cos* u — sin 0 
167?c? ( r2 ) Tr wr? a u u) 
2 


2 

7 Cc a WwW c r x 

sin ee a sin ucosu + — cos’ u + —z (sin? u — cos” u) rl 
rT wer c Wr 


2, 4 ot,2 ra] 
where u = —w(t — r/c). The intensity is ls Pig as ih aici f, 


h he . . 
3202s Pp? the same as Kq. 11.39 


5k Problem 11.6 


2, 4 2 4 72 4 4 
I?R = I2Reos*(wt) > (P) = SR Hatter 2 Hon) foe pew. mlb 


lin® lances °° Be he 


_ potbt 16rtct | 8 b ‘ Bas -7 8 4 5 4 
= Ham re =| Succ (F) |= S n)(4me x 10-7)(8 x 108)(0/2)* = [8.08 x 105(0/2)40.] 


Because b < A, and R goes like the fourth power of this small number, R is typically much smaller than the 
electric radiative resistance (Prob. 11.3). For the dimensions we used in Prob. 11.3 (6 = 5cm and \ = 10? m), 
R=3 x 109(5 x 107°)4 = 2 x 107172, which is a millionth of the comparable electrical radiative resistance. 


Problem 11.7 
With a = 90°, Eq. 7.68 > E’ = cB, B’ = -E/c, 9), = —cge => Mo = Ind = —Cged = —cpo. So 


of Ho malhe (00) costutt r/o] 4} = leet (S22) coslu(e—r/e) é 


pee finan (=) cos{u(t — r/o} -| ne (=) cos[w(t — r/c)] a 


E’ 


c 
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These are identical to the fields of an Ampére dipole (Eqs. 11.36 and 11.37), which is consistent with our 
general experience that the two models generate identical fields except right at the dipole (not relevant here, 
since we’re in the radiation zone). 
Problem 11.8 

p(t) = po[cos(wt) X + sin(wt) ¥] => p(t) = —wpofcos(wt) X + sin(wt) ¥] > 

204 a2 

w* sin 6 : ; 

(p(t)]? = w4 p2{cos? (wt) + sin?(wt)] = piw*. So Eq. 11.59 says|S = Tr 3 f.| (This appears to disagree 


with the answer to Prob. 11.4. The reason is that in Eq. 11.59 the polar axis is along the direction of p(to); 
as the dipole rotates, so do the axes. Thus the angle @ here is not the same as in Prob. 11.4.) Meanwhile, 


2,4 
Eq. 11.60 says} P = —. (This does agree with Prob. 11.4, because we have now integrated over all angles, 
TC 


and the orientation of the polar axis irrelevant.) 


% Problem 11.9 


At t = 0 the dipole moment of the ring is 


po = [ana = [osingyiosinag + beosox)edd = rob? (5 [" sin? 946+ [” sindcos od) 
= Nn H +08) = 1b? AgF. | ; 
As it rotates (counterclockwise, say) p(t) = po{cos(wt) 7 — sin(wt) %], so p = —w’p, and hence (p)? = wp. 
Therefore (Eq. 11.60) P = 5" (6? Ao)? = eS, 


& Problem 11.10 


an 


p=-eyy, y =4gt?, sop = ~hget?¥; p = —gey. Therefore (Eq. 11.60): P= £-(ge)?. Now, the time 
T 
it takes to fall a distance A is given by h = $gt? > t = \/2h/g, so the energy radiated in falling a distance h 
2 
is Urag = Pt= Mole) FR a, Meanwhile, the potential energy lost is Upot = mgh. So the fraction is 


Uraa  pogre” [2h 1 uge”? | 2g (4m x 1077)(1.6 x 10779)? /(2)(9.8) aap 
$e _ | Oe oe =|2.76 x 10722, 
h 6m(9.11 x 10-31)(3 x 108) | (0.08) 


Upot 67rc “g mgh ~| 6mme 


Evidently almost all the energy goes into kinetic form (as indeed I assumed in saying y = }gt”). 
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Problem 11.11 


pow fcosé . 
(a) Vi = 5 tae (ets | sintw(t —r4/c)). Vior = Ve + VL. 
d 
re = vr? + (d/2)? ¥ 2r(d/2) cos = ry/1 ¥ (d/r) cos8 =r (2 5. cos6 : 
T 
1 1 
— = - (14 £ cose). 
T+ T 2r 
6 + (d/2 d\1 d 
cos 64 Poe) 1 (cose ©) © (14 $ cond) = cos dt 2p 
TH+ 2rj/r 2r 2r 2r 
= cosé a — cos? 8) = cosé EA in? @ 
- ay, pa op 
F F T d : wd 
sinfw(t-—ra/c)} = singw|lt--[1+4—cosé = sin | wtp  — cos@}, where tp =t—r/c. 
c 2r 2c 
: wd . fwd ; wd 
= sin(wtg) cos (3 cos 8) + cos(wto) sin & COs 8) = sin(wtp) + af cos 6 cos(wtg). 
Ve = ee { (1 + s- cos4) (cose + < sin? 0) sin(wto) + “ c0s6 cost)| } 
= = ox cos 6 + io sin? 6 + g cos’ @ } |sin(wt) + Se eee ) 
Aneger 2r 2r 2c ° 
Pow : wd d 2 +02 9) a 
= : + t — - : 
a oa [cos sin(ot) 3, 08 8 cos(wto) + oF (cos* @ — sin? 8) sin(wto 
d d 
Viot peed F cos” 6 cos(wto) + — (cos? 6 — sin? 6) sin( ot) 
4megcr | c Tr 


2 
= 2 e [cos? 9 cos(wto) + = (cos? 6 — sin? 6) sin(wto| : 


2d 
In the radiation zone (r >> w/c) the second term is negligible, so lv z= BO cos? A cos(w(t — r/c)]. 


4negc*r 
Meanwhile 
Az = ee sinlw(t — ra./c)]z 
ore a ie g cos@ | |sin(wt)) + ue cos@ cos(wtg) | > z@ 
= apenas —_ 1 — 
i. 4nr 2r : 2c ” 
call les sin(wt) + ue cos 8 cos(wtg) + g cos @sin(wto)| z 
= 1 a = : 
Paar Oh 6 POE Ge ? 
Hopow [wd d : ‘ 
Atop = Ay + Az -— —— | — cos@cos(wto) + —cos@sin(wto)| z 
4nr c r 
ed 
=. |p ROR OS S cds8 [cos(wto) caee sin(wto)| z. 
4ncr wr 
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2d 
In the radiation zone, | A = a cos 6 cos[w(t — r/c)] z. 
cr 


2 
(b) To simplify the notation, let a = a bows Then 
26 
Vo Sg cos[w(t — r/c)]; 
OV. 10V, 1 Ww, a 
VV = ort + ay) 6 = acos? 6 {-5 cos[w(t — r/c)] + oF sin{w(t — r/o} f 
2 7 2 
q—Zonsvein’ cos[w(t ~ r/c)]@ = om sth sin[w(t ~r/c)]® (in the radiation zone). 
a cos6@ Boe OA awcosé 
A = se cos{w(t — r/c)] (coso# — sin 06) gp a sinfu(t — r/c)] (cosa — sind 6). 
a GA _ aw 292 2904 63 j 
E = -VV , sin{w(t ~ r/c)] (cos 0% — cos 0# + sin 8 cos 6 6) 
eg sin 8 cos@ sin{u(t — r/c)] 
cr 
o OA,] + 
B= vx A= 2] 3 (rae) - | 6 


cos? 6 


i 


= iz (cos 6 cos[uw(t — r/c)](— sin)) — =, 5i\ ees re) } é 


< (—sin8 cos 0)= sin{w(t — r/c)] @ (in the radiation zone) = | ~ = sin 6 cos @ sin[w(t — r/c)] é, 


Notice that B = AG x E) and E-# =0. 
s = tm@xpy=tex@xp = [ett- (6-18) = 
Ho Hoc Loc Hoc 
= a { sind cos  sinfu( (t — r/o} &. I= i (“sino cose) 
P= [is da = — ie ~ (22) " sin? 6 cos? 6 sind dd de = ae (S)'e [a ~— cos” 9) cos? @ sin 8 dé. 
The integral is: — cos’ ; me : = ; - : = = 


1 w wy Ho 
= d)?w42 d)*w%. 
Sige & 16m? PO?) re 60a Pod) 


Notice that it goes like w®, whereas dipole radiation goes like w4. 
Problem 11.12 
Here V = 0 (since the ring is neutral), and the current depends only on t (not on position), so the retarded 


I(t- 
vector potential (Eq. 11.52) is A(r,t) = e $ Heal) dl’. But in this case it does not suffice to replace 2 by 
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r in the denominator—that would lead to Eq. 11.54, and hence to A = 0 (since p = 0). Instead, use Eq. 11.30: 


Z a * (1 + DaAe eos é'). Meanwhile, dl’ = bd¢'d = b(- sin ¢' & + cos ¢! ¥) d¢', and 
2 r 


I(t —2/c) = I(t —r/e + (b/c) sin 8 cos ¢') = I(to + (b/c) sin 8 cos ¢') & I(to) + ito) sin 6 cos ¢' 


(carrying all terms to first order in 6). As always, t) = ¢ — r/c. (From now on I'll suppress the argument: I, 
I, etc. are all to be evaluated at to.) Then 


A(r,t) = = z (14 2sindoose') (1+ 72nd cos") b(— sin ¢' & + cos¢' ¥) d¢' 


Hob 
4nr 


IR 


; b 
i. [r+ i? sin 6 cos + 12 sindc0s¢| (—sin 6’ % + cos ¢ ¥) dd’. 
0 
Qn Qn Qn Qn 
But i sing’ dd’ = [ cos ¢' dd’ = _ sin ¢' cos ¢' dé’ = 0, while / cos? ¢' dd! =m. 
0 0 
(r+ “1) g 
c 


In general (i.e. for points not on the zz plane) y > @; moreover, in the radiation zone we are not interested 


b? nO > 
in terms that go like 1/r?, so} A(r, t) = o [i (t- r/c)| = sing dQ. 


= Ho? On 2) [72 sind +1” sind) = 4 
Anr 


_ OA | pod? [- sin6 - 
E(,) = -y=|-F lie-r/a] 6. 
é 1 4 
preesra =e CC } i] r es 
B(r, t) VxA rand 38 (Ag sin 6) are (rAg) @ 
2 ( : 2 sind » 
= Oe *2sin@cos@# ~ =F ie sind@) = Hob jes é. 
4c |rsin@r = 4c Or 
2 3 _ 1 (ob joing 7 a) _| Ho. (,27\2 sin’ @ . 
aS 2 (exB)= 2 (45) r sn) ( $x 6) = vet (PF) re 


pz [8-4a= as (st7)° [ 92812 sino daap = Me, O (ei y (27) (5) - a a (s*)" 


Problem 11.13 
22 
Hog a 
P= 
(a) 67c 


, and the time it takes to come to rest is t = vo/a, so the energy radiated is U;aqg = Pt = 


ary , : : U 2a 
Hog? a” vo © The initial kinetic energy was Uxin = FMvée, so the fraction radiated is f = S nee sa a 
67c a Ukin 3mmvoc 


er eee Ge ee ve 
(b) d= gut = 5902 = 5g) 899 = og Then 


2 ve -7 ~19)2/4795 

Hog Vo _ Hog? vo (4x x 107")(1.6 x 1071%)*(10°) =5 

“ ree ge ee ee a re et 2 1 m 
as ~ 67(9.11 x 10-3!)(3 x 108) (3 x 10-9) 


3nmvoc 2d 6amcd 
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So radiative losses due to collisions in an ordinary wire are negligible. 
Problem 11.14 
1 g ye 1 q? 


= —_ = =m—->v= —., th inni ae 
ape? ma = m— v Tee At the beginning (rg = 0.5 A), 


v_ (1.6 x 10719)? 
ce | 47(8.85 x 10~!2)(9.11 x 10-31)(5 x 10-2 


“1/24 
| eT i 0.0075, 


and when the radius is one hundredth of this v/c is only 10 times greater (0.075), so for most of the trip the 
velocity is safely nonrelativistic. 


2 2 2 2 Ne 
jFrom the Larmor formula, P = Oe (=) ai (a Z ) (since a = v?/r), and P = —dU/dt, 


6mce \r 6rce \ 4r€9 mr? 
where U is the (total) energy of the electron: 
1 Lg lf 1 ¢ 1 ¢ 1 q 
U = Ukin + Upot = mv? — —=- —}- —=-——=. 
i pot gate Arreg T 2 (Ze r Anég r 8ré9 Tr 


1 q’dr g’ te? 7 dr 1 gv ara 
So -—— = —-—— =~ = P= | —-— ] , andh — =-— | -—— ] =, 
° dt 8r€q r2 dt 6me9c? \ 4x€9 mr? Se dt 3c \2regme/} rr? “ 
2mEgmce Z 2 2mEgmc + ape 2 2TEgMCc : 3 
dt = —3c r’dr=>t = —3c r“dr=ic —)r 
q? q? q? 0 
TO 


85 x 107!2)(9.11 x 10-31 ayy? 
= (3x 10°) =e a2 “aes ay lee | (5 x 107!4)3 =[1.3 x 107". | (Not very long!) 


Problem 11.15 
d 
0 


2 
' ) 
According to Eq. 11.74, the maximum occurs at — F i 


d@ | (1 — Bcos@)5 

2 sin 6 cos @ 5 sin? (6 sin @) 2 5 

ed 2 _ = i = — : 

(1 — Bcos6)5 (1 = Bos 6s 0 > 2cos6(1 — Bcos6) = 5fsin* 6 = 5B(1 — cos* 8); 
2cos@ — 28cos* @ = 58 —5fcos* 8, or 38cos?6+2cosé—58=0. So 

~2+ f47 608? 1 

6B 38 


| = 0. Thus 


cos6 = (+ 1+ 156? — 1). We want the plus sign, since 8m —> 90°(cos6@, = 0) when 


/1 + 156? — ‘ 


38 


For usc, 8B & 1; write 8 = 1—e (where € < 1), and expand to first order in e: 
bai cabot ask [Vit 150 =<? - 1] ~ lite) [V1 + 151 = 2e) ~ 1] 
3(1 -) es 


38 
(1 +) [Vi6— 30e — 1] =5(1+¢ [4 Vi — 578) — 1] = (1 +6) (a= e) -1) 


8B -> 0 (Fig. 11.12): | @max = cos”! ( 


Whe wile 


15 5 5 1 
(1+ €) (3- Ze) =(1+e)(1- 7e-) #1 +e— je=1— Ze. 


Evidently @max * 0, 80 cOSOmax = 1— $62... =1—fe> 6,, = 46, or Omax = Ve/2 =| V(1 — B)/2. 
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(dP/dQha,, ) sin? Omax 9 
= a | | UN Omax = €/2, 
Let f (dP/dM1 0.) 0m (1 Bc0s@max)® |... Now sin €/2, and 
By 1S €/2 4\° 1 

(1 — BcosOmax) & 1—(1—€)(1 — fe) F1-—(1-—e€- fe) = Se. Sof = (Be/45 = (2) 54° But 

: : = : ode => A Therefore 
= — <= €= é ae T 
Vga. Tatoo. vist a2o Ve Wy 


Problem 11.16 
2 


dP g@ ax (uxa)|? 
Equation 11.72 says dn = i6n2eq Gia? 


us cb—v = hve > 4-u=c—v(b-#) = c- veosd = c(1 — = cos8) = c(1 — Bcos 9); 


Let B =v/c. 


a-u= ac(%-4) — av(%-%) =acsinOcos¢; w=u-usc? —2cv(4-%) +0? =? +v? — 2cvcos6. 


&Ax(uxa) = (4-a)u—(4-uja; 
lex(axa)? = G+ a)2u?—2(u-alG-al@-ul 4 Guy 
= (c? +v? — 2cvcos6)(asin 8 cos $)? — 2(acsin 6 cos ¢)(asin 6 cos ¢)(c — vcos@) + a*c*(1 — Bcos6)? 
= a” (c?(1— Bcos6)? + (sin? 6 cos? )(c? + v? — 2cucos@ — 2c? + 2cucos 6] 
a’c? [(1 — Bcos6)? — (1 — f”)(sin@ cos ¢)”] . 


pog?a? [(1 — B cos 6)? — (1 — 8?) sin? @ cos? ¢| 
16x7c (1 — Bcos6)5 : 


The total power radiated (in all directions) is: 


| 


dP 
dQ 


dP dP. pog?a? ie [(1 — Bcos6)? — (1 — B?) sin? 6cos? 4] 
pes of Page| | sebaeao 
dn fe ee ents (i= Beosd)5 see ae 


2a 21 
But [ d¢=2n and i cos? ddp = 7. 
0 0 


_ pog?a?__/™ [2(1 — Bcos6)? — (1 — B*) sin? 6] 
~  1622¢ «| (1 - Bcosé@)> 


sin 6 dé. 


Let w = (1 — Bcos6). Then (1—w)/8 =cos@, sin? @ = [6? — (1— w)?] /@?, and the numerator becomes 


ow? (1-8) (gz 149 wReiDNy As 3 2 Q2 1 2\2 _ or4 2 2 2 
ga w—w) = ae [2w9A? + (1 ~ 6°)? — 201 — Bw + w*(1 ~ "| 
1 


= Bp ((1 a Hey —2(1- B?)w +(1+ 6?)w?] ; 
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fc dw = BsinOdd = sinO dd = 5 dw. When 6=0, w=(1~ 8); whend=7, w=(1+4). 


2 (1+8) | 
P bor ae “ [(1 — B?)? — 2(1 — B?)w + (1 + B?)w?] dw. The integral is 
ian: a- 62)? f Sedw— 20-6) f Saw + 146) f aw 
1 1 1 1+9 
= [a-or (-ga) -20- 0) (gi) +040 (|| 
a ee 1 _ (1-26 + 6?)- (14+ 26+67) _ 48 
wh-p  (1+8)? (1-f)? © (ie B)° +6) ~ (1 = 6)?” 
a = 1 1 _ 0-36 +36? —6?)—-(1+36+367+ 6%)  — 26(3+ 6) 
whe (1+6)) (1-6) © (1+ 6)3(1 — )3 PADS )S 
es iv 1 1 _ (1-46 + 66? — 46° + pt) — (1+ 46 +66? + 46° +64)  —-88(1 + 6?) 
wih-g ~— (1+6)* (1-6)t © (1+ 6)4(1 — B)4 ee Gee ae 
ie — arn2{_l —88(1+ 6?) _ 2 1\ —26(3 + 6?) 1 —46 
wt == 8 (9) ye 2-0-5) a ++ (-3) ae 
26 2 8 6B 
= T- mp ja +6) = 3 (3+ 8") ++ 6)| =30-p? 


_ Hoga? 18 Bj mopar | ey = 
= ses = | | where y = ————. 
l6mc 633 (1 — B?)? 6rc v1 pf? 


Is this consistent with the Liénard formula (Eq. 11.73)? Here v x a= va(Z x X) = va¥, so 


2 2 1 
a? — (~ x a) saa" (1 - “;) = (1— f?)a? = wees so the Liénard formula says P = ate a 


Problem 11.17 ‘ 
(a) To counteract the radiation reaction (Eq. 11.80), you must exert a force F, = eee, 

TC 
For circular motion, r(t) = R{cos(wt) X + sin(wt) ¥], v(t) =f = Rw[-sin(wt) X + cos(wt) ¥]; 


2 
a(t) =v = —Rw? [cos(wt) & + sin(wt) ¥] = -w?r; A = —w?t = —w*v. So] F, = wv. 


2 
P, =F,-v = 2% uv?.| This is the power you must supply. 


67c 
bog? a? 
Meanwhile, the power radiated is (Eq. 11.70) Praa = a and a? = wtr? =w*R? = wv’, so 
bog? - 
Psa = ano and the two expressions agree. 
TC 

(b) For simple harmonic motion, r(t) = Acos(wt)2; v =r = ~Awsin(wt)@; a= v= — Aw? cos(wt)% = 

—wr; a= -w*t = —w*v. So v’.| But this time a? = wir? = w4A? cos? (wt), 
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whereas w*v? = w‘ A? sin? (wt), so 


2 2 
Pra = Pod wt A? cos*(wt) # P, = Pod yt A? sin? (wt); 
67c 67e 
the power you deliver is not equal to the power radiated. However, since the time averages of sin?(wt) and 
cos*(wt) are equal (to wit: 1/2), over a full cycle the energy radiated is the same as the energy input. (In the 
mean time energy is evidently being stored temporarily in the nearby fields.) 


(c) In free fall, v(t) = $9t?¥; v = gt¥;a=g99; a=0. So the radiation reaction is zero, and 


2 
hence But there ts radiation: | Prag = nr gn Evidently energy is being continuously extracted from 


the nearby fields. This paradox persists even in the ezact solution (where we do not assume v < c, as in the 
Larmor formula and the Abraham-Lorentz formula)—see Prob. 11.31. 
Problem 11.18 

(a) y =w?r, and r = 6 x 107*s (for electrons). Is y Kw (i.e. is T< 1/w)? If w is in the optical region, 
w = Inv = 2n(5 x 10'4) = 3 x 10!°; 1/w = (1/3) x 10715 = 3 x 1078, which is much greater than 7, so the 
damping is indeed “small”. 


(b) Problem 9.24 gave Aw ™ 7 = wir = [2r(7 x 101°)]?(6 x 10774) =} 1 x 10! rad/s. | Since we’re in the 


region of wo = 4 x 10/® rad/s, the width of the anomalous dispersion zone is very narrow. 


Problem ee : ? FP 7 : ; 
@)a=rat ha arta t sf pat=r f Fatt — f Fat 
m dt m 


dt dt" m dt 
[u(to + €) — u(to — €)] = 7 [alto + ©) — alto —©)] + "Fave, where Faye is the average force during the inter- 


val. But v is continuous, so as long as F is not a delta function, we are left (in the limit « — 0) with 
[a(to + €) — a(to — €)] = 0. Thus a, too, is continuous. ged 


d d d 
(b) (i) a=T4=T— > = es =e ~ fas Ina=_ + constant =| a(t) = Ae‘/7,| where A 
dt a seT a eT F 


F d F d 1 t F 
(i) a= rat Ferg = a~ ae = rdt  In(a— F/m) = ~ + constant > a ~ = = 


F : 
Be'/™ = \ a(t) = — + Be‘/’,| where B is some other constant. 
m 


(iii) Same as (i): | a(t) = Ce/", | where C is a third constant. 
(c) Att=0, A=F/m+B;att=T, F/m+ Be™/" =CeT/* >C =(F/m)e7/7 + B. So 


((F/m) + Ble”, 


[(F/m) + Bell"| ; 


(F/m)e"T/7 + Bl e/*, t>T. 
| | 


To eliminate the runaway in region (iii), we'd need B = —(F/m)e~?/"; to avoid preacceleration in region 
(i), we’d need B = ~(F/m). Obviously, we cannot do both at once. 
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a (d) If we choose to eliminate the runaway, then 


(F/m) [2 es aed e/™ t<0; 


a(t) = (F/m) [2 - grt) » O<tsT; 


0, t>T. 


(i) v= (F/m) [2 - aad [evra = (Fr/m) [2 - ett] e‘/" + D, where D is a constant determined 
by the condition v(—oc) =0> D=0. 
(ii) v = (F/m) [ - peels £, where £ is a constant determined by the continuity of v at t = 0: 
(Fr/m) [2 - etl) = (F/m) [-re-7/"| +E> E=(Fr/m). 
(iii) v is a constant determined by the continuity of v att =T: v = (F/m)[T +7 — 17] = (F/m)T. 
(Fr/m) [2 = ert") e/™,  t<0; 


vt) = 4 (F/m)[t+r—ret-™/"], O<t<T; 


(F/m)T, t>T. 


(e) 


uncharged particle: 
(no radiation reaction) 


v(t) 


charged particle 


charged particle 


preacceleration (with radiation reaction) 


uncharged particle 


per re ee ee ee 


oO T 


Problem 11.20. = Sov : 
(a) From Eq.11.80, Find = Hons oo Roy = int +2Rend = HOT g 5 +2 (3)] _ HoT. 


67c rad 6me [2 4 6c 
L vi 
(bd) Frad = Bf if 2din }2Ady, (Running the yo y 
l2ac Jo 0 
integral up to y, insures that y, > y2, so we don’t count the 
same pair twice. Alternatively, run both integrals from 0 to L— dy, 
intentionally double-counting—and divide the result by 2.) dy, 
> u 
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. L . 2 2 
Hod ,,y2 Ho@ ,,\2,\L Ho 2, __ Hog’ . 
Frag = 4X dy; = 4\*) — = —— = ‘ 
ee Tome! | es lone mo) 2 bro a 6xc 4 


Problem 11.21 
(a) This is an oscillating electric dipole, with amplitude pp = gd and frequency w = /k/m. The (averaged) 
2 4\ oin2 

Ho pow ) sin* 0 


Poynting vector is given by Eq. 11.21: (S) = ( f, so the power per unit area of floor is 


32n7¢ r? 
2, 4\ oii? 
” 5 _ { HoPow® \ sin* @cos@ eof sae _A Hee Pe GS 
Ty = (S) z= (ae) "2 : But sin? = —, cos@= —~, andr’ =R +h’. 

> ugg?d?ut Rh 

iz 32m2c J (R? + h?)5/? 
dls d St 2R 5 R? 
dR ae dR Feasoca =O (R2 + h?)5/2 - 2 (Ro + ayia = o> 


5 3 
(R? + h?) - 3h =05A7= 5h >| R= V2/3h, | for maximum intensity. 
(b) 


P 


Ih 


bo (qd)?w! f° R 2 
da= | I InRdR = In | ——~— >; AR. =R’*: 
[i ‘a } f(R) Qn RdR = 20 ( 39n2c h (RE DBT dR. Letx=R 


[ R capil i Be . 1 T(2)r(1/2) _ 2 
0 ( 0 


ee eRe S|) ee ae ==. 
R? + h2)5/?2 2Jyo (e+ h2)572 “~~ 9h 15/2) Bh 


Spe Log? d?ut h 2 2 pog? dw 
32n2c 3h 24rc 


which should be (and is) half the total radiated power (Eq. 11.22)—the rest hits the ceiling, of course. 
(c) The amplitude is xo(t), so U = $k2x3 is the energy, at time t, and dU/dt = —2P is the power radiated: 


x 


ro i d na 

5h (20) = ~ a3 => z(t) = ae (22) = —Kag => aj = de® or x(t) = de~**/?. 
2. Varke 5. | 12nem? 

T= - =m =| ———_. 
kK pog?k? Lg q?k 


rt. Here sin@ = 


Problem 11.22 ed 2 
_ [ pomow sin’ @ 
(a) From Eq. 11.39, (S) = ( 30n2e8 ) ) 


R/r, r = VR?+h?, and the total radiated power (E- 


2,44 
q. 11.40) is P = aes . So the intensity is J(R) = 
12P Re _(3P Rt 
32m) (R2 + h?)? | 8m (R24 h2)? 


(b) The intensity directly below the antenna (R = 0) would (ideally) have been zero. The engineer should 
have measured it at the position of maximum intensity: 


dl 3P[ 2R oR? 3P OR ; 
a re ee h? —2R?) = =h. 
aR 8x Freee: (B+ hes R| aa (Fe + ape + R’) =0>|R=h.] 
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3P ih? 
At this location the intensity is [(h) = 8a GRE ze a 
wT 


3(35 x 10 
(c) Imax = ee rS = 0.026 W/m? = 2.6 uW/om?._ 2.6 uW/om?._ Yes, | Yes, KRUD is in compliance. is in | Yes, KRUD is in compliance. 


Problem 11.23 
(a) m(t) = Mcoswz + M sin p[cos(wt) X + sin(wt) ¥]. As in Prob. 11.4, the power radiated will be twice 
that of an oscillating rue dipole with dipole moment of amplitude mp = Msiny. Therefore (quoting 


ae Ho Mw sin? oe 


Eq. 11.40): a (Alternatively, you can get this from the answer to Prob. 11.12.) 
mC 
(b) From Eq. 5.86, with r > R, m > M,and@=7/2: B= tn FB? *° 
“ie 
3 6 5 
uw atk B _ 4n(6.4 x 10 (5x 10- I 13x 107A m?, 
Lo 4n x 10-7 


(4m x 1077)(1.3 x 103)? sin?(11°) Qn : 
ee ér(B x 108)? Sax 60x60) = vO 


tio (47 R32 B/yo)?u' sin? 8 
6re3 ~~ 3py0¢3 


2 
= 81 2n \* 4\37798\| 2 _ 36 
= sac caechecrorp | apes) WOrra0] j= RIO] @ on 


Problem 11.24 


(d) P= (w? R3B sin #)’. Using the average value (1/2) for sin? y, 


K(t, 
(a) A(e,t) = He f RG) 
x Eee site) s 2ar dr 
4n re 4 7? 
= Mot f RO ar 
= 2 Vr? + 22 


The maximum r is given by t —- Vr? + 2?/c = 0; 


Tmax = Vc?t? — x? (since K(t) = 0 for t < 0). 


(i) 


= one? _ BoKo% pasa _. Ho Kot ——— ) Lo Ko(ct — zr) 
Pe Se b Be” Pag EE age Vee 2 
Koc 
E(z,t) = Len for ct > x, and 0, for ct < z. 
Ot 2 


K ° 
B(z,t) lpia ea = and 0, for ct < x. 
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(ii) 


poak (™ (t— vr? + 2?/c) [ood Pe r 7 
= So =- -— |t — ms ee 
A(z, t) 2 I, ae rdr 5 A rea eds r dr 
_ boa — oy 2 2y2 ay} _ HOOZ 9 242, _ Hoa(x — ct)? . 
= 5 ot x) Bat 2)| = re (x ROB AM rgam Z. 
E(z,t) = Lia Zed ae for ct > x, and 0, for ct < z. 
Ot 2 
A, 
B(z,t) = vxAa=— of 5 = ae ay, for ct > x, and 0, for ct < zx. 
Or 2c 
ly acs es ee _lor 
(b) Let u = = ( Te +s = 2), 80 du= 1 | 5 phe tr dr] = 2g dr, and 
ar, 3 ro 
p— OEE 2p 2 au, and as 710+ 00, 0-9 00. Then A(e,t) = 2° f K (t- = ~u) du. aed 
c c 2 Jo c 
= OA poc% [0 z o) x ee z 
K(z,t) = ers ~~ 2 i a (¢ “6: u) du. But a (e- é -u) = ae (:- - —u) 7 
re ry a a eae) ea a eT cain 5 
= a | 5K (* z u) du = 5 a|K (¢ A u) |), ae [K(t — z/c) — K(-co)|z 
= | EK (e~ a/e) [if K(—oo) = 0. 
Note that (i) and (ii) are consistent with this result. Meanwhile 
OA: . foc. [~~ O x fo] x 103 x 
= -——y=- —K{t--- 2 t—K (t-~---u)=-—K (t-——-u}. 
Bies8 dx * c a Oz (« c 7) Eee Ox (: c u) aoa” (* iC. x) 
ws BOS Pe ee BV a Ga SER eels 
= ee f K (t-2-u) du= 5 [k (¢-2-1)]|” = 2K - 2/9 ~ K(-o] 9 


e A K(t—2/0) 9, [if K(—co) = 0]. 


1 Ll /poc\ (be ay _. Hoc 2 
(Bx B) = — ( : )(B) xe z/e)(-2 x 9] =" [K(t - 2/c)) %. 


This is the power per unit area that reaches x at time ¢; it left the surface at time (t — x/c). Moreover, an 
: . - ‘i : c 
equal amount of energy is radiated downward, so the total power leaving the surface at time ¢ is - [ic (ty)? ‘ 


Problem 11.25 


: “ ‘ ee eee 1. <g? ugc?q? poc?g? 
t=? t): - 202: Fx = -—— =— en : = . 
P(t) q2(t); P 9% a Ar€o (22)? a 4néy 4mz? 16mmz? 8amz? 
PA 243 \ 2 33,6 2\3 
: : : Hop _ Ho Loc’ Loc’ g Uocg 1 
Using Eq. 11.60, th diated is P — EOP — es ee a a ewe eat 
rents Spite Povey yaae 6mc 6c ( a) 6(42)3m? 24 ( An ) 6m? z4 
Problem 11.26 1 


With a = 90°, Eq. 7.68 gives E’ = cB, B’ = —<E q., = —Cqe. Use this to “translate” Eqs. 10.65, 10.66, 
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“a and 11.70: 


EF = (3 x B) =4 x (—cB') = —c(4 x B’). 
c 
Bo = ee a eee [(c? ~v’)u +x (ux a)] 
c c Ame (2-u)8 
1(- q; /c) 4 2 2 Log 4 2 2 
== ae (2-uy3 [(c? —v*)u +2 (ux a)] = ra Ge: [(c? —v?)ut+2x(uxa)]. 
2 2 
= Ha? Ons pa” il ! ~ Hoa Fog 
os Gre 6ne ( stn) 6rc3 Gm)". 
Or, dropping the primes, 
= Hodm a 2 2 
Bi) = ae aay —v*)u+2x (uxa)}. 
E(r,t) = —c(2x B) 
_ H0dm 
ud 63 
a Problem 11.27 
is F 
(a) Wext = [ra = Ff v(t) dt. From Prob. 11.19, v(t) = = E iets reltPHT]. So 
0 ; 
F? ie T oe t2 T 
Wet = — | tater f are tl [ et/™ dtl = E tree Mra" 
ue 0 0 ft) m 2 6 
F? [1 : F2 /\ 
4g 2 op? aegaetae Tit to a 1) By lay (ey re, ree a ca 
m {2 m \2 
1 Ds F?2 _| PF? 2 
(b} From Prob. 11.19, the final velocity is vp = (F/m)T, so Wyin = =mv; = = z : 
2 he m2 2m 


Bog? a2 


(c) Wraa = f Padt. According to the Larmor formula, P = Gao 


and (again from Prob. 11.19) 


* (F/m) [1 -e77/7] ef/", (t < 0); 
a(t) = 


(F/m) [1-e€-7/7], (0<t <T). 
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2 pr 2 fo T 2 
Waa = SE) (1-7/7) i: e2t/t ar+ | [ret] at 
67cm sie 0 
2 2 7 0 ¥ i T T 
= Pe (1-e-7/") (S27) +/ ar 2et f elt ate ett f e2t/T a} 
ao 0 0 0 


4 en 2T/t (Ser) ,} 


en-2T/t (eT = 1)| 


is (treet) | 


Energy conservation requires that the work done by the external force equal the final kinetic energy plus 
the energy radiated: 


Q = etry’ ep de T/r (re! ) ; 


Qi —g¢-T/ + eu) +T —2re-T/7 (em - 1) + ; 


4] 

4 

| 
"1 Co, ery 
NAIR WIR wl yA 


~re Tl 4 nee +T —2r + 2re7Tl? 4 . = se Tir = 


FeT? = 7 F? 
+ 
2m m 


2 
Wryrin + Wraa = (7 rt fee) = ~ (52° +7T 7? + tert = Went. W 


Problem 11.28 


a(t) dt = v(e) — v(—e) = rf sts dt + a. 6(t) dt = r{a(e) — a(—e)] + =. 


aT _,. dt Mm J_.~ 


k | 
If the velocity is continuous, so v(e) = v(—e), then | a(e) — a(—e) = ira 
m 
k 


When t <0, a=7a => a(t) = Ae’/7; whent > 0, a=74> a(t) = Be/’, Aa=B-A=-— 


mT 
k a i Aet/T , t <0); 
> B=A- 7? 8° the general solution is | a(t) = { (Asli ‘ n at 


To eliminate the runaway we’d need A = k/mr; to eliminate preacceleration we'd need A = 0. Obviously, 


(k/mr)e/™, (t <0); 
0, (t > 0). 


(a)a=rat+ * 5) > 


you can’t do both. If you choose to eliminate the runaway, then a = { 


t k t : k 
= =— /? dt = —— [ret/™ 
u(t) if a(t) dt = Je dt ae (re ) 
k (k/m)et/", (t <0); 
a 


for t > 0, u(t) = v(0) +f a(t) dt = v(0) = —. So ce = { (k/m), (t > ie 


k : 0 (t < 0); 
For an uncharged particle we would have a(t) = mot) u(t) = : a(t) dt = { (efi) (t > 0). 


t 
= Lair (for t < 0); 
m 


~— oo 


The graphs: 
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u(t) 


k 
Tin 


charged 


charged 


neutral neutral 


(b) 


2 
Wext = [Far= [ Foar=k [ s(eu(e)at = kv(0) = e, 
nee ee Oe a 
Win = 5; = 50 (=) = Dan 


2 2 70 2 0 
2 _, Hod 2, a Qt/r ay a T 2t/r 
Wext = [ Pos dt = eee [taco dt=Tm (=) es e€ dt = (Ge ) : 


Clearly, Wext = Wein + Wraa- ¥ 
Problem 11.29 Uy 
‘a Our task is to solve the equation a = Tra + = [—d(x) + 6(@ — L)], subject to the boundary conditions 


(1) z continuous at z = 0 and zs = L; 
(2) v continuous at c = 0 and z = L; 
(3) Aa = £Uo/mrv (plus at z = 0, minus at z = L). 


The third of these follows from integrating the equation of motion: 
[Ge = 7 dt + [is ) +6(x — L)| dt 
dt ~ dt m 2 , 
t 
Av rAa+ = f (ste) + d(x — L)| é dz = 0, 


Aa = = 22 f 2 [-a(e) + He 1} do Us 


“mr fv mv. 
In each of the three regions the force is zero (it acts only at s = 0 and x = L), and the general solution is 
a(t) = Ae/"; u(t) = Are’/7 4+. B; x(t) = Are/7 + BL+C. 
(I’ll put subscripts on the constants A, B, and C, to distinguish the three regions.) 
Region iii (x > L): To avoid the runaway we pick A; = 0; then a(t) = 0, v(t) = Bg, x(t) = Byt + C3. Let 


the final velocity be vy (= Bs), set the clock so that t = 0 when the particle is at z = 0, and let T be the time 
it takes to traverse the barrier, so 2(7') = L = vsT + C3, and hence C3 = L ~vuysT. Then 


[a(t) = 0; u(t) = vs, x(t) = L+v,(t-7),] (f<T). 
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Region ii (0<2< L): a= Age/7, y = Agte’/™ + By, 2 = Agretl™ + Bot + Co. 


U U, 
(3) => O-Age™/? = --—? 3 A, = — FIT, 
mrTve MmTVUF 


(2) => APT Oe Le eee; a ee 
muv¢ murs 
U 
(1) => PEA ter eels ays ay rh aes 
MuvU¢ mMve muy 


Cy = L—vyT + Yo ir 2), 
MU sf 


U, 
QO e(t-T)/r. 


MTV¢F U 
Tae fett-Tr o 1| . 
MU zt 


(0<t<T). 


L+ous(t-T) + a [ret ~t+T-7]; 
MU f 


[Note: if the barrier is sufficiently wide (or high) the particle may turn around before reaching L, but we’re 
interested here in the régime where it does tunnel through.] 
In particular, for t = 0 (when zx = 0): 


U, 
O=L~uT + — |re“T + 7-7 3 L=uT-—* fret 47 —r], qed 
muy muy 


Region i (2 < 0): a= Aye’/™, v= Ayret/™ + Bi, t= Are'/" + Bit + C). Let v; be the incident velocity 
(at t + —co); then B, = v;. Condition (3) says 


Uo evT/7_ A Up 


mrvy mMTVv9' 


where vp is the speed of the particle as it passes z = 0. From the solution in region (ii) it follows that 


U a Se , ; 
vg = ure + om fer _ 1). But we can also express it in terms of the solution in region (i): up = AyT + Uj. 
f 
Therefore 
U Ui U U 
vw = vst — (eer _ 1) — AT = vs + — (er = 1) er 
muy muy mUo muy 
ae pp ciee + Oe ayy - 0 (1-2 wipes 20. arn Riereeen ct Avent eee 
f muy MVo f muff vo f muy ug + (Uo/mvy) [e-7/7 = 1} 


ey | ener, Ome 
1 muy 1+ (Uo/mv?) [e-7/* - 1] f _ 
If $mv? = 5Up, then 


L=vujsT —vy pee +T=7] = Uf [r- reT/* ~T + r] = Tvs (1 —eT/) : 


f 


| ae aN eee PE eee 
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<= 1 = T/r\ T/r 
w= eymuy[1- ap] =o (1-1 +e ) = ve . 
Putting these together, 
L T L 1 v 
ie peer Flr SET ays T/r ey = peste Se, 
TUL ee TUF a 1—(L/rv;) z 1 — (L/vsr) dec 
2 
. vs 4 KE; — $mv? Ui 16 
I = f= >> FE Sy, —_— = = — =—_—> 
n particular, for L = vs7/4, v 1-1/4 3 Uf 80 KE; ~ hw} 7 9 
16 161 8 
KE; = —KE; = ~— =U) = <U 
STE eed he GCE Wes 
Problem 11.30 , 
(a) From Eq. 10.65, E, = (a/ | iene [(c? -v*)u+ (2-a)u—(2-u)a]. Here uu = &-v,2=1% 49, 


Areg (4-u)3 
V=vxX,a=ax,sor:velvu, 2-a=la,24-u=c—4-v=c-lv. We want only the x component. Noting 


that uz = (c/2)l — v = (cl — v2) /2, we have: 


Ht 


si Ge te macht he 
Fy, Buea (or 10) [rc v2)(c* — v* + la) — a(cr — lv) 


Ul 


1 
z Torn le? [(el — v2)(c? — v?) + el?a — vila — acr® + alvz}. But 2? = +a’. 


a ae aa [(cl ~ vr)(c? — v?) — acd?} . 


Feit [(cl — v2)(c? — v?) - acd”| &. (This generalizes Eq. 11.90.) 


87réq (cz — lv) 


Now z(t) — 2(tp) =l=vT + daT? + 4aT? +--+, where T =t~-t,, and v, a, and 4 are all evaluated at the 
retarded time ¢,. 


‘ 1 
(TY =P =P 4+ =a + (oT + sar? + 5aT')? =d° 4 v°T? + vaT? + svar + qo 


2T?(1—v?/c?) = 272 Jay? = d* + vaT? + (jue + i) T*. Solve for T as a power series in d: 


T= 1 (14+ Ad+ Bd +--+) =5f (1+ 2Ad + 2Bd? + Ad’) = d+va— ctsads (2 + +o)2 4H. 
Comparing like powers of d: A= 5ua%; 2B+A7 = was (S+5) o 
3 3 ee oe 
Spe a S00 Sat, ~ Lata va 7 op Sr te (4-5)+3 
T = eh erro [e+e (.+45)| ehe (ya (generalizing Eq. 11.93) 
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— of + 507? + ZaT? + 
vyd vays , x fua 7a? ONT Sh A ae AS Lae 
BS eee aS tae) oe ear bal = od) tend 
z { + >a + ona 3 + 7 + 2 d +54 2 bated Peleg 
4 2 2 2,2 2 Dr a8 3 
vy ay v v 2 vy Y a a v ly ¥ liy 3 
= (—jJd+--—(1-=+=+-—7]d — as Il>-+ = = =a— 
i rae =+5) {Be ee 4 (1445) ] + jodeah + tak 
4 2 4,2 2 
o vy ay 2, y {a QU vyta’ fl ou v 3 
= (Bar (Ber Slee S) +S it+gtl-3)|4 
4 2,2 
vy ay \ 2 ¥ |@ , ovy a] 4 4 
ay pts cle, ae lees le d 
(Z)a+ (FS) 28 Eee a | ree 


20 2ct | 3 4° ¢ 
wet. = cyd + @ 7, [Seve (F+5))e-Su- Sete rele 
= oe(i-B) of Hove (18) 8-22 
= fat USE (ya 
ay 5 fa. Suya\. wey is wy fue 55/1 9 4 
d-wu = vyd t+ God +35 (G43 a )d —vyd — 9 aé I E +a G+5)]¢ 
- of (0-2) aap iat 2h (LZ) evvier 


{| 


2 5 ¢ 2,2 / 2 
a eg a a eee 
(SE)a +32 lsat c € 4 =) sol ies 


3 F 
_— (97 \ 2, 7 (a, vya) xg 
7 (=) +35 (Ft po) ) a? (ats 
cd a? =3 + ey 
a ne = 2 = fe = 2 
ost) [14 Be) = (2) (1-3) 
2 3 6 2 2 3 3 
q a ya 2 ay 2 x a vya : ; 
= ots = d ay" a ee 
Feit 87€ ) (: are ) {{( De ) d° + 3 (5 + a )e acd \s 
ne 1,37 BN Oe: a, va? ; 
~ 8re9 3 8 cA 2+9\3 a 
mae 2a ae Ledeen ve i O@%e 1s 
~ neq c3d 2 Y 2 x 
7 3 a + “4 a vya? are = ( lizing Eq. 11.95) 
= _ __ —-__ _ eee ay vA : . . 
4n€9 : 47d 482 \3 + C2 & (generalizing Eq 
Switching to t: v(t,) = v(t) + 0()(tr — t) +--+ = u(t) — a(t)T = v(t) — ayd/c. (When multiplied by d, it 


doesn’t matter—to this order—whether we evaluate at t or at t,.) 


1 [Ped] a1 RO Beerdld _ fy 2" (+724), 50 


a c e @ 3 
v(tr)\* mie vay? ; 
y= f _ (2) | = 7(t) (1 = F 2) ; a(t,) = a(t) — Ta = a(t) — “Ta. 
Evaluating everything now at time t: 
2 eK 3 3 4 4 ‘ 2 2 
q 3 (1 — 3uay*d/c?) (a—ayd/c) 74 (a vya 
F = — pa —_——— 2 Sere x 
ale A4neg y 4c?d * 43 \3 . c? Pade oe . 
2 3 3 2 4 2,2 
a EV OP LOE. UOT Y (4, vya und 
~ | +(e : 3 Meh 9 : — cE 
2 3 4 
he, NEB eo a a a ae 
~  Greo |- 4d * 4 (a+ 0° ee +] 
= ¢ * Ya + ci at a % (generalizing Eq. 11.96). 
~ Aneg | 4c2d  3c3 ce . oh 


The al term is the electromagnetic mass; the radiation reaction itself is the second term: 
2,2 
int — bog y4 (a a a | (generalizing Eq. 11.99), so the generalization of Eq. 11.100 is 


2 va 
Frog = OL (a +3 ry. 
TC 


ta tg to vee t2 
i Fiaav dt = - | Pdt, or ey * (aw +3 ) dt = -{ a’ dt 
t ty ty ty 


1 


(except for boundary terms—see Sect. 11.2.2). 
to 


to da 
Rewrite the first term: y1avdt = i (74 y= dt = y‘va 
ty ty 


ds 4 347 4 dy_d at 1 1 2va vay? 
— = 4y’?— a NN ch aa ew i es : 
Now a Cy, v) ‘Y at vty a; dt dt Jl—v/e2 (T= v2 /c?)3/2 c2 ce So 


d vay? v? v? v? 
—(y1v) = 4730 2 +710 = 7a (1 -—2 +435 =7a(1 +35 : 


to to ta y2 
7 ys av dt = vva| ee / a? (1 + 35) dt, and hence 
ty ty ty c 


1 


Problem 11.31 


2.6 
Hog a'y : ct 
pa MOTO Y (gg. 11.75). w= Ve +28 (Eq. 10.45); v= = —SL_; 
(a) Bac (Eq ). w +c?t? (Eq )j vw B ae 
ford c?t(c?t) ¢ bc? 


= (b? + c?t? — 74?) = 


a=v= VP Lek = (b2 + c242)3/2 (b? + c2t?)3/2 


(b? + c2t?)3/2 ; 
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an 42 2 
(b) Fraga = Ay* (a + 15 “), where A = ne. P = Aa’7® (Eq. 11.75). What we must show is that 


tg 2 72412 t to 2 a2 t to 
| 7 (aw + ere ) dt = Ava] ° +f [-ve? (1 +35) + 3y oS dt=7 ‘val : -{ ya? dt. qed 
F c ty 4s c th bi 


yy 
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i 1 oe ORO sD 
TS {w/e 1-[(ee/P +e) P+er—8 BP 


2 4.4 2 4 n242)3 2 
oe : S wre) r 
P= ; Yes, it radiates fact, at a constant rate). 
Gro © fy; 5 Gne,b2 S, i iates | (in fa 0 rate) 


(b? +¢7t?). So 


2.4 22 2 .2(9 2 2,4 2,2 
_ wot (.  3y’atv\ 5 8c (2c*t) ee a Se 
(b) Fraa = 67 (a ae Dae aaa (b2 + c2t2)8/2 ~~ (2 + 2428/2” re 7 
3b? c1t 3 (b? +t?) — dte4 ct 


"®4 en + 2 (P+ er Je pan =0.| Fra = 0.| [No, the radiation reaction is zero. | 


Chapter 12 


Electrodynamics and Relativity 


Problem 12.1 

Let u be the velocity of a particle in S, ti its velocity in S, and v the velocity of S with respect to S. 
Galileo’s velocity addition rule says that u = a+ v. For a free particle, u is constant (that’s Newton’s first 
law in S). 

(a) If v is constant, then & = U—v is also constant, so Newton’s first law holds in S, and hence S is inertial. 

(b) If S is inertial, then w is also constant, so v = u — ii is constant. 


Problem 12.2 
(a) maua +Mpgug =Mcuc+mMpup; uj=ij+v. 
ma(ta + v) + mp(ap tv) = mc(tc +v)+mp(ip+Vv), 
maua+mptig +(ma4+mg)v =mMctic +mpup t+ (met+mp)v. 
Assuming mass is conserved, (m4 + mg) = (mc + mp), it follows that 
mau, + mgig = mciic + Mpiip, sO momentum is conserved in S. 


(b) smauy + smpup = $moug + pMpUp => 
kma(a4 + 204-v +v*) + }mp(a} + 20g -v +0") = ¢mo(tg + Bic -v +?) + $mp(Hh + 2p -vt+v?) 
dmat®, + kmpity + 2v- (mata + mpiig) + $v?(m4 + mB) 
= imci®, + -mptiz, + 2v-(moiic + mpiip) + §v?(mc + mp). 
But the middle terms are equal by conservation of momentum, and the last terms are equal by conservation 
of mass, so 4m,4u4 + 5mpiip = ¢Mcti2, + fmpii},. qed 
Problem 12.3 
(a) UG = UAB + UBC; UE = 7pABEESS w ug (1 — 7483S) =o ae 
In mi/h, c = (186,000 mi/s) x (3600sec/hr) = 6.7 x 108 mi/hr. 


2, 2e=2k eat = 6.7 x 107'§ > {6.7 x 107'*% error, | (pretty small!) 


10 . 
(b) (4c + 3c) /(1+ 4-3) = (Sc) /(#) = (still less than c). 
(c) To simplify the notation, let 6 = vac/c, fi = vaB/c, P2 =vsc/c. Then Eq. 12.3 says: B = ft&., or: 


B2 +261 Be + B3 1+ 261 Bo + B26} (1+ 6263 —- Bf — 63) > (1-67) - 83) =1-A 


= = = be PES) yo 
p (1+ 6162)? 
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where A = (1 — 6?)(1 — 62)/(1 + Bi G2)? is clearly a positive number. So By < 1, and hence |vac| <c. qed 
Problem 12.4 
(a) Velocity of bullet relative to ground: 5¢+ 5c = 3c = ie. 


Velocity of getaway car: 3c = Sc. Since vp > vg, | bullet does reach target. 


Lepl 5 
(b) Velocity of bullet relative to ground: oy ae = & = 8c= 3c. 
‘ 203 6 


Velocity of getaway car: 3c = eC. Since vy > up, | bullet does not reach target. 


Problem 12.5 
(a) Light from the 90th clock took ae = 300s = 5 min to reach me, so the time I see on the clock is 


(b) I observe 


Problem 12.6 


light signal leaves a at time t); arrives at earth at time t, = t) + da/c, 
light signal leaves 6b at time ¢;; arrives at earth at time t, = t, + ds/c. 


(—vAt' cos 8) 


(do = do) _ ng 4 
Cc 


At=t—te=t—t+ = At’ [1 - = cosd] 


(Here d, is the distance from a to earth, and dy is the distance from b to earth.) 


vsin@ At : vsin§ 


= ' Si ¢= ——__—_—_- = -—_ 
Oe ate (1 — v/ecosé@)’ i (1 — 2 cos@) 


is the the apparent velocity. 


du _ v{(1— ¥cos@)(cos@) — sin@(Zsin9)] _ v oe 
77) = (l= Zeossj= OS™ =0> (1 — = 6088) cos 8 = oe 0 


=> cos? = (sin? + cos” 0) = Z 


= =) : F _ vf l—v? fc? a 
Omax = cos~’(v/c).| At this maximal angle, u = ls = eee 
Asu+c, because the denominator > 0, even though v < c. 


Problem 12.7 
The student has not taken into account time dilation of the muon’s “internal clock”. In the laboratory, the 
—_ 4 : “ ” Weaet -6 
muon lasts -yr = Jere’ where 7 is the “proper” lifetime, 2 x 10~° s. Thus 


d d 
vs eee = — 1/1 — 0? /c?, where d = 800 m. 
t/Jl—v2/c? 7 / 


To on UP, eye eas Mee. 1 
(3) v=t-a 8G) ta]=h 2 = Ga? + d/o? 
v? 1 re (2x 107*)(3x 10°) _ 6 3 wv 1 16 4 


2 T+(e/d?’? a 800 8 4 2 149/16 25’ |° 5° 
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Problem 12.8 
; = 1 , ae 1 = 1 —5 
(a) Rocket clock runs slow; so earth clock reads yt = Sins 1 hr. Here + Vine jie © 


., According to earth clocks signal was sent ;1 hr and 15 min | after take-off. 


(b) By earth observer, rocket is now a distance (2c) ($) (1 hr) = $c hr (three-quarters of a light hour) away. 


Light signal will therefore take 3 hr to return to earth. Since it left 1 hr and 15 min after departure, light 


signal reaches earth | 2 hrs after takeoff. 
(c) Earth clocks run slow: trocket = 7: (2 hrs) = 3 - (2 hrs) = 


Problem 12.9 


= piles Dye 2, tS 2 fl) [86 Be 8? Sg 8) 8 _ vis 
L, = 2h, 3 = Sj) s0 2 = = 1 (5) =/fi4=1 z= wal ig dg aS 


Problem 12.10 
Say length of mast (at rest) is 1. To an observer on the boat, height of mast is J sin@, horizontal projection 
is {cos@. To observer on dock, the former is unaffected, but the latter is Lorentz contracted to 5 Ecos 6. 


Therefore: 
“ lsin@ ~ 6 
ae SS ytan@, or nd = oe 


+l cosé Yl —v?/c? 


Problem 12.11 ; 

Naively, circumference/diameter = + (20 R)/(2R) =a/y=7/1—(WR/c)? — but this is nonsense. Point 
is: an accelerating object cannot remain rigid, in relativity. To decide what actually happens here, you need a 
specific model for the internal forces holding the disk together. 
Problem 12.12 


(iv) >t= Ey *;. Put this into (i), and solve for z: 


be vy? 7 1 - £ - 
B= yr — (= +S) =22(1- 5) - vf = ya - vt = = - iF, z= (E+). |v 
yY ce (ce Y Y : 


Similarly, (i) > 2 = = + vt. Put this into (iv) and solve for t: 


Problem 12.13 
Let brother’s accident occur at origin, time zero, in both frames. In system S (Sophie’s), the coordinates 
of Sophie’s cry are r = 5 x 10° m, ¢ = 0. In system S (scientist’s), @ = y(t - 4x) = —yuz/c*®. Since 


i i . 5 ; oe - 1 _ 3 _ 
this is negative, | Sophie’s cry occurred before the accident,| in S. y = ERECT = yam = F- So 
t= — (42) (Bc) (5 x 10°)/c? = —12 x 10°/3 x 108 = —4 x 10-9. |4 x 1073s earlier. 


Problem 12.14 
(a) In S it moves a distance dy in time dt. In S, meanwhile, it moves a distance dy = dy in time dé = 
y(dt — 4dr). 


als 


Q 


7 dy __(y/d) | ots 


“at y(dt—- dz) y(1- $8)’ 
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een uy/[y(1—*HF)] _ 1 (—wy) 
b) tang = ——# = —_4 € =--—! 
een a ue) ) The) 
In this case uz = —ccos0; uy = csin§ > tan@ = : (se35) : 


; 1 sin 8 7 ee a . 
tanéd = 7 (7) .|{(Compare tan é = ying in Prob. 12.10. The point is that velocities are sensitive 


not only to the transformation of distances, but also of times. That’s why there is no universal rule for 
translating angles—you have to know whether it’s an angle made by a velocity vector or a position vector.] 


Problem 12.15 


5 . 
Bullet relative to ground: 7 Outlaws relative to police: 


3 
—c —(1/28)c 1 
ares = ae = — 73° . [Velocity of A relative to B is minus the velocity 
of B relative to A, so all entries below the diagonal are trivial. Note that in every case Uputlet < Voutiaws; SO NO 
matter how you look at it, the bad guys get away.| 


5 
sc 
Bullet relative to outlaws: — 


speed of 4 : 
relative to | || Ground | Police | Outlaws | Bullet || Do they escape? 


Ground 0 be Be 5¢ Yes 

Police i —de 0 2 de Yes 

Outlaws —3¢ —2e 0 —he Yes 
A 1 ‘de 

Bullet $ 4 


Problem 12.16 
(a) Moving clock runs slow, by a factor y = ae a g, Since 18 years elapsed on the moving clock, 


q x 18 = 30 years elapsed on the stationary clock. | 51 years old. 

b) By earth clock, it took 15 years to get there, at 4c, so d= 4c x 15 years = | 12c years] (12 light years). 
5 5 & 

(c)|¢ = 15 years, x = 12c years. 


(d) i 9 years, = = 0. | [She got on at the origin in S, and rode along with S, so she’s still at the origin. If 
you doubt these values, use the Lorentz transformations, with x and t from (c).] 


(e) Lorentz transformations: { &=y(x+vt) | (note that v is negative, since S is going to the left). 
t= (t+ 32) 


= §(12¢ yrs + fc. 15 yrs) = 8 -24c yrs = 
@ = 8(15 yrs + 44 - 12c yrs) = $ (15 + 48) yrs = (25 + 16) yrs = 
(f) Set her clock | ahead 32 years, | from 9 to 41 (é > #). Return trip takes 9 years (moving time), so her clock 


will now read years at her arrival. Note that this is 3 - 30 years—precisely what she would calculate if the 
stay-at-home had been the traveler, for 30 years of his own time. 


g) (i) t=9 yrs, x =0. What is t? t= 42+ f=3.9=%=54 years, and he started at age 21, so he’s 
c od 5 5 


26.4 years old. | (Younger than the traveler (!) because to the traveler it’s the stay-at-home who’s moving.) 


ii) ¢ = 41 yrs, = 0. What is t? ¢= £ = 2-41 = 123 = 246 years, and he started at 21, so he’s 
y 5 


ie 
45.6 years old. 


‘a 
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(h) It will take another of earth time for the return, so when she gets back, she will say her 


twin’s age is 45.6 4+ 5.4 = years—which is what we found in (a). But note that to make it work from 
traveler’s point of view you must take into account the jump in perceived age of stay-at-home when she changes 
coordinates from S to S. 

Problem 12.17 


— aS + ab! + ab? + a353 = —? (a9 — Bal) (6° — Bb!) + y?(a! — Ba®)(b! — Ba°) + 025? + 0383 
= ~7(a°b® ~ Boh! - Bob? + Bab! —a)b' + Bob? + Boh! — 670°) + ab? + 03h? 


= —7a°b(1 8") 4 vad (1 cae: cal + a7? of a®b? 


= —a°b? + alb +076? + .a3b?. qed [Note: 77(1 — 6”) = 1] 


Problem 12.18 


cet 1 0 0 0 ct 
z -B 10 0 x ; P : 

(a) oh ae ce ; (using the notation of Eq. 12.24, for best comparison). 
z 0 0 0 1 z 


aes OS: ONE ae er: 10 0 fe. Sane Saag 0 

: Siece he as 0 1 0 0 -y¥B y 0 07} _ ~7B Y 0 60 

(c) Multiply the matrices: A = 78 0 4 0 0 0 1 ol=||-a8 7468 4 0 
0 O oO 1 0 0 O01 0 0 0. 61 


the order does matter. In the other order, “bars” and “no-bars” would be switched, and this would give 
a different matric. 

Problem 12.19 

(a) Since tanh@ = #882 and cosh? — sinh? @ = 1, we have: 


cosh@? 
1 1 cosh @ 
y= —= = = cosh@; y8 = cosh@tanh@ = sinhé. 
afl UF/e Vi-—tanh?6@ cosh? 6 — sinh? 6 
cosh@ —-—sinh@ 0 0 : 
~sinh@ cosh@ 0 0 ee. ae 
pA = 0 0 1 0 Compare: R= | —-sing@ cos@ 0}. 
0 0 o1 we. 
: u-—v ai (ufc) — (w/c) s tanh @ — tanhé 
= a= aaa = ————_—.,, where tanh¢@ = tanhé = ; 
(b) t 1 a 1-@ => tanh¢ [uk ota where tanh ¢@ = u/c, tan u/c; 


tanh ¢ = w/c. But a “trig” formula for hyperbolic functions (CRC Handbook, 18th Ed., p. 204) says: 


tanh d — tanhé es 


1 — tanh dtanho =tanh(@—6). .«.tanh¢= tanh(¢ —- 6), or: | d= ¢-8. 
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Problem 12.20 — 
(a) (i) I = —c?At? + Ax? + Ay? + Az? = —(5— 15)? + (10 —5)? + (8 — 3)? + (0-0)? = —100 +25 +25 = 
(ii) (In such a system At = 0, so I would have to be positive, which it isn’t.) 
y 
(iii [ Yes. | < 
) [ves.| Cy perc oak eet ny B S travels in the direction from B toward A, 
making the trip in time 10/c. 


6 
: ~5x-57 [Tel ey 
v= =|—--xk - -y. 
4 10/e ae a 
2 A. 5 vo . Loo _ 
: ) : Note that & = 4+ 7 = 7, 80 uv = ~ge, safely 
rae Le less than c. 


2 4 6 8 10 
(b) (i) 1=—(3- 1)? + (5 ~ 2)? +0+0=-44+9=[5.] 
(ii) By Lorentz transformation: A(ct) = y{A(ct) — B(Ax)]. We want At = 0, so A(ct) = (Az); or 
- = “2 = : ~ 5 = . So|v= 0 in the +2 direction. 
(iii) (In such a system Az = Ay = Az =0 so J would be negative, which it isn’t.) 


Problem 12.21 


x tp -t 
Using Eq. 12.18 (iv): At = y(At—- 2Azr) =0 > At= ZAz, orv= Alc? = 
B-TA 


Problem 12.22 


(a) ct, Truth is, you never do communicate with 
the other person right now—you communicate 
with the person he/she will be when the mes- 
sage gets there; and the response comes back 
to and older and wiser you. 

world line apes 

of player 1 world line o 

aa player 2 


(b) It is true that a moving observ- 
er might say she arrived at B& before she left 
A, but for the round trip everyone must agree 
that she arrives back after she set out. 


x 
world line of 
the ball 


a 
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Problem 12.23 
5 T T 


- Snes 


iz 


| 
f 
{ 


Sev Bev Ger Grd Gey Ga Set 


\ 


YN 
\ 
oa 


\ 


VY \ \ 


Or yw 


»¥ 


= GBs =| Be}=o.a8e. v 


Problem 12.24 


(a) (1- Syn? = wwe 


lI 
3 


b 1 = 1 oa 
(b) JYi-v?/c? i-—tanh? 8 o/cosh? §—sinh? @ 


Problem 12.25 


(a) uz = uy = ucos4s° = c= 


dp = MRS = 


i ae 1 — * a = 
Oars gaan n=V3a> | 


V3tz = 0.4 
= V3iy = V2e. v 


Problem 12.26 


1 
mn — (792 Oh neh Saas See ae 
mn = —(ry +7 (i-w/e 


song 22D (le w/e?) = 
=u? /c?) 


ae 


, 
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Problem 12.27 
(a) From Prob. 11.31 we have y = ¢V0?4+C. s.r = fide = bf ota = 2 In(ct + Vb? + ct?) + k; at 


b 1 
t = 0 we want 7 = 0: O= 2Inb+k,sok=—!Inb; t=-lIn let ViR+ eB) 


(b) Vx? — 62 + & = beoT/9; fx? — b? = beot/> — x: x? — b? = b2e2¢T/b — QadbeoT/> + 2? Qa bect/> = b2(1 + €2¢7/P), 
eS p(s ee) =| bcosh(cr/b).| Also from Prob. 11.31: v = c*t/Vb? + c?#?. 


a2 i 2 a cosh2(er/b)—1 ss sinh(er/b) __ CT 
io sve et a Beoahter yes b* cosh (cr/b) SUE cosh(cr /b) 7 Cosh(er78) ere (=) e 
(c) n* = y(c,v,0,0); y = § = cosh F, so n# = cosh (c, ctanh =,0,0) = | c (cosh Sysinh $10, 0) : 


Problem 12.28 


(a) mMaug +mpu mouc +mpu u pe alee 
B= ; ,-= = 5 
AUA B cuc DUD = Ta aaie) 
UAt+YV upt+v uctv uUptuv 


ma-———— os t+ 2B OS ee OE OC YH Mp 
AT + (Gav/e2) P14 (aipu/e) | C1 + (acu/e2) | 1+ (apu/c2) 
This time, because the denominators are all different, we cannot conclude that 
MAUA +MBuB = McUc +MpUp. 


As an explicit counterexample, suppose all the masses are equal, and ug = —ug = v; uc = up = 0. This 
is a symmetric “completely inelastic” collision in S, and momentum is clearly conserved (0 = 0). But the 
Einstein velocity addition rule gives i, = 0, ig = —2u/(1+u?/c’), ic = tp = —u, so in S the (incorrectly . 


defined) momentum is not conserved: 


—2u 
m ( ie) ~ ~—2mu. 
(b) mana+ mans =Monc+mMpnp; n= (7% + BAP). (The inverse Lorentz transformation.) 
may(ija + BAY) + marie + Bik) = morv(ic + BAe) + mpYip + Bip). The gamma’s cancel: 
mata + mate + B(mati, + matig) = Mofic + MpAp + B(mene + mp7p). 
But min? = p? = E;/c, so if [ energy is conserved | in § (E4 + Eg = Ec + Ep), then so too is the momentum 
(correctly defined): 
Mafia + Maite =McNc+mptp. ged 
Problem 12.29 
ymc? — mc? 


a 2 =. = 1 _w_ 
a ie ama) er em a CES 


é ee | 1 _ n?42n+1—1 _ n(n+2), at /n(n + 2) 
3 =1- gp = A = Ga aie Ses 


Problem 12.30 
Erp=E,+E2.+-:-; pr=ptpet:::; pr=ypr —-BEr/c) =0> B=v/c = pre/Er. 
v=Cpr/Er =|c?(p. + pat-::)/(Ex + E2+---)- 


Problem 12.31 


m2 +m?) (m2 +m?) 1 
| a RSLS See pT ea i, AL ee 
. mx Tye TS" Omam, fl ve 
v2 1 4mim?, om, + 2mimi +m —4mimi, _ 


ae @ (m2 + m2)? — (m2 + m2)? 
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c Problem 12.32 
Initial momentum: E? — p’c? = m?c4 => p?c? = (2mc?)? ~ m2ct = 3m2ct > p = V3me. 
Initial energy: 2mc? + mc? = 3mc?. 


Each is conserved, so final energy is 3mc’, final momentum is /3me. 


E? — pc? = (3mc?)? — (V3. me)?c? = 6m2ct = M?c4 > = 2.5m. 


(In this process some kinetic energy was converted into rest energy, so M > 2m.) 


pe a8mec* le 


v= —— = — 


E 3mc? wee 


Problem 12.33 

First calculate pion’s energy: E? = p*c? + m?c4 = 
Conservation of energy: 

Conservation of momentum: 


a 
16 


mech + mct = Bmict > E = §me?. 


} 2E4 = 2mce?. 
B 


Problem 12.34 
Classically, E = mv. In a colliding beam experiment, the relative velocity (classically) is twice the 
velocity of either one, so the relative energy is 4B. 


x Let S be the system in which @ is at rest. Its 
ae @ EE @) a) E 6) speed v, relative to S, is just the speed of @ 
in S. 
S S 


est 


Cc 


= yMc?,s0 7= shri p=—-yMv=-yMfpec; E=7 (2 + ByM Bc) c= y(E + Mc? fh"). 


Qe = 2 
Pape e1-P = 55 RP =1- = TH B= et [( Fe) 1] Me. 


Pp = y(p° — Bp') > £ = 7 (= — Bp), where p is the momentum of @ in S. 
E 


_ & EB? 2. a 2 
Bah qa Mee Beg Me 


For E = 30 GeV and Mc? = 1 GeV, we have & = G0) _ 3 — 1800 —1 = |1799 GeV | = [60E. | 


Problem 12.35 


Ba 
One photon is impossible, because in the “center of mo- 60° 
mentum” frame (Prob. 12.30) we’d be left with a photon Sees > @ 
at rest, whereas photons have to travel at speed c. Ea 
(before) (after) 


Cons. of energy: \/poc? + m?c! + mc? = Eg + Ep. 
horizontal: po = £4 cos60° + £2 cos@ > Egcos@ = poc — 5 Ea, 
Cons. of mom.: ¢ ¢ 


d add: 
vertical: QO= Ma sin 60° — Ep ice Pe sne= SEs, \ square and a 
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1 3 
EB(cos” 8 + sin? 8) = poc? — pocE, + ru, - {PA 


2 
=> ER = poc? ~ pocka + B= vibe +m?c4 + me? — B,| 


= poe? + mci + 2y/ pac? + m2ct(me? — E4) +mict ~ 2Eamc’ + E*. Or: 


—pycE, = 2m*ct + mc? \/ pec? + mPct — 2Eay/ ppc? + m2ct — 2 ame’; 
Ea(me? + 4/p2c? + m2ct ~ poc/2) = m?ct + me? Vpoc? + m2ct; 
PAu (me? + pec? + m*ct) (me? — pac? + m*ct — poc/2) 
(me? + pie? + m2c4 — poc/2) (mc? — pic? + m2c4 — poc/2) 
ae: (mc! — pce — 4 ~ $pome? ~ P8£\/pec? + mech) _ me? (mc + 2py + \/pz +m °c) 
(Ft — pome? + Bact — pyc? — ct) nee (me + {po) 


Problem 12.36 


po P_4 mu Fins: gu be 1 —4y2Qu- 
a dit /1 —u?{c? = [YW /e2 2) (1 ~ u2/c2)3/2 


Problem 12.37 
At constant force you go in “hyperbolic” mo- 
tion. Photon A, which left the origin at t < 0, 
catches up with you, but photon B, which 
passes the origin at t > 0, never does. 


Problem 12.38 


sf) ee O00 OOF Vals 2 SOV ta oh 
(a) dr dt dr dt /1 — u?/c? i 


a Cc (- 4) ) 2u- a u-a 
= i we we ( 3) (1- u2/c2ya/2 ~ aera 


_ dn _ dtdn _ 1 d u _ 1 a doit 1 —4,2u-a 
~ dr drdt 1— u?/c? dt Yl — u/c? ~ V1 —u?/c? Jl -u?/c? 2 (ae fe 8 
= 1 ae u(u-a) 

“| Gwe (ew) 
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0) mat = (0 tera a qe + acum [a (I~ S) + gate], 
= aap [deat (1-8) 23 (1-8) eat drtea'l 


= (1 — u?/c?)4 CO cee 
Seer, srercreeninnmne! 
(1- #r) 


(c) 7’, = —c?, so 4 (nt ny) =a'n, + 7a, = 2a*n, = 0, so 


(d) Ke =F = £(mn") = K*n, = matin, = 0. 
Problem 12.39 
K,K* = -(K°)? + K-K. From Eq. 12.70, K-K = q-Syay. From Eq. 12.71: 


m  (u-a) 


Ke 1dE 1 d me? me 1 (-1/c*) 7 
=-—= me eee | = ee J - = ca = — 
cdr oe f/1—u2/c2 dt \ /1 — u?/e? Yl —u2/c? | 2 (1 — u?/c?)3/? c (1 — u2/c?)? 
» - a m w(u-a) |] — m{u-a) 
But (Eq. 12.73): u- F = uF cos@ = Faula [cu a) + ai — meat = outer so 
Cc o.. uFcosé - fi Fr _ _wF?cos?@ _ [1 — (u?/c?) cos? 0] 1» 
Oo oftaaya = Gaye - ewe) = | wey | 


Problem 12.40 


pe a+ | =q(B bux B) at eS = 2 iT aeA(E + ux B. 


Teeny ee 
Beaton. w(ura) usa -~! f_ 2/2 : 
Dot in u: (u a) t awa) Ga mi 1—u?/c?(u-E+u-(u x B)]; 


=0 
; u(u +a) LG te zu(u - E) _@ 5 ow 
(aaa) =—vi u2/c rae Soa= v1 w/?/E+uxB sulu E)]. ged 


Problem 12.41 
One way to see it is to look back at the general formula for E (Eq. 10.29). For a uniform infinite plane of 


charge, moving at constant velocity in the plane, J = 0 and » = 0, while (or rather, a) is independent of t 
(so retardation does nothing). Therefore the field is exactly the same as it would be for a plane at rest (except 
that ¢ itself is altered by Lorentz contraction). 

A more elegant argument exploits the fact that E is a vector (whereas B is a pseudovector). This means that 
any given component changes sign if the configuration is reflected in a plane perpendicular to that direction. 
But in Fig. 12.35(b), if we reflect in the x y plane the configuration is unaltered, so the z component of E would 
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have to stay the same. Therefore it must in fact be zero. (By contrast, if you reflect in a plane perpendicular 
to the y direction the charges trade places, so it is perfectly appropriate that the y component of E should 
reverse its sign.) 
Problem 12.42 


(a) Field is g9/€9, and it points perpendicular to the positive plate, so: 


90 ns 


won. +9). 


Eo = 29 (egg 45° X+sin45°y¥) = 
€0 


(b) From Eq. 12.108, £, = E,, = Sa oe Ey = YEyo = Vasa SojE= 


(c) From Prob. 12.10: tan@ = 4, so [@=tan-*y.| y 


(d) Let m be a unit vector perpendicular to the plates in S—evidently 
A= —sindx+cosé7f; [Ei = Tea Tene: 


So the angle ¢ between fi and E is: 


E-fA 1 cos? 


—— = cos ¢@ = —====(siné + ycos 6) = —=——==( 
|E| yilt+y? Yit+y 


— — sing _ yYl—cos?é _ Let, 129 _ 22 = 1 
But y= tan@ = 25 = “a = Vase 1 Oe PHY SD see ieee So 


Evidently the field is perpendicular to the plates in S. 
Problem 12.43 

1 q(1 — v?/c? R 

(a) E= 2.9 3 

4meo (1 — 4 sin’ 6)3/2 R 


_ gl —v? fc?) R?* siné dé do 
[Bea i 


tand+7)= 


(Eq. 12.92) > 


Are€o (1 — 4 sin? 4)3/2 
Sue ‘i in 6 db 
= elo, | Se =. Pawnee dus ane SoS ae 
4n€o o (1— 4sin* 6)3/? 
_ g(l — v*/c*) f du _ g(1 — v?/c?) Gas du 
i 2€9 ~1 {1 - vt vr u2}8/2 = 2€9 uv -y} (s = 1402)°? 
7] 
+1 
u 2 v\3 2 
The integral is§ —————_a | = — = (-]) Se. 
@-) Enel.” Eye  G) eM 
q(1 —v?/c*) pey\3 pu 2 
-da= bs (f) (=) ag 
So [e da Deg (=) (=) (Gwe) q 
, 1 1 1 po@(l—v?/c?)?vsind ~ > 
b) Using Eq. 12.111 and Eq. 12.92, S = —(E x B) = —— 2 R x ¢); 
(py Using Ea fog ee 7a ) Lo 4% €9 4a R4(1 ~ 4 sin? )3 SS, 


-6 


ce 
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gq? (1—v?/c?)? using » 


S=j|- : 
1679 R4(1 — 4 sin? 9)3 


Problem 12.44 


1 v 
(a) Fields of A at B: E= aa 4y; B=0. So force on qg is | F = ae ey. dB : 


x 
F GA 

(b) (i) From Eq. 12.68: | F = = sey. (Note: here the particle is at rest in S.) 

Tr 
i d 1 (1 — v? /c?) 
s : . gal — vi/e") 1. Y 4A, 
Fr . 12.92, wit = 90°: F= = ae 

+ — 2 (ii) From Eq. 12.92, with 6 = 90 dep (1 02/2/37? p ine py 


(this also follows from Eq. 12.108). 


B 4 0, but since vg = 0 in S, there is no magnetic force anyway, and|F = ; - a y | (as before). 
Teg 


Problem 12.45 : 
Here 9 = 90°,2=¥, 6 = %,2=7, so (using c? = 1/po€0): 


1 
pS: ig A 


+2, wherey = —————. 
Yl -v2/c 


> ae? F : 
(a) is invariant, because it doesn’t depend on v. We can 


Note that (3? — Bc?) = (;t-)*72(1- %) 
use this as a check. 


pusten fie ASS SOS “gone ee East Uae 1 a3 
F = q{E+ (-vx) x B] = -{-i5 = oo x #)| = - 4a = “Ys 
System B: ug = aE = (i aH 
ie : ——— aa ae Seu =P(1+ a UpyB = 27’. 
(i - eer (ioe ee: onde i 
= — Sas Sys: B Bh 


[ Check: EB? — BB? = (ext yy (1 + ee vi 4y) = (ats)? 


<4 1 _ q 2 
daecor c ct “ee aa im ae : ‘| 
q 7 a2 
F=qE= rer ae. + —>)y. (+¢ at rest > no magnetic force). [Check: Eq. 12.68 > F4 = i Fp. Yl 
os Teg T c 
System C: he Bi Eo pangs Gene 
een ne ne oe ~ Ameo pay) an aie aaa Arey ee 


[The relative velocity of B and C is 2v/(1 + v?/c*), and the corresponding -y is ¥°(1 + v?/c”). So Eq. 12.68 
= Fo = aaearey Fs: ¥) 


232 | CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 


Summary: 


ge) TY 
(Sao ae 
(-ahee)v(1 + 4)9 


Problem 12.46 
(a) From Eq. 12.108: 


£.B = 2,8, + £,B,+£,B, = E,B, + 7(E, -vB:)(B, + aE) +E. + vB,)(B. - 5 By) 


v v? v v 
= E,B, + 7°{EyBy + Paks - 09GB, ~ 5 E,B, + EB, — “Pus + 0P(B, ~ =; By By} 
v v? 
= E,B,+7° [z,B,(1 ~ +) +E; B,(1- =)| = E,B, + ByB,+E,B,=E-+B. qed 


Cc 


(b) BE? —c? B? = [E2 +7?(Ey — vB,)? +7 (E, + vB,)’] -— 7 [B2 + 7 (By + oE.) +7°(B,- 35x)’ | 
= E2 +7?(E3 — 2E OB. + vB? + E? + 2E,6By + v?B? ~ c?B? — 22 fb, B, 


2U? 9 292 25 U Qu" 2 2 2 
—c Bee at ee , zBy =a aby) ~ eB: 


= (E? + Ej + E?) — (BZ + B} + B?) = E’ — Be’. ged 


(c) For if B = 0 in one system, then (E? — c?B?) is positive. Since it is invariant, it must be positive in 
any system. Therefore E # 0 in all systems. 
Problem 12.47 

(a) Making the appropriate modifications in Eq. 9.48 (and picking 6 = 0 for convenience), 


(b) Using Eq. 12.108 to transform the fields: 


E,=E,=0, Ey =7(Ey—- vB.) = yEo [cos(ke — wt) — ~ cos(ke - wt)| = ako cos(kx — wt), 


= 3 1 E 
B,=B,=0, B,=7(B.- oF) = yEo F cos(ka — wt) — 5 cos(kx — vs) = on. cos(kx — wt), 


233 


Now the inverse Lorentz transformations (Eq. 12.19) > 2=7(z+vi) andt=y7 G 5: 5); ae 
c 


ka — wt = [he + vi) —w (+ S2)] = 7[(k- FS) 2- w— doe] = ké — at, 


us 


where (recalling that k=w/c): k=y7 (k - =) = yk(1 — v/c) = ak and & = yw(1 ~ v/c) = aw. 


Conclusion: 


The velocity of the 


= a) 
wave in S is 0 = — ae cs this is exactly what I expected (the velocity of a light wave is the 
Tv 


same in any inertial system). 
(d) Since intensity goes like E*, the ratio is Es ef elee vie 
nce in ~==a°= =. 
ae , I 2 l+v/c 
Dear Al, 


The amplitude, frequency, and intensity of the light wave will all as you 


run faster and faster. It’ll get so faint you won’t be able to see it, and so red-shifted even your 
night-vision goggles won’t help. But it'll still be going 3 x 10° m/s relative to you. Sorry about 


that. 


Sincerely, 
David 


Problem 12.48 
$92 = AQ A227 = AQAZt? + AQAZEI2 = yt? 4 (—9f)t!? = y(t? — Be!?). 
#03 = ASAS #7 = ARAZE + ALAR = 03 + (—7f)t!® = (403 — Bt!) = 7(t% + Gt?!). 
3 = AZASHY = AZAZE?S = 22°. 
Fl = AS ALE = AALS + ASALL8® = (=yp)e? + 40? = y(t" + Bt). 
#2 = ALA27 = AXAZE? + ALAZE!? = (—7f)t + yt}? = 7(t!? — fto?). 
Problem 12.49 
Suppose t’4# = +t#” (+ for symmetric, — for antisymmetric). 
pe Ne Ate 
Ph ce AG = ADAGE {Because yz and v are both summed from 0 > 3, 
it doesn’t matter which we call y and and which call v.] 


= AGA EY) {I used the symmetry of ¢“”, and wrote the A’s in the other order.] 


= +t". qed > 
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Problem 12.50 
Fer, = F°° 700 oy F% Fo! = Fo? F02 es FO Fr03 = Fo pie < F290 p20 _ 30 F390 
py = 
ae Fupu + Fipe 4 FR p13 4 fei pl 4 p22 p22 4 23 723 4 F3) p31 4 P32 732 +4 P33 p33 
= —(E,/c)? ~ (Ey/¢)” — (Ez/¢)* ~ (Ex/c)’ — (Ey/¢)’ — (E./¢)” + B? + By + BZ + BZ + BY + Bz 
2 
= 2B? — 2E?/¢? = 2(B? = =). 


c2 


which, apart from the constant factor -4, is the invariant we found in Prob. 12.46(b). 


G"’Gyv = 2(E”/c? — B?)| (the same invariant). 


i 


FY’ Guy a) (FG 4 F°2G02 + FG) 42 (FG 4 FGIs + FG?) 


= -2(2B.B. + 5ByB, + SE-B, 21B.(~B,/c) + (-B,)(Ey/) + Ba(—Ex/6) 


2 2 
=. 27s B)&.5 
a ) c 


(EB) =|-“(E-B), 


which, apart from the factor —4/c, is the invariant of Prob. 12.46(a). [These are, incidentally, the only 
fundamental invariants you can construct from E and B.| 


Problem 12.51 


0 c 0 O 
— _1 205 _ ? 5 
Sia et eee per HoA | -c 0 0 -v 
= HoWv, _ wove Qrzr |} 0 0 0 OD 
B 4n y nz y 0 v 0 0 
Problem 12.52 
O, F4#” = poJ*. Differentiate: 0,0, F 4" = 0,J". 
But 0,0, = 0,0, (the combination is symmetric) while F’* = —F#” (antisymmetric). 
’. 0,0, F4" = 0. [Why? Well, these indices are both summed from 0 - 3, so it doesn’t matter which we 


call , which v: 0,0,F4" = 0,0, F"’" = 0,0,(-F*") = -0,0,F"". But if a quantity is equal to minus itself, 
it must be zero.| Conclusion: 0,J% =0. ged 
Problem 12.53 

We know that 0,G"” = 0 is equivalent to the two homogeneous Maxwell equations, V-B = 0 and VXE = 
~ 8. All we have to show, then, is that 0) F,, + 0... +0, Fy, = 0 is also equivalent to them. Now this 
equation stands for 64 separate equations (u =0— 3, vy =07 3,’ =0-3, and4x4x4= 64). But many 
of them are redundant, or trivial. 

Suppose two indices are the same (say, uw = v). Then AF, + O.F,, + O,Fy, = 0. But F,, = 0 and 
Fux = ~F yy, so this is trivial: 0 = 0. To get anything significant, then, uw, v, A must all be different. They 
could be all spatial (u,v,A = 1,2,3 = z,y, z — or some permutation thereof), or one temporal and two spatial 
(u = 0, v,A = 1,2 or 2,3, or 1,3 — or some permutation). Let’s examine these two cases separately. 


Ali spatial: say, u = 1, vy = 2, \ = 3 (other permutations yield the same equation, or minus it). 


ra] te] 6) 
03 Fy2 + 0) Fo3 + 02F 3; = 0 > 3, (Bz) + 5g (Be) + By (Be) =0>V-B=0. 
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One temporal: say, u = 0, v = 1, 4 = 2 (other permutations of these indices yield the same result, or minus 


fe) Ey re] Ey 
OaFox + OyFio + O1Fao =O 5 (— =) 4 ay 2) + (= t) =0, 


Oy Oz 
or — 2B. + ( - oe ) = 0, which is the z component of —- 92 = VxE. (If u=0, v= 1, \= 2, we get the y 
component; for vy = 2, A = 3 we get the z component.) 
Conclusion: O.Fyv + Op FL, + OVFyy = 0 is equivalent to V-B = 0 and “2 = — Vx E, and hence to 


0,GHY =. qed 
Problem 12.54 


K° = qn, F™ = q(mF° + mF + 93F%) = (n+ E)/c = Now from Eq. 12.71 we know that 


K®°= 1 dW where W is the energy of the particle. Since dr = dt, we have: 


1 dW sq dw 
a aE = oyu E)=> a q(u- E). 
This says the power delivered to the particle is force (qE) times velocity (u) —- which is as it should be. 


Problem 12.55 


= re) 10d ! O¢0t O¢68r Oddy Og Oz 

0g = —-g¢ = —~-— ——-—- + — = 

NOR a5. 0 = A ae = cee bt On OF t By BE Bee 

(a oe) by ae 

From Eq. 12.19, we have: | y, a =v, Mo RET 

=z _1 06, od uv 36 

0 —_ baa ies Ones ae 504. fee 0. _ 1 
So 0°¢ = a(S tun ) or (since ct = x rq): Od = nee ~ i) = + [(0°¢) - 6(8"¢)]. 
—— @ O¢ Ot 4860 0¢ 0 0¢0 re) 6) o) (6) 


fohin Ot Oz! Ox0E OyOE G02 0F c? Ot Ox Oz, cz 
=— O6 a OG Ot 000s DOG), 0902 Ob 
Oy Otdy Ardy OydyY Azdy Oy 
azz. O¢ og ot Og Oz og Oy O¢0z _ Od 
~@z Otdz  Ordz  dydz  Ozdz Oz 
Conclusion: 04 transforms in the same way as a“ (Eq. 12.27)—and hence is a contravariant 4-vector. qed 
Problem 12.56 
According to Prob. 12.53, 22> = 0 is equivalent to Eq. 12.129. Using Eq. 12.132, we find (in the notation 
of Prob. 12.55): 


OF OF. OF yy 
Ox Ox# Ox” 


= OnF uy + Op Fur 7 Ov Fp 
= 0) (Op Av — Ay) + Op(OrAn — OnAv) + OL(O.Ay ~ Op An) | 
= (OO, Av — O,9,Av) + (Ou. Ax — 00,4) + (OA, -— O,0,A,y) = 0. qed 


OPA, OPA, 
OxOr#  AxtOx> 


{Note that 0,0, A, = = 0,0,A,, by equality of cross-derivatives.| 


236 


CHAPTER 12. ELECTRODYNAMICS AND RELATIVITY 


Problem 12.57 


Step 1: rotate from zy to XY, using Eq. 1.29: 


X=cos¢zxr+singy 
Y = -singxr+cosg¢y 


Step 2: Lorentz-transform from XY to XY, using 


Eq. 12.18: 
X = 7(X — vt) = y[cos x + sin dy — Bet] 
Y =Y =-sin¢dr+cosdy 
Z=Z=2z 


ct = y(ct — BX) = 7[ct — B(cos¢z + singy)] 
Step 3: Rotate from XY to #y, using Eq. 1.29 with negative ¢: 


==cos¢X —singY = ycos ¢{cos pz + sing y ~ Bct] — sin ¢g[- singzr + cos py] 


(ycos? $ + sin? $)z + (7 — 1)sin¢cos¢y — yf cos ¢ (ct) 
g=singX +cos¢Y = ysind(cosdz +singdy — Bct) + cos¢(—singe +cosdy) 
= (y —1)sin¢cos dz + (ysin? ¢ + cos” ¢)y — yf sin ¢ (ct) 


ct 7 — yf cos ¢ ~— yBsin d ct 
; E —yBcosd@ (ycos?¢+sin?¢) (y—1)sin¢cos¢ £ 
I form: | _ . : : 
meteor rT —yBsind (y-1)sindcos¢ (ysin? ¢ + cos? ¢) y 
z 0 0 0 Zz 
C~ Problem 12.58 
In center-of-momentum system, threshold occurs when incident ener- ea : P before (CM) 
gy is just sufficient to cover the rest energy of the resulting particles, 
with none “wasted” as kinetic energy. Thus, in lab system, we want (oe) after (CM) 
the outgoing K and ¥ to have the same velocity, at threshold: KY 
o—- O CO-+ 
wT Pp KX 
Before After 
Initial momentum: pj; initial energy of 7: E? — p’c? = m?ct > EF? = mc! + p2c’?. 
Total initial energy: mpc? + \/m2c4 + p2c?. These are also the final energy and momentum: E? — p*c? = 
(mK +my)?*c". 


2 
(mpc? + /m2c4 + pe) —- pe = (mx +my)*c4 


c 
2 2 
might + OT mick + pct mid + Bye — pee? = (mx +mz)?A 


2m 
PV mie +p? = (mK + mg)? — m2 2 


p My 
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2 
2 


at 
(mic? +P) = (mK +mz)* — 2(m2 +m*)(mx + ms)? + m§ + mi + 2m2m> 


4m? , 
(mx + mz)* — 2(m3 + m2)(mK + my)? + (m2 — m2)? 


—3'9 = 


Pr = aay) (tac + ms)* — 2mm + m3) mx + mx)? + (ms — mz)? 
= Gms (mxc? + mge?)* — 2[(mpc2)? + (mac?)?] (mec? + myc?)? + [(mpc2)? — (m_c?)?]” 
= rb) (1700)4 — 2[(900)? + (150)2] (1700)? + {(900)? — (150)2]” 
= sear V (8-35 x 10!*) — (4.81 x 10!) + (0.62 x 10!) = 55.-(2.04 x 10°) =] 1133-MeV/c. 


Problem 12.59 


; O P P O | (p = magnitude of 3-momentum 
sie = in CM, ¢ = CM scattering angle) 
Before 


Outgoing 4-momenta: r# = (£,p cos¢,psing,0); s#= (2, —pcos $, —psin ¢, 0). 


In Lab: Oo—+ ~=2—O 7 Problem: calculate 6, in terms of p, ¢. 


Before gH 
— Bs°); 5y = sy. 


Lorentz transformation: 7, = y(rz — Br°); Fy = Ty; 52 = (Sz 


Now E = ymc?; p = —ymv (v here is to the left); E? — p?c? = m?c*, so B = 
wf, = 7(pcos¢ + 2 #) = yp(1+ cos 4); #, = psing; 32 = yp(1—- a. s.= ree 


aoe F-s +p? (1 — cos? ¢) — p* sin? ¢ 
rel =— = 
[y2p?(1 + cos g)? + p? sin? } [y2p?(1 — cos p)? + p? sin” 4] 


(7? — 1)sin? ¢ 
[y2(1 + cos ¢)? + sin? 4} [72(1 ~ cos ¢)? + sin? ¢} 


= ee) = (7? -1) 
ly 2(itcose)? 4 1] [12 (25eee2)’ + 1| (72 cot? $-4 1) (7? tan? $ + 1) 
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cos § = = (where w = 7 —1) 
(1 + cot? $ + wot? $) (1+ tan? $+wtan? $) 
% w a wsin £ cos $ 
sf (csc? $ + wot? $) (sec? $ +w tan? $) (1 + wos? $)(1 +wsin? $) 
i) paar eat oes alec ee sing 
a/ [1 + $w(1 + cos $)] [1 + 4w(1 — cos ¢)] [(2 + 1) + cos] [(2 + 1) — cos ¢} 
. : ; 
= et ae sing aay eee a PTE where 7? = = + iD 
(24+1)°-cos?p W/ar+4+sin’¢ V1+ (7/sin ¢) OT wit 
5 
sin@ = st. 7 = S(l+w) = ort’, so tan? = crag: 
2 


: 2e¢ 
Or, si 2_j)j= (1-4) =7% tané = —~—_—-. 
r, since (y )=7 se) = Vt ah 


Problem 12.60 
d d - 
2 = K (a constant) => BLK, But $= Spokes P= is 


dt 

‘. 4 (sea) a £1 u?/c?. Multiply by a“ = 3: 
a Se) “a (Jee \-fvere (pea 
dedi i= wae) ~ ae\ tae) me SE 


2 
dw Ki dw _ ld .ik Mer) a PE oy atu?) = (aay, 


dx mw’ de de. ~ m’ dx m 
C ae 2K e+ constant. But at t= 0, ¢ =0 and u=0 (so w = 0), and hence the constant is 0. 
| w= 2k uw 2_ Kx 2Kz y 201 Bh ee 
m 1— w/c?’ m me’ me? m 
2Kx/m ce dr c me 
2 

ue = 3kz = an ; taf 1 + ( ) dx 

+3 14 (BE)) Ay ae) 2K 


Let 2 =a7, ct= [Yt dr. Let xsy?; dx = 2ydy; Jr =y. 


fat agt 
ct = pes Qy dy = 2/ Ve +a2dy = luvv? t+a2+a?*ln(y + Sy? +a?)| + constant. 
Att=0,2=0> y=0,s0 0 =a? Ina+ constant + constant = —a? Ina. 


wc=y FFE + at n(y/at SU]aF +1) = 0°| (2) (2)'+141(2+ (2)'+1)]. 


2K : 
Let: z= y/a= f2y/ 24 = af 24. Then = 2VitF +in(e + VIF2). 


Freer: Sahih ge Oey 
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Problem 12.61 


(a) z(t) = ¢ [vi + (at)? —- i, where a = ~. The force of +q on 
—q will be the mirror image of the force of —¢ on +g (in the x axis), 
so the net force is in the x direction (the net magnetic force is zero). 
All we need is the x component of E. 
The field at +q due to —q is: (Eq. 10.65) 
q 


B= 7 5 fale? 0") + 0la-a)—ale-a)). 


u=a-~Vv>uz,=ch-v=i(ed—w)j2-u=a-a+-v=(a-lv);2-a=la. So: 


E, = ae 7 a [F (cl - 2)(c? — v*) + “(cl — yjla — alr — | 
ee ee a re TNT 
zou(l? — 27) = —cad? |r 
1 : : 
~ ae (cz — vl)8 [(cl — v2) (c? — v) — cad”.} 


The force on +q is gEz, and there is an equal force on ~q, so the net force on the dipole is: 


a eee 1 He a ky pie It remains to determine 2, J, 
fs "Ameo (or ~ lv)? aoe a) eels, v, and a, and plug these in. 


dx cl 1 2 cat cat, 
u(t) = — re 0 SS ej = It — , where T = 1+ at,)?. 
ar aaa BY em Cry Ji = (at)? lai g aes 


d 1\ 2a*t 
a(t,) = ae = = + cat, (-5) pai = ae (1 + (at,)? a (at,)?] = ee 


Now calculate t-: c?(t,—t-)? =2? =? +d?; l= a(t) — a(t,) = £[./1 + (at)? — V1 + (at,)?], so 
P-2tt, +#= Ali + (of? +14 (aff? - 2/14 (at)? 1+ (at,)?] + (d/c)? 
(we) /1+ (at)? /1 + (at)? = 1+ att, +} (24)?. Square both sides: 


lrad\4 d\? d\? 
X + (at)? + (at,)? + ab? =X+ al ft? + (=) + 2a7tt, + (=) + att, () 


rgam u(t) (9-8 ("= 


At this point we could solve for t, in terms of ¢, but since v and a are already expressed in terms of t, it is 
simpler to solve for t (in terms of t,), and express everything in terms of ¢;: 


2 


cule] SO 
t= 3{t[2+()'| + alee a(S)" Fe (=) - 9 +4(2) +02(5) } 
20+ 5(%)'] sf cey(2)' f+ ()] 


is 
‘Bar 
cy 
et 
oe 
ee 
ie: 
a 
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Which sign? For small a we want t = t, + d/c, so we need the + sign: 


t=t,[14 5(*) ‘| + +<rp, where D = 4/1+ (#Y. 


Sorz=c(t-t.)>2= ste (ad)? + dTD. Now go back to Eq. (#) and solve for \/1 + (at): 


1 + (at)? = a{I+ 5 5(“)" rate, |i, (14+ 5(S)') + oro] 
=7{ b+ (air)? p+ $(S2)'] +47} = ji+s (“*)" rs 
72 

= £[/1+ (e#) - VI + (et, = efit 3(“)'|r+ ated p -7' = ad( £7 ++,D). 


Putting all this in, the numerator in square brackets in F becomes: 


2 
a trd 


Oe Clas lee) +arv}}(¢ at) ~ ere 


= oad Er + 4 - Het 45] 2114 (och - (oer - Sat 


cad? 1 Cad? c*ad? 
See pee 2_ y= 20 | ae 
73 [5 Mae? a “OTs f + (atr)* - (ate) 2| oT? * 
g’ cad? 


x. It remains to compute the denominator: 


(co —lv)T = {el (*=)" a arp) e ad( Er + t-D) Se \r 


fl ofp 1 42 _ cd(at,)? = 2 a oa 
[sored + cdT D — sake - DT — edD[ T* — (at,) ] = dcD. 
1+(9f%)? — (gf)? 


g cda . 


F 
~ A4meg 2.3 DS as Arég ed{1 + (ad/2c)?}°/ ie (2 a ) 


Energy must come from the “reservoir” of energy stored in the electromagnetic fields. 


1 qg Qa (s4)")"" = @ . Log? 


2 Ate cd[1 + (ad/2c)?]*”? 2 ~ 8regme?d  8nmd 


(b) F = mca = 


(force on one end only) 


— 2¢ ( Hog y""° -1,sol\F= 2mc* (2 \ ie 
d 8xmd d &rmd 
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Problem 12.62 
(a) AY = (V/c, Az, Ay, Az) is a 4-vector (like x# = (ct,2,y,z)), so (using Eq. 12.19): V = 7(V + vA,). But 


V =0, and 
7 — Ho (m x fF), 
7 4n 78 


Now (m X Ff), = MyZ — M29 = Myz — mMzy. So 


Ho (Myz — mzy) 


V= 
1 an r3 


Now = = a(x —vt) = 7Rz, 7 =y = Ry, J = z = R,, where R is the vector (in S) from the (instantaneous) 
location of the dipole to the point of observation. Thus 


2 
PoP R+ Ri + R= P(A + Ri + R2)+(1-7)(Rp +R) = 7 (FR? - “7 R? sin’ 6) 
(where 6 is the angle between R and the z axis, so that R? + R? = R? sin’ 6). 


vy(myR, —mzRy) 


. _ Ho 
v= 3/2) 


— but v-(m x R) = v(m x R); = v(m, R,-—m,Ry), so 
4n +3 R3(1— 4 sin? 6) : 


jig V+ (mm x R){1 - 2) 
eae 2 372” 
4m R3(1— % sin? 4) 


1 R-(vVxm\(1-4 
or, using fo = zy and v-(m x R) =R-(v x m): (gee aan 
0c? R*(1— sin 


(b) In the nonrelativistic limit (v? < c’): 


1 R.- R- 
R-(v xX m) 1 R-p vithpSl™, 
C 


~4ne) CR?  4meg R?’ 


which is the potential of an electric dipole. 
Problem 12.63 
(a) B= —&2K¥ (Eq. 5.56); N = m x B (Eq. 6.1), so N= —2 mK (z x 9). 


N= emKx = #2(Ayl?)(ov)% = #2 Aov? PR. 


(b) Charge density on the front side: Ap (A = Ao); 
v Charge density on the back side: 4 = 4A, where 0 = ipsa => 
1+v?/e? 1+v?/c? 1+0?/c? v? 
a= 4u?/c? ~ y2 > y2 = . v4 = i = 2) ~ rl : 3): 
L- qatar l+2a+a—4a l-2ata 


Length of front and back sides in this frame: I/7. So the net charge on the back side is: 


> 


aiar(ieB)Ab= (14S) 
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Net charge on front side is: 
Al 


l 1 
g- = do = = = =A. 
Ye SEY TF 


So the dipole moment (note: charges on sides are equal): 


l To v en semen vw U\o | Aut, 
p= (a)g9—@)59=((1+ S)ag-4ug]o= S( eo de 5)\9= ay 
6 
" Mev o .. Tigi” ange 
E = 72%, where o = yoo, so N=pxE= 2 a ee 


So apart from the relativistic factor of y the torque is the same in both systems—but in S it is the torque 
exerted by a magnetic field on a magnetic dipole, whereas in S it is the torque exerted by an electric field on 
an electric dipole. 

Problem 12.64 


Choose axes so that E points in the z direction and B in the yz plane: E = (0,0, F); B = (0, Bcos ¢, Bsin@). 
Go to a frame moving at speed v in the « direction: 


E = (0, -yBsin ¢,7(E + vB cos¢)); B= (0,7(Bcos¢ + =E), 7B sin ¢). 


~yvBsing. — y(E+vBcos¢) oe 
Y(Bcos¢+3E) — yBsing °° 


(I used Eq. 12.108.) Parallel provided 


2 
—vB? sin’ ¢ = (Boost = 5) (E + vB cos ¢) = EB cos ¢ + vB’ cos”? ¢ + a + “3 5B cos ¢, 
c 


v = EB cos 


2 
— R24 Up Pah. pene sec ac oie 
0= vB? + SE? + EBcosd(1+ 5); ee ee 


* y . Vv ExB 
Now Ex B=] 0 0 E \}=-EBcos¢x. So as sve aed 
0 Bcos¢@ Bsing 1+v*/c BY + B*fe 


there can be no frame in which E | B, for (E- B) is invariant, and since it is not zero in S it can’t 
be zero in S. 
Problem 12.65 


Just before: 

Field lines emanate 
from present position 
of particle. 


Just after: Field lines outstde sphere of radius ct emanate from 
position particle would have reached, had it kept going on its 
original “flight plan”. Inside the sphere E = 0. On the sur- 
face the lines connect up (since they cannot simply terminate 
in empty space), as suggested in the figure. 

This produces a dense cluster of tangentially-directed field 
lines, which expand with the spherical shell. This is a pic- 
torial way of understanding the generation of electromagnetic 
radiation. 
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Problem 12.66 


Equation 12.68 assumes the particle is (instantaneously) at rest in S. Here the particle is at rest in S. 


ee Z - E 
F,=-F,, Fy =F). Using F = qE, then, 
Y 


Invoking Eq. 12.108: 
1 1 
Fr, =qhz, Fy = iy -vB,) = q(Ey -vB;,), F, = vik: + uBy) = (Ez + vBy). 


But vx B= —-vB,%+vB,2z, so F=¢q(E+vxB). qed 


So 


Problem 12.67 
Rewrite Eq. 12.108 with g > y, y 9 2,22: 


BE, = 7(E, + vB,) 


B, = 7(Bz _ ey) 


This gives the fields in system S moving in the y direction at speed v. 


Now E = (0,0, Fo); B = (Bo, 0,0), so Ey =0, BE, = y(Eo — vBo), Ex = 0. 
If we want E = 0, we must pick uv so that Ey — vBo = 0; i.e. 
(The condition Eo/Bo < c guarantees that there is no problem getting to such a system.) 


iL E _ Sy hn: 
With this, By =0, B. = 0, Bz = (Bo — 4 Eo) = YBo(1- %) = YBorr = + Bo; 


= Zz 
The trajectory in S: Since the particle started out at rest at the origin 
in S, it started out with velocity —vy in S. According to Eq. 12.72 


it will move in a circle of radius R, given by 


1 : Z 
p=qBR, or rm = q(—Bo) R= a y 


z 


> 
v 

where |w =’. 
R 


The actual trajectory is given by |#=0; 9 = —Rsinwt; z7 = R(1 — coswt); 
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The trajectory in S: The Lorentz transformations Eqs. 12.18 and 12.19, for the case of relative motion in 
the y direction, read: 


Z£=.f T= 

7 = y(y — vt) y = (9 + vt) 

ZJ=zZ 22 

i= y(t- Sy) t=(?+ 39) 
So the trajectory in S is given by: 


x=0; y= 7(—-Rsinwt + vt) = 1{ -Rein[or(¢ - 39) + v7(t _ 39) : or 


v v 
i+ 2<) = 7vt — Rein|w ((-35 )] 
u( see ¥ 7 a my (y—vt)y = —Rsinfry(t~ 4u)]; 
— 
y(1- 23445) =72y 


z= R(1 — cos’ wt) = RI - coswy(t - u)]- 


So: |z=0; y= vt— = sinfor( _ 59); z=R- Reos[ury(t ~ =u): 


We can get rid of the trigonometric terms by the usual trick: 


ey 

z— R= —Reos w(t ~ £4] =>ly*(y — vt)? + (¢- R)* = R?. 
Absent the +, this would be the cycloid we found back in Ch. 5 (Eq. 5.9). The y? makes it, as it were, an 
elliptical cycloid — same picture as p. 206, but with the horizontal axis stretched out. 


Problem 12.68 
(a) D= eE+P suggests E+ iD 
H = 7B -M suggests B + pol 


\ but it’s a little cleaner if we divide by jt9 while we’re at it, so that 


E- —_D =c’D, B > H. Then: 


Hoéo 


Then (following the derivation on p. 539): 


Op - 1 gt, 0 sap bee : ape ‘a 
oe =cV-D=cpy = Jf; aah = aD) + (V XM = (Jy) ; 80) 5 = Jf, 
where} Jf = (cp;,J;). | Meanwhile, the homogeneous Maxwell equations (V-B = 0, E = — 8) are unchanged, 


ye 


and hence 


Ox” 
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7~ (c) If the material is at rest, 7, = (—c,0,0,0), and the sum over v collapses to a single term: 


Dn = ceF Hong > DY = eFY! = —cD = —een > D = cE (Eq. 4.32), ¥ 


1 
Bip Poa SHS 50” => -H= ~3B >H= “B (Eq. 6.31). ¥ 


(d) In general, 7. = y(—c, u), so, for p = 0: 


Dn, = Dm + Dn + D3 = cDz(quz) + cDy(yuy) + cD. (yuz) = ye(D - u), 


(E-u), so 


é E E, E, Y 
Fe ny = Fm + Feng + Png = = (que) + (rey) + (Me) = 


Dn, = CeF’n, > ye(D-u) = ce (2) (E-u) > D-u=«(E-u). [1] 
pov ae Hy! H®2 H® =H H. = H- 
Ny = ™m + Ne + n3 = Hz(yuz) + Hy(yuy) + A2(yuz) = y(H-u), 
Cn: = Gn + Gens F G3 ng = B, (yuz) a By (Wy) + B,(yuz) = 7(B -u), 80 
7 at 1 ‘1 
1 re ie UB at) er eS ee). [2] 
Similarly, for p = 1: 


Dy, = Dn + Dn» + D373 = (~cDz)(—yce) + Hz(yuy) + (—Hy)(yuz) = y(¢?Dz +uyH, — u,Hy) 
= y[c?D+(ux H)] 


xz + 


F'n, 


—E, 
Fn + Fn + F'n = Ie) + B.(Yuy) + (—By)(yuz) = (Ex + uyB, as uz,By) 


= y[{E+(uxB)],, so Dl’ n =CeF'’n, > 
y{eD + (ux H)], = e() [E+ (ux B)], + D+ s(u x H) = [E+ (ux B)). (3) 
H’n, = H'°no + H'?n2 + H's = (—Hz)(—yc) + (~cDz)(yuy) + (cDy)(yuz) 


= ye(H, —u,D,+u,D,) = ycfH—- (ux D)]_, 


E, E 
Gy, = Gng + Gn» + Ging = (-Bz)(—ye) + (- =) (Yuy) + (=) (yuz) 
= 1 (Bs ~uyE, +uzEy) = [?B -(ux B)],, so Hn, = ony => 
ly 1 1 
ye(H -(ux D)], = ie [c?B ~ (u x E)], >H-(uxD)= i [B- 4(uxB)| : - (4l 


Use Eq. [4] as an expression for H, plug this into Eq. [3], and solve for D: 


p+ ux {(axDd)++|B-5(uxB)]} = ele +(uxB)) 


D+ 5 [(a- Dy - wD] = ef + (ax BY] ~ Sy(ux BY Sy fax ux BY. 


2 2 
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Using Eq. [1] to rewrite u- D: 


p (1-5) = ~5(B-u)u +e[E+ (ux B)] - ra (ax B) +5 [E- u)u — u7B] 


ce 
{-aa]e-Bf-ga]e-onemmp- abl} 
tet[rs irenar v= Ja | 


p=re{(i- 44) B+ (0-8) [exm-5e-m9]} | 


Now use Eq. (3] as an expression for D, plug this into Eq. [4], and solve for H: 


II 


Hux {-3(u xB) +e[B + (ux B))} = Ip- daxe)); 


H+ 3 [(a- Hu ~ Hl] = = |B ~ (ux B)] + elu B) +elu x (ax BI], 


Using Eq. [2] to rewrite u - H: 


U2 
u(1-%) 


1 1 1 
a [B- 3(u <2)| +e(u x E) +e [(B-u)u—u?B] 


{| 


2 {1 -pen?] B+ (eu 3) f(a xB) + Buel}. 


Problem 12.69 
We know that (proper) power since as the zeroth component of a 4-vector: K° = idW The Larmor 


formula says that for v = 0, ae = 4s woga” (Eq. 11.70). Can we think of a 4-vector whose zeroth component 


reduces to this when the Gelocity is i: 
Well, a? smells like (a”a,), but how do we get a 4-vector in here? How about 7“, whose zeroth component 
is just c, when v = 0? Try, then: 


This has the right transformation properties, but we must check that it does reduce to the Larmor formula 
when uv > 0: 

aw _idWi_iil q dW i 

Pee aes a ae oto (a’a,)n°, but n° = ey, so| —— = VOT (a ay). [Incidentally, this tells 
us that the power itself (as oa to proper power) is a scalar. If this had been obvious from the start, we 
could simply have looked for a Lorentz scalar that generalizes the Larmor formula.] 
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In Prob. 12.38(b) we calculated (a@”a,) in terms of the ordinary velocity and acceleration: 


aay =atfet + EM) a ater? + Zea] 


v? 1 1 
— 6f,2f, _ U 2} _n6f,2_ 4 2 
=7°[a (i =) + al a)? {a aa [v°a” (v- -a)"}}. 
Now v-a = vacos@, where @ is the angle between v and a, so: 
v?a? — (v-a)? = v?a?(1 ~— cos? 6) = v?a? sin? @ = |v x al?. 


» IvxX al? 
vru=r(e- [=P 
c 


d 2 : 
aw, = For’ 6 (2? _ |: which is Liénard’s formula (Eq. 11.73). 


dt 67rc 


Problem 12.70 
(a) It’s inconsistent with the constraint n,K" = 0 (Prob. 12.38(d)). 
(b) We want to find a 4- oie b# with the property that (42° +b#)n, = 0. How about b¢ = «(4%"n,)n*? Then 
(49° +.b#)n, = {An + KI “nv (nny). But nny, = —c?, so this becomes (#2"n,) — 7x sa" nv), which is zero, 
dat ld 

if we pick «& ee This suggests | KF. = hot (= + — a < net 
components of b¥ vanish in the Hone CIanY ene limit v < ec, and hence this still reduces to the Abraham-Lorentz 
formula. [Incidentally, a”n, =0 => 7 #(a” nm) ==> $e ny + av He = 0, so oo = —a@’a,, and hence b¥ can 
just as well be written ~4(a’a sae } 
Problem 12.71 

Define the electric current 4-vector as before: J# = (cpe,J-), and the magnetic current the same way: 
J# = (cpm,Jm). The fundamental laws are then 


of Note that n“ = (c, v)7, so the spatial 


OFM = polit, 8,G% = Boye, KH = (qr + Ger) ag 


The first of these reproduces V-E = (1/€o)fe and VxB = po Je+poeg0E/Ot, just as before (p. 539); the second 
yields V -B = (p10/c)(cpm) = PoPm and —(1/c)(OB/dt + V x E) = (po/c)Im, or V x E = -poJ, — 0B/Ot 
(generalizing page 540). These are Maxwell’s equations with magnetic charge (Eq. 7.43). The third (following 


the argument on p. 540) says 


qe 


~e uU E, Uz Ey 
Kl = esa B+ tux Bll, + ti | tar (Ba) + eters (22) + ters (2) I. 


K are {tel + (x B))+ am [B- elu) }, or 
F = g{E+(uxB)}+ 9m [B- (ux 8), 


which is the generalized Lorentz force law (Eq. 7.69). 


Errata 
Instructor’s Solutions Manual 
Introduction to Electrodynamics, 3rd ed 
Author: David Griffiths 
Date: June 14, 2001 


e Page 4, Prob. 1.15 (b): last expression should read y + 22 + 32. 

e Page 8, Prob. 1.26: last line should read 
From Prob. 1.18: V x vg = -6@z% +2z74+32°%=> 
V (Vx va) = £(—6az) + 3, (22) + £(827) = -62+6z=0.V 

e Page 8, Prob. 1.27, in the determinant for V x (Vf), 3rd row, 2nd column: 
change y° to y?. 

e Page 8, Prob. 1.29, line 2: the number in the box should be -12 (insert 
minus sign). 


e Page 9, Prob. 1.31, line 2: change 2x° to 2z°; first line of part (c): insert 
comma between dz and dz. 


e Page 14, Prob. 1.46(b): change r’ to a. 


e Page 14, Prob. 1.48, second line of J: change the upper limit on the r 
integral from oo to R. Fix the last line to read: 


= 4n (-e~") IC + 4me7® = An (—e7® + e~°) + Ame * = An V 

e Page 15, Prob. 1.49(b), last integration “constant” should be I(x, z), not 
e Page 17, Prob. 1.53, first expression in (4): insert 0, soda =rsin0@ drd¢ 6. 
e Page 17, Prob. 1.55: Solution should read as follows: 

Problem 1.55 

()c=z=0; dv=dz=0; y:031. v-dl= (yz*)dy=0; fv-dl=0. 

(2)2=0; z=2-2y; dz = —-2dy; y:10. 

v- dl = (yz”) dy + (3y + z) dz = y(2 — 2y)? dy — (3y + 2 — 2y)2 dy; 


4 Ay? 0 


0 
2 
[vana fev a7 +y-2¢y= 2]! ; - 24] 
1] 


2 Ara 


(3)c=y=0; dr=dy=0; z2:240. v-dl= (8y4+2)dz= zdz. 


0 
2 
z 
[va= fea=F 
2 


0 
= —2. 
2 


Total: fv-di=0+#-2= 8. 


Meanwhile, Stokes’ thereom says ¢ v- dl = [(V xv) -da. Here da = 
dy dz &, so all we need is 
(VXv)2 = a (3y + z) — Z(yz?) =3-2yz. Therefore 


{(Vxv)-da = f f(8-2yz)dydz= (fat ings: ~ 2yz) dz} dy 
fo (32 - 2y) — 2932 - ay)? dy = f,(—4y? + 8y? — 10y +6) dy 
= [-y* + $y? - dy? + 6y]|, =-1+$-5+6=8.v 


e Page 18, Prob. 1.56: change (3) and (4) to read as follows: 


(3) 6= §; rsn@?=y=1,sor= a dr = 7, cos0 dd, 0:5 4 O= 
tan—1(¢). 
9 . 
= 2 ; cos* 8 cos 6 cos @ sin 0 
v-dl = (rcos’@) (dr) — (rcos@sin )(r d0) = nd ( -) 7) 0 — ee dO 
_ (ae scot) __cos@ (cos? 6 +sin? 6 Bes cos 0 ” 
7 sin’? @ sind sind sin? 0 sin? O 
Therefore 
Tce dy Se? 1 i 94 
cos 
-dl= dé = = = 2 
Je J sin® 0 Qsin?O|_j. 2-(1/5) 2-(4) 2 2 
m/2 


(4) 0=6, 6=%; r:V230. v-dl= (rcos*@) (dr) = grdr. 


[va=s 
5 


4r? 7 


5 2 


V5 


rdr= = 2. 


45 
5 2 


ao 


Total: 


3m 
-d=0+—+2-2=| 3), 
gy at 2 2 


Page 25, Prob. 2.12: last line should read 
Since Qtot = én R3p,E= ne wer (as in Prob. 2.8). 


Page 26, Prob. 2.15: last expression in first line of (ii) should be d@, not 
d phi. 


Page 30, Prob. 2.28: remove right angle sign in the figure. 


Page 42, Prob. 3.5: subscript on V in last integral should be 3, not 2. 


Page 45, Prob. 3.10: after the first box, add: 


2 


R 


_ q 1 ee, 1 
. AT €g { (2a)? (2b)? Oe (2a? + b2)2 
where cos0 =a/v/a*+b?, sind = b/V/a? 4+ 6?. 


cos 0% + sino 9} ; 


. ¢ a it ee " b 1). 
- —| x4+ | -—~———- - = : 
167€9 | | (a2 +.62)8/2 a? (a2 +e2)3/2 & ¥ 


Ww 


a ees ae hd ills 1 1 1 
~ 44Ameg (2a) (2b) (2,/a2 + 8) 32ne9 | Jazt+ee a dl 


Page 45, Prob. 3.10: in the second box, change “and” to “an”. 

Page 51, Prob. 3.18, midpage: the reference to Eq. 3.71 should be 3.72. 
Page 58, Prob. 3.28a, second line, first integral: R° should read R?. 
Page 74, Prob. 4.4: exponent on r in boxed equation should be 5, not 3. 


Page 79, Prob. 4.19: in the upper right box of the Table (o, for air) there 
is a missing factor of € . 


Page 114, Prob. 6.4: last term in second expression for F should be +9282 
(plus, not minus). 


Page 125, Prob. 7.2(b): in the box, c should be C. 


Page 129, Prob. 7.18: change first two lines to read: 


a sta aol 
o= [B-da; B= oe oe | ds = Hi in (248); 


Ins"? Qn g! Qr 8 
dQ doa, | dd 
E = NoophR A R i = In(1 + a/s) TE 


_ _ Hoa _ Hoal 
dQ = oR nl + a/s) al >{1Q= on In + 9/8. 


Page 131, Prob. 7.27: in the second integral, r should be s. 


Page 140, Prob. 7.47: in the box, the top equation should have a minus 
sign in front, and in the bottom equation the plus sign should be minus. 


Page 141, Prob. 7.50, final answer: R? should read Ro. 


Page 143, Prob. 7.55, penultimate displayed equation: tp should be «. 


e Page 147, Prob. 8.2, top line, penultimate expression: change a? to a‘; in 
(c), in the first box, change 16 to 8. 


e Page 153, Prob. 8.11, last line of equations: in the numerator of the ex- 
pression for R change 2.01 to 2.10. 


e Page 175, Prob. 9.34, penultimate line: a = n3/n2 (not ng/ns3). 


e Page 177, Prob. 9.38: half-way down, remove minus sign in k2 +kg +k= 


~(w/e)*. 


e Page 181, Prob. 10.8: first line: remove ;. 
e Page 184, Prob. 10.14: in the first line, change (9.98) to (10.42). 


e Page 203, Prob. 11.14: at beginning of second paragraph, remove j. 
e Page 222, Prob. 12.15, end of first sentence: change comma to period. 


e Page 225, Prob. 12.23. The figure contains two errors: the slopes are for 
v/c = 1/2 (not 3/2), and the intervals are incorrect. The correct solution 
is as follows: 


Problem 12.23. 


(a) 


] co 
a 8.75 


e Page 227, Prob. 12.33: first expression in third line, change c? to c. 


i) 
Ch 7 
D Ve ~ / vat (b) £ = slope = 225 
TT V7, Y wy v 8.75 
4 4 Uy K 4& w& Pana 
a oY 35 
4,7 _ 8.75, __ | 22 
rv) vs >v= o95o = Cc 
| a2 . 37 
oh eags 
hoe hes _ te+$e 
ie 7 47 (c) v' = 3c, sov tet 
= (tise _| 38 
2 = (37/25) 37° v 


